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On the asymptotics of the nearly non-stationary AR(1)
models
K. Kubilius (MII, VGTU)

Consider a sequence (X, x,0 < k < n)32, of first-order autoregressive processes
AR(1) given by

{ Xn,O = Oy (1)
Xnk=ﬂn nk—-1+ &k, k—'l
where (g, k l) are martingale differences with respect to a famlly of o-algebras

(Fr) such that Es =1 for all n, and B, is an unknown autoregressive parameter.
If . > 1 as n — oo, then model (1) is called a nearly nonstationary (NNS)
first-order autoregression.
We investigate the quantity

-1 n .
V, = (ank ,) ;skxn.k_l )

provided ) ;_, X2, | #0.
We further denote 8, = n(1 — 8,) and assume that

0<1-8,10 as n— oo.

The aim of this note is to show how the limit distribution of z, - V,,, where T, IS
the normalizing constants, depends on the behavior of the quantity §,. The obtained
results generalize the previous results in [1], [2].

At first we consider NNS model (1) where 8, — y, 0 < y < oo0.

Denote

! [nt]

1 -1
Z:= (/Yz(s)ds) /Y(s)dW(s), My(t) = — Zsk,

0 0
where W (), ¢ € [0, 1], is a standard Brownian motion, whereas Y(),t €[0,1], is
an Ornstein-Uhlenbeck process defined by the Itd stochastic differential equation

dY(t) = —yY(@)dt +dW(z). 3)
Recall that for two r.v’s &, n € R their Ky-Fan distance is defined by
K&, n) = inf (¢ + P{lE — n| > ¢})
and for &, n € DJO, 1]
Koo(€, ) = inf (s + P(IE — nlleo > ),

where || - || is uniform metric.
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THEOREM 1. Let 8, — y, 0 < y < 00. Then there exist constants C; = C(y),
C,, C3(y) such that
m(n-Va,Z) <CyAnlln A, + CZIC(% f:s,%, 1>| In Ay
k=1
+C3 Koo (M, W) |In A,[*,
where Ay = (1 — Bn) + 18, — |-

COROLLARY. If y =0 then

1 -1 1
n-V, —dog (/ W2(s) ds) / W(s)dW(s).
0 0

We shall give only a sketch of the proof of Theorem 1.

The following expression easily follows by the definition of an AR(1) process
(Xt) and an Ornstein—Uhlenbeck process Y:

n n
ZXn.k—lsk—'z—ﬁ"[Xz +(l_ﬂn)zxnk 1 283],
=1 Py
' | i 4
/Xtdwt=—Y,2+ny_v2ds—-;—z.

2
0 0

We have by (3) that

1 !
n-vn—< Y,Eds) Y, dW,
[#) ]
n n ! =1
_ 2 ___1_ 2 _ 2
2ﬁ"(lenk 1) ( ;Ek) 2(Y1 ])(!chs) 1

1- A
n—==—yl=1+h.
2B, l LT

For any p, r > 0 define the set

+

= [ kZ:;Xf_, > pnz}ﬂ [ijds > r} N [|Y|I < \/X]
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After simple calculations on the set 2 one can get

I,

N

p—[|x,,,,, — 1 +2VA X - +

Zn:s,z,.k — l‘]

k=1

A+
s By B - 2V a - v
where X;’ =.X,l'[,,,].
Similarly as in [1] we can get such results.

LEMMA 1. The following estimates are valid

1 Xnn — Y1l < €208, — 7| - IWlloo + IM" — Wllo],
X" = Ylloo < 26 Ay - |WI| + €[(1 = Ba) + 1] - IM" — W||eo.

LEMMA 2. If A, < e”!, then

Koo(X", ¥) < 2v26 A, | In An]"? + €[2(1 — Ba) + 1)Ko (M", W),
1

1
zc( / (x7)ds, / Y_}ds) < 1Koo (X", ¥)| In A4]"% + c24,.

0 0
for some contstants ¢, and c;.

LEMMA 3. Ifr =c|In Ap|~Y, then

1
P(f Y_?ds < r) < Ce'?A,,
0

where ¢ and C are some constants.

LEMMA 4. If

1 1
/c(/ (x;‘)zds,/y_}ds> <erllna,™

0 0
then

1 1

1
P(/ X'l) ds < c2|ln A I ) s’C(/(X:)zds,/Yszds) + Ce’?A,,

0 0 0
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where c|, c;, and C are some constants.

Now one can finish the proof similarly as in [1].
Now we consider NNS model (1) when §, 1 co. The accuracy of normal approx-
imation of V, is obtained with respect to the uniform distance

n
A, = sup P[r,, Vo <x, ) X2, # 0] — o),
X k=1

where 7, = /n/(1 — B2) and ®(x) is the standard normal distribution.
Denote by
n
Gn(x) = P(:,,-' D Xeorem < x).
k=1

THEOREM 2. Let sup, |e,| < C a.s. for some constant C and 8, > 2, then there
exists a constant ¢ > 0 such that

B < ¢(8,In 8, + sup| Ga(x) — B ()] ).
X

Proof. It is well known that

L(Fa, ®) < sup| Fy () — 0(0)] < (1 + 7‘5—)1:(&, ),
x JT
> y),

n
-1
Ty Vo — T, Z Xnk—186k

L(Fa, Gn) <y + P(
k=1

where L(-, -) is the Levy distance.
So

1
sup | Fy(x) — @) < (1+ —ﬁ;)[cm, Gu) + 50p|Gi(x) — @)
1 -2
<(1+ —E)[y—i-l’(lr,,v,,l 1= 2] > ¥)
+ 5up|Ga(x) = & (x)|

and

P(|T,,Vn| . |l — 1'"—2]"2‘ > )/) < P(Tz < %‘?—) +P(1:n—l

n
Z Xnk-18k| > h)
=

+P2bn,E"' |1 - 1,721 > y) ka,
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where
n
_ 2
L= Z X k-1
k=1

Since sup, |e,| < C, then there exists a constant ¢ such that (see [2], lemma 3.2)
Ji < 1S 6‘8 l

Now we estimate J,. From exponential inequality (see [3]) we get

( ! ZXnk 18k
+2exp{bu! (1 - In (buv™))}

Since sup, |e,| < C, then max;gk<n T, IX,, —1&kl < x/_MZS,,—l/Z, where M = CvVv 1.
Put

> b) P(maxr NXnk—16k| > u) +2P(1,7°Th > v)

b =e*nY?s,, u=2M%*In"12s,, v=2M?In$,.
Then

P(l’n—l
k=1

,,_k_leki > b) < 2P(1,°Ty > 2M*1In §,)

+ 2exp[ —é? 2M2)_18 In 8, ]
<2P(T: —ET2| > ©2) + 18, < 28
Now we estimate J3. For 8, > 2 we have ET; > t2/2. So
P(4b7,|T — 53] > )
< bty (BT —EDP + (1- ) 7) < a8, In 8,

if we set y =n~%31n §,.
The proof of the theorem follows from obtained estimates.

COROLLARY. Suppose that assumptions of Theorem 2 are fulfilled. Then there
exists a constant ¢ > 0 such that

A, < 8715,

THEOREM 3. Let sup, Ele,|? < oo for some p > 2 and 8, > 2, then there exists
a constant ¢ > 0 such that

A < c(n(4-3r’>/<“+3"> In%/3 8, + sup |G (x) — <l>(x)|).
X

The proof is just like the proof of Theorem 2.
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Apie beveik nestacionariy A R(1) modeliy asimptotika

K. Kubilius

Tiriama pirmos eilés autoregresinio proceso asimptotinio elgesio priklausomybé nuo parametro
elgesio.



