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Introduction

Elliptic curves are one of the most important
objects in algebraic geometry and, in general, in
mathematics. The theory of elliptic curves is rather
complicated and enveloped by many conjectures. On
the other hand, the elliptic curves have many practical
applications, for example, in cryptography, in
factoring of positive integers and in primality testing.
To study the properties of elliptic curves H. Hasse
introduced L-functions attached to these curves. The
proof of the Fermat last theorem is closely related to
L-functions of elliptic curves.

Let E: > = x* + ax + b, a,beZ, be an
elliptic curve. Suppose that the discriminant
A=-16(4a*+ 27 b*) # 0. In this case an elliptic curve
is non-singular.

Let, for a prime p, v(p) be the number of
solutions of the congruence y* =x* + ax + b (mod p),
and let 4 (p) = p — v(p). Let s = ¢ + it be a complex
variable. Then the L-function of elliptic curves is the
Euler product

LE(s)=H(1_%]_
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In view of the H. Hasse estimate |ﬂ( p)| SZ\/; the
infinite product converges absolutely and uniformly on

compactsubsets of the half-plane D = {s eC:0> %} ,

and defines there an analytic function with no zeros.
The function L,(s) also can be written in the

form Dirichlet series

Ly(s)= Zﬂ(’")

where A(m) is a multiplicative function, and the
series also converges absolutely in D.
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H. Hasse conjectured that the function L (s)
has analytic continuation to an entire function and
satisfies the functional equation

s 2—s
[g] T(s)L,(s) :”[g] [(2-5)L,;(2-s9)

where ¢ is a positive integer composed from prime
factors of the discriminant A, #==1 is the root number,
and I" (s), as usual, denotes the Euler gamma-function.

We consider an approximation of analytic
functions by translations L (s+imh), where h>0 is a
fixed number. In this cases we suppose that the number

h is choosen so that eXP{T} is an irrational number

for all k e Z\{0}.
Let, for Ne N,

1
L)=——H#H0<m <N,
Hy (D=5 {osm i

where in place of dots a condition satisfied by m is to
be written.

Let D={S€CZI<O’<%}-
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Theorem 1. Suppose that €Xp T is an

irrational number for all ke Z\{0}. Let K be a compact
subset of the strip D with connected complement, and
let f(s) be a continuous non-vanishing function on K
which is analytic in the interior of K. Then, for every
>0,

11m1nf ﬂN(sup|L (s +imh) — f(s)| < £)> 0.

seK

Theorem 1 shows that the set {mh,m=0,1,...}
such that L (s+imh) approximates a given analytic
function uniformly on compacta is sufficiently wide,
it has a positive lower density.
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We recall that a complex number a is called
algebraic if a is a root of the equation

ax"t+. . tax+ta =0
n 1 0

with rational coefficients a, i = 0,...,n, and at least one
a, is non-zero. For example, every rational number
a is algebraic because it is a root of the equation
x—a = 0. A complex number « is called transcenden-
tal if it is not algebraic number.

Lemma 2. Let a be an algebraic number, a # 0.
Then the number e is transcendental.

The lemma is the classical Hermite-Lindemann
theorem, for the proof, see, for example, [1]. From
Lemma 2 it follows that in Theorem 1 we can take, for
example, 4 = wor h = 2x.

The proof of the discrete universality for
L-functions of elliptic curves is based on limit theorem
in the sense of weak convergence of probability
measures in functional spaces.

The discrete limit theorem for L (s)

The aim of this note is to prove the discrete
limit theorem in the space of analytic functions for
LE(S)‘ . . . .

For the proof a discrete limit theorem in
the sense of the weak convergence of probability
measures in the space of analytic functions for the
function L (s), we will apply a discrete limit theorem
for the zeta-function

o) =14, (p™)

where

glp)

Ap (s)= (1 _ Cl;,j)xf(j’p) )
j=1

Suppose that

M

with some positive ¢, and ¢, and non-negative o and
f. Then the function ¢(s) is analytic foro > o + £+ 1.
Suppose that the function ¢(s) is analytically continu-

g(p)<ep”, |af|<ep”

1
able to the region D, ={se C: O'>0(+,B+E} and

that in this region the estimates

p(o+it) <", )

f|21,>0, a>0,

and

T
[loto+in['dr<<T, T e, 3)
0
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are satisfied. On the probability space (2, B (€2), m,)
define an H(D,) - valued random element ¢(s,w) by

|- |

and let P, be its distribution.
2|
Lemma 3. Suppose that €xp T is an

af(]’p)(p)a,(nj)

pSf(J}p)

P(s, 0) =

irrational number for all ke Z\{0}, and that conditions
(1)-(3) are satisfied. Then the probability measure

t(@(s + imh)e 4), Ae B(H(D,)),

converges weakly to the measure Pq) as N—o,

Proof- The lemma is a particular case of the
theorem from [2]. In [2] a limit theorem in the space
of meromorphic functions for the function ¢(s) was
proved. In this case it was assumed that the function
¢(s) is meromomorphically continuable to the region
D, and all its poles in this region are included in a
compact set. Then, under the conditions of Lemma 3,
it was proved that the probability measure

(s +imh)e A), Ae B(H(D,)),

converges weakly to the measure P, as N—oo. Here
M(D,)) is the space of meromorphic on D, functions
equipped with the topology of uniform convergence
on compacta.

Now let V>0, and

DV:{seC:1<0'<%, |t|<V}.

On the probability space (2, B (2), m,) define an
H(D,) — valued random element L (s,w) by

Ly(s,0)= H(1 —7/1(”;?(” ) 4
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and let P, be its distribution.
E

2k |
Theorem 4. Suppose that exp 7 is

an irrational number for all ke Z\{0}. Then the
probability measure

w(L (s +imh)eA), Ae B(H(D,)),

converges weakly to the measure P, as N—oo.
E
Proof. The function L, (s) is an entire
. . 1
Matsumoto function with o = 5 and f = 0. Moreover,

the conditions of Lemma 3 are satisfied. Therefore,
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denoting D = {se C:o>1} we have by Lemma 3 Note that in this case exp{T} is irrational

that the probability measure
. for all keZ\{0}, therefore the limit measures in
w (L (s +imh)e A), Ae B(H(D)), ®) Lemma 3 as well as in Theorem 4 are independent of

. . the number 4.
converges weakly to the distribution of the H(D) —

valued random element L (s,w) defined on the
probability space (€2, B (Q2), m,) by (2.4) with seD as References
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Summary

A DISCRETE LIMIT THEOREM FOR L-FUNCTIONS
OF ELLIPTIC CURVES

Virginija Garbaliauskiené, Antanas Garbaliauskas

In the paper, we prove the discrete limit theorem in the sense of the weak convergence of probability measures in the

space of analyticon D, = {s eC:l<o< %, t| <V } functions for L-functions of elliptic curves L (s). The main statement

of the paper is as follows. Let /> 0 be a fixed real number such that exp{z;:k} is an irrational number for all k€ Z\{0}. Then

L

the probability measure u,(L (s + imh)e 4), A€ B(H (D, )), converges weakly to the measure P s N—o0,
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Santrauka
DISKRETI RIBINE TEOREMA ELIPSINIU KREIVIU L-FUNKCIJOMS

Virginija Garbaliauskiené, Antanas Garbaliauskas

Irodyta  diskreti  ribiné teorema  silpnojo  tikimybiniy maty  konvergavimo prasme  analiziniy
D, =1s5eC:l<o< %, |t| < V} srityje funkcijy erdvéje elipsiniy kreiviy L-funkcijai L, (s). Pagrindinis straipsnio
tvirtinimas: tegul # > 0 yra fiksuotas realus skaicius toks, kad exp{z;ldc} biity iracionalus su ke Z\{0}. Tada tikimybinis
matas z,(L(s + imh)e A), A€ B(H(D))), silpnai konverguoja j matg PLE’ kai N—o.

Prasminiai ZodZiai: elipsiné kreivé, L-funkcija, ribiné teorema, silpnasis konvergavimas.
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