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Abstract. This article addresses the solution of multi-dimensional integro-differential equations
(IDEs) by means of the spectral collocation method and taking the advantage of the properties
of shifted Jacobi polynomials. The applicability and accuracy of the present technique have been
examined by the given numerical examples in this paper. By means of these numerical examples,
we ensure that the present technique is simple and very accurate. Furthermore, an error analysis is
performed to verify the correctness and feasibility of the proposed method when solving IDE.
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1 Introduction

Recently, the studies of IDEs were developed very intensively and speedily. Numerical
solutions of the IDEs have received considerable attention not only in mathematics, but
also in computational physics. These equations are combinations of the unknown func-
tions that appear under the sign of integration and derivatives. In addition, IDEs are used
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in many problems of mechanics, engineering, chemistry, physics, biology, astronomy,
potential theory, electrostatics, etc. [3,12,22,25,31-33,37-39,45].

In few years, many published papers (e.g., [13, 16,31, 35]) were devoted for solving
IDEs. Maleknejad et al. [30] implemented the Bernstein operational matrix to study a sys-
tem of linear Volterra—Fredholm IDEs. The nonlinear IDEs were studied by means of the
meshless method in [17]. Zarebnia [47] developed and proposed an efficacious numerical
solution for the Volterra IDEs by using sinc method. Recently, variational iteration method
were applied by Nadjafi et al. [36] to numerically solve the system of IDEs. More recently,
Yiizbasi [46] proposed the collocation approach for solving Fredholm—Volterra IDEs.

In last years, there are high level of interest of the spectral methods for solving many
kinds of differential and IDEs due to their ease of application for finite and infinite
domains [1, 2, 28, 34, 40, 44]. The speed of convergence is one of the great feature of
the spectral method. Besides, the spectral methods have enormous rates of convergence,
they also have high level of reliability. The spectral method were divided into four clas-
sifications: collocation [5, 6,26,27], tau [8, 20, 24,41], Galerkin [14, 15, 23] and Petrov—
Galerkin [4,29] method. The main idea of the spectral methods is to express the solution
of the problem as a finite sum of given basis of functions (orthogonal polynomials or
combination of orthogonal polynomials) and then to choose the coefficients in order to
minimize the difference between the exact and the numerical solutions.

Our motivation in this paper is to develop spectral approximation of IDEs. We propose
the shifted Jacobi-Gauss collocation (SJGC) method to find the solution u (x) by means
of the shifted Jacobi polynomial. The IDE:s is collocated at the selected points. For con-
venient, we use the nodes of the shifted Jacobi—Gauss (SJG) interpolation as collocation
points. These equations together with the initial conditions produces a system of linear
algebraic equations, which can be easily solved. This scheme is one of the most suitable
methods for solving system of algebraic equations.

The outlines of the present paper are arranged as follows. We present few revelent
properties of shifted Jacobi polynomials in the following section. In Section 3, we propose
the SIGC scheme to solve one-dimensional IDEs. In Section 4, we solve linear two-
dimensional Volterra IDEs with the initial conditions. While in Section 5, we present some
useful lemmas and error analysis of the IDEs. In Section 6, several numerical examples
and comparisons between our numerical results and those of other methods are discussed.
Finally, Section 7 outlines the conclusions.

2 Properties of shifted Jacobi polynomials

By means of the main properties of Jacobi polynomials, we conclude the following:

(=D*(k + B +1)
ET(@B+1) 7

PP () = ()P @), P (1) = (M)

where o, 8 > —1,z € [-1,1].

Nonlinear Anal. Model. Control, 24(3):332-352



334 E.H. Doha et al.

Furthermore, the rth derivative of PJ(-O"B ) (z) is computed as

o FG+a+p+r+1) (atr,B+7)
Drpled () — (a,
Py(@) TG tatBrl) i (@),

where r is an integer. Let the shifted Jacobi polynomial Péa,’f ) (x) on the interval [0, L]
be denoted by Pé‘:‘,f)(x) = P,ga’ﬁ)(Zx/L —1), L >0, thus

k .
(@.B), \ ki TE+B+DI(+Ek+a+B+1) ,
PLi (x)_jgo( D F(j+ﬁ+1)P(k+a+5+1)(k—j)!j!ij]
& Tkta+D)(k+j+atB+1) ‘
7jgoj!(k—]')lr(j+a+1)F(k+a+,8+1)Lj(x_L)J'
Thereby
(@8) gy _ ( kLE+B+1) (@), L(k+a+1)
Pras @ =01 Lg+1) k" Pri (L) = T(a+1)k!’
() oy _ CDF TR+ B+ D(k+a+B+1),
DPLy0) = L'T(k—r+1)T(r+3+1) ’
Drtpéofif)(l/) _ Fk+a+1)(k+a+8+1), )

L T(k—r+1D)I(r+a+1)’

_ F(T + k +a+ ﬂ + 1) (a+r,B+T) ((ﬁ)
LT(k+a+p+1) Brr '

Taking w(La”8 ) () = (L — x)*z”, we list the following inner product and norm related to

the weighted space Li;(;*’ﬂ) [0, L] as

L
B 1/2
(1:0) o = [ule)o@of? @) o ol o = 00)2.
0

A complete L? , ; [0, L]-orthogonal system is consisted of a set of shifted Jacobi poly-
wr,

nomials, where

L a+ﬁ+1
1P e = (5) P =4,

where [7,9, 18]

peod) _ 2Pk +a+ DI(k+B+1)
k 2k +a+B+1D)kT(k+a+B+1)
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We used acg\‘;‘f ) and wgﬁ’f ), 0 < j < N, as the nodes and Christoffel numbers of
the standard Jacobi—Gauss interpolation in the interval [—1, 1]. For shifted Jacobi—Gauss
interpolation on [0, L], we find

(o, 8) (a,8)
L,Nj — §($N,j + 1)7
@s _ (DN s
L.Nj (2) Nj o OSSN

For any positive integer N, ¢ € San 1[0, L] and by means of Jacobi—Gauss quadrature
property,

3 One-dimensional IDEs

3.1 Volterra IDEs with the initial condition

In this subsection, we use the spectral collocation method to solve the following Volterra
IDE:s:

x

> 5uua@) = @)+ [ Kas)uts)ds, o € [0.2), @)
i=0 o
subject to
u(0)=d;, i=0,...,m—1, )
where k(z,s) and f(x) are given functions and ; (i = 0,...,m) are constants, while

u(z) is unknown function.

We using the SJGC algorithm to transform the previous IDEs into system of algebraic
e%l%t)ions. Thus, we approximate the independent variable using the SJGC algorithm at
xy '\ ; nodes. The nodes are the set of points in a specified domain, where the dependent
variable values are approximated. In general, the choice of the location of the nodes are
optional, but taking the roots of the shifted Jacobi polynomials referred to as SJG points,
gives particularly accurate solutions for the spectral methods.
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Now, we outline the main step of the SIGC method for solving one-dimensional IDEs.
We choose the approximate solution to be of the form

Z a;P} () 5)
Then 0.9)
N ; N
[ d’ (PL 7 ( )) 0.9
up) (2) = aj——ohm =Y a0y ) (), i=1,.m,
Jj=0 =0
where .
Jj—i
w7 (@) = 3 i i, 0,9)PL (),
r=0

Equation (3) can be written as
. N
Z% Z a; LG;?) = f(z) + / (k(% s) Z aj’/)éef)(s) ds) . (6)
0 J=0

In the proposed SJGC method, the residual of (6) is set to zero at (N — m + 1) of SIG
points. Then, adopting (5)—(6), we can be write (3) in form:

N m
DD ey (@)

7=0 =0
JRCE)
L,N,n N
= f (N + / <k(w<£;3>ms) a;PL; ) ds>, n=m,....N.
0 7=0
Then
(0,9)
Tr N.,j
0,9) / (6, 6,9 6,9
Z (Z’ylwéjz L,N ?) - / k(x(L N)]7S>,P£,j )(S)d8>
0
= f(a¥N)), n=m,... N %)

Using Egs. (5) and (4), we obtain

Z“ 1)9- er+z9+ D +0+9+1);
J

j_l+1) (Z+19+1) dl? ¢ I 7m (8)

Finally, from (7) and (8) we obtain (N + 1) algebraic equations, which can be easily
solved for the unknown coefficients a;. So, un(x) given in Eq. (5) can be estimated.
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3.2 System of Volterra IDEs with the initial conditions

In the current subsection, we apply the technique discussed in Section 3.1 to solve system
of Volterra IDEs in the form

x

S (@) = fule) + / (2, 5) (u(s) + v(s)) ds,

if: OI ©)
ZCiU(i)(x) = fo(z) + /kg(m, s)(u(s) +v(s))ds, z€][0,L],
i=0 0
subject to
uD(0)=d;, vD0)=6, i=0,...,m—1, (10)

where f1(z), fa(x), k1(x,t) and k2(x,t) are given function, and y;, ¢; (¢ = 0,...,m)
are constants, while u(x), v(x) are unknown functions.

In the SJGC method, the approximate solution can be introduced as a truncated shifted
Jacobi series:

N

=3 a; P (), Zb??jfﬁ (11)

7=0

and, in virtue of (11), we deduce that

zj ) zwm ) ietm

In the proposed SJGC method, the residual of (9) is set to be zero at 2(N — m + 1) of
SJG points, thus we find

m

Z > a5 (e N

J=0 =0
)
L,N.n N
A [ () Sm 0+ o)) as
0 7=0
N (12)
> o> (e )
7=013=0
L6)
L,N,n
i [ (st ( Somt oS o) )
0
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where n = m, ..., N. Using (2), Eq. (10) can be reformulated as

Za YTTG+I+ D[ +0+9+1);
/ Lrg—z+1) (i+9+1)

(13)
XNI ()T +I+ D) +O+I+ 1)
; _

LT(G—i+ DI+ 0+1)

j=0
Equations (12) and (13) give a system of algebraic equations, which can be solved for the
unknown coefficients a; and b;. So, uny (x) and vy () given in Eq. (11) can be estimated.

3.3 Mixed of Volterra—Fredholm IDEs with the initial conditions
This section present an efficient spectral algorithm by means of the SIGC method to
numerically solve linear mixed Volterra—Fredholm IDEs in the form

m z L

nyiu(i)(a?) = f(x) —l—/k(ac’s)u(s) ds —l—/k(ac’s)u(s) ds, xz€[0.L],

=0 0 0
subject to

u(0)=d; i=0,....,m—1.

Similar steps to that given in the previous subsections, enable one to write Eq. (3.3) in the
form

m

> vt 0 /m . z% (s

L
+/k z,s) Zaﬂ?(eﬁ) z €0, L].
0 J=0

Based on the information in the previous section, we get the following system of algebraic
equations:

(6,9)
m TL.Nn N
0,9)/ (6,9 0,9 (0,9
Z’Ylajgpéjz L, ?n) = / k(x(L N)m ) P )( )ds
0 =0
L N
6,9 919
+ [ HalR ) Pl
0 7=0

+f(:1:§49;3)n) n:m7"'7N7

N JT D+1 0+0+1
Z GO+ DG+0+0+1)i _

NGj—i+1)TGE+94+1)
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The previous linear system of algebraic equations can be easily solved. After determining
the coefficients a;, it is straightforward to compute the approximate solution uy (z) at
any value of = € [0, L] in the given domain from the following equation

Z PM)

4 Two-dimensional IDEs

In this section, we extend the above analysis to solve the following two-dimensional linear
Volterra IDEs:

0?u(x,t)

T + U((E,t)

t x
=f(x,t)+//k(x,uy,Z)U(s,y) dydz, (2,t) €[0,L] x [0,7], (14)

0 0

subject to
ou

u(w,0) = go(e), G (,0) = gi(e), (s)

where k(x,t,y, z) and f(z,t) are given functions, while u(z, t) is unknown function.
Therefore, the SJIGC method will be applied to transform the previous two-dimensional
Volterra IDEs into system of algebraic equations.
Let us expand the dependent variable in the form

un . (2, 1) ZZ%P(‘W? )P (x). (16)

=0 j=0
The partial derivatives of the approximate solution uy as(x,t) is then estimated as

N M

t
ML) 5™ i 0:0),
i= 0] 0 (17)
(9 UN ]u €, t
Puan(et) 55" oot
1=0 j5=0
where
(92,192)(t)
T 61,9
01(w.1) = =P (@),
d273£9i27192)(t) 01,9
pig(,t) = ——r5— P ().
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From (14), (16) and (17) we can write Eq. (14) as

N M
ZZQJ@” x,t)
xT

=0

t

= [ [t )3 P P ) dyds + flo)
0 0

1=0 5=0

M N
SN ay PP PP (), (x,t) € [0, L] x [0, 7). (18)

i=0 j=0

In the proposed SJIGC algorithm, the residual of (18) is set to zero at (N + 1)(M — 1)
of SJC point. Furthermore, the initial conditions in (15) will be collocated at SJG points.
Firstly, we have (N +1) (M — 1) algebraic equations for (M +1)(N +1) unknown of a; ;

Z Z ai,j i ( x(L&]\}ﬁ;), t(LoiQﬁiz))

=0 j=0
1(02.92) (01.91)
L,N,m LNl M N
(9,19)(9719) (9719) (9719)
[ M A ) Y a P P ) s
0 1=0 j=0
M N
(01,91) (92,192 (92,192 (92,192 (01,01) (. (61,91)
+f( LvaLNm ZZ aijPr; )P (LN )’
i=0 j=0
l=0,...,N,m=1,..., M — 1. The previous equations can be rearranging as

m 01,’(91 9,19
Zzaijml':j :f I(LNl)vt(LZ)NZm)) l=0,...,N,m=0,...,M,

i=0 j=0
where

_ (61,91) 1(02,92)
771,] @17] (xLl]V ' thN'rzn)

(92 92) ,(01,91)
t ,m lL N,l

} / / BNy 2 P ()P () dy ds
0 0

P P W)
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Combining Egs. (16) and (17), we obtain

5w PP W) = o). 1=

=0 j=0
N M
> 2w DO ERY) = 0 (wRY), 1=0,00N,
=0 j=0

finally, the linear system of (N + 1)(M + 1) algebraic equations produced automatically
and can be easily solved. Therefore, uy, ar (z,t) can be determined in closed form.

S Lemmas and error analysis

Some useful lemmas and a discussion about the error analysis of the algorithm presented
in Section 3.1.

5.1 Lemmas

Definition 1. Let Py : L?(I) — Xy be the L? orthogonal projection, defined by
(Pvu—u,v) =0 Yve Xy.

Definition 2. Some weighted Hilbert spaces will be presented here.
For a nonnegative integer m, define [10, 11,42]

moa(=1,1) ={v: Obv e L2, 5(-1,1), 0<i < m},

where 9iv(x) = 0'v(x)/0z" related to the following seminorm and the norm:

‘U|m,w“ﬁ = |‘8;nv||wa,ﬁ7

m 1/2
P2
[/ ——— (Z Ha;vaa,ﬁ) :
1=0

Lemma 1. Assume that w € H™(I), I = (—1,1). The interpolation of u (I;’Bu) com-
puted at any points of Jacobi-Gauss points (Gauss or Gauss—Radau or Gauss—Lobatto
points) stasifies the following estimates [11]:

e =157l 2 oy < ONTulggms,

H“_Imﬁ“HL (1 < ON'/2- mW|H’“N(I)7

||“/(x)_(fzc\yr’ﬁ“(x)) ||L? S S <CN'TT |“|H'"N(1)
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5.2 Error analysis

The main goal is to estimate the accuracy of the solutions we obtained. In this section, er-
ror analysis for the introduced technique (3) will be discussed. We provided error analysis
for the proposed method to indicate its exponential rate of convergence, provided that the
source and kernel functions are sufficiently smooth. In order to do that, some properties
of Banach algebras and Sobolev inequality are taken into account.

Theorem 1. Let u(x) the exact solution of the Volterra IDEs (3) and assume that

IX‘,”@ (u(x)) = un(x) be the spectral collection approximation defined by Eq. (7), there-
fore, we have

—-m 1/2
[|u(z) — uN(x)HLiM(,) <SONT"(Nlulgre 7y + YN / [l 1y
+ |f|HZL(;{\;(I) + ‘k(xu S)|H;ﬂ{;1’\;(])”uHLia,B(I))'

Proof. Let the equation of linear Volterra IDEs in (3), where m = 1,

xT

u'(z) +u(x) = f(z) + /k(w,s)u(s) ds,

0
@
u(z) = —u'(z) + f(x) +/k(x,s)u(s) ds, (19)
0
while using the approximate solution, we have
N
(I](\X,’ﬁu(x))/ +un(z) = I$P f(z) + / Iﬁ’y@k(wﬁ}i?n,s)lﬁﬂu(s) ds,
0
2,
un(z) = —(Iﬁ’ﬁu(x))/ + 1P f(x) + / Iﬁ%k(mfﬁ)n,s)lﬁﬁu(s) ds.  (20)
0

Subtracting (20) from (19), we get

u(@) —un(z) = (Ix°u(z)" — ' (2)) + (f(z) - I f(x))

.(0,9)
Zr, Non

+ / k:(x(Le]?,)n,s)u(s)ds
0

.(0,9)
T, Non

— / Iﬁ’f\,(k(x(z’]i?n,s))I](f,’Bu(s)ds,
0
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then
en(z) = (I u(x)) —u'(@)) + (f(x) — Iv° f(x))

(6,9)
xL,N,n

+ / eN,Nk(x(La’ﬁ?n,s)Ijo\‘,’ﬁu(s)ds
0

(6,9)
zL,N,n

+ (k(x(e’ﬂ?n, s))u(s)ds
0/ L,N

(6,9)
zL,N,n

- / k(xgﬁ?n,s)lf{/ﬁu(s)ds,
0

en(z) = (I u(@))" =/ (@)) + (f(2) - I3” f(x))

(6,9)
TL,Nn

+ / eN,Nk(x(Le,ﬁ?n,s)If\‘,’ﬁu(s)ds
0

(6,9)
TL,Nn

+ / k(x(ﬁﬁ?n, 5) (u(s) — IJO\‘,’ﬁu(s)) ds,
0

where ey v = k(z(ﬁﬁ?n, s) — I]?,?V (k(x([?]?,)n, s)). Then
en(x)=J1+Jo+ J3+ J4

(6,9)

TL,Nn
Jp = (IK/Bu(m))/ —/(z), Jy = / k(gc(Lo]i)n,s) (u(s) — I]O\‘,ﬁu(s)) ds,
0
(6,9)
L,N,n
J3 = f(x) — I]‘f,”gf(m), Ji = / eN,Nk(:v(ﬁﬁ?n, S)I]C\“,”Bu(s) ds.

0

From Gronwall inequality [43] we can write

lew@llpa < Uhlzz, , +2lzz, , + sz, + 1z, - @D

From Lemma 1 [11] we can write

112,y = 1R @) (@) =o' @) < N ul gy oy (22)
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0,9 a,
e, = [ R us) = 137us) ds
0 Li,a,ﬁ (I

where the value of -y is given as [19]

vy= max |k(z,s)|.
a<a ), <b

Therefore from Lemma 1 [11]

||J2||quw(1) < 702N1/2_m\U|H${VB ()" (23)
From Lemma 1 [11] and [21] we can write
1Jsllze oy = [IF = IR7FI < CaN "™ flggmn (24)
Finally, by using Cauchy—Schwartz inequality we write
0,9 a,
[allzz, , < ||6N7Nk(x(L,N?n’S)HL2aﬁHINBU’(S)HIﬂaﬁ' (25)
Now from [11, 19] we have
(0,9) (0,9) o, (0,9)
len b (e E )z < IR ) = IRAR N Ol o
< CyN ™" |k(z, s)yH;% - (26)
Now an upper bound for (25) follows from (26) and using equation (5.5.3) in [11]:
1 allzz ) < (C4N_m\k($,3)|ggﬁ(1))(Cs||u||qua,ﬁ(1))-
Then
1allzz | oy < CGme’k(%8)|H/m&f\g(1)||u||Li)a’ﬁ(1)- (27)

From Egs. (21)~(24), (27),

HU(.’L‘) - uN(‘r)HL2 N L—}(I)
1-m 1/2—m —m
SO ul gy 1y + YN ul s 1+ CaN " m 1)

+ CoN =" k(. 8)| gy oy Iz -
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Then
||“(33) - uN(x)HLiuyB(I)
< N‘m(ClN|u\H:&% (1) 12 7N1/2|U|H:&{Vﬁ(1) + CS\f|H;n(;{VB(I)
+ Ce | k(x, 5)|H;n(;{v5 (I)HUHLiaﬁ(z)),
the proof is complete. O

6 Numerical results

We listed several examples to illustrate the powerful and effectiveness of the proposed
method. The mentioned comparisons of the numerical results detect that the previous
algorithms are very appropriate and effective.

The difference between the exact solution and the value of the approximate solution
is define as the absolute error (AE) given by

E(z) = |u(z) — un(z)

)

where u(x) and u () are the exact solution and the approximate solutions at the point z,
respectively. Moreover, the maximum absolute errors (MAE) is given by

MAE = max{E(z): = € [0, L]}.

Example 1. Firstly, we introduce the linear Volterra IDEs in the form [47]

T

u/(x)—u(m):/ v u(s)ds—ln(l+x)(§ln(1+x)+1)

1+s
0

) 607]‘7
oo PE0]]

with the initial condition

knowing that the exact solution given by u(z) = In(x + 1).

A comparison between the MAE using the proposed method and the sinc method [47]
is summarized in Table 1 with several choices of § and ). The numerical results presented
in the Table 1 show that results are vary accurate for small value of V.

Figure 1 compares graphically the curves of numerical and exact solutions of prob-
lem (1). Moreover, we represent the logarithmic graphs of Mg, (i.e., log;, Mg) obtained
by the novel algorithm with different values of IV in Fig. 2.

Nonlinear Anal. Model. Control, 24(3):332-352
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Table 1. The MAE for Example 1.

E.H. Doha et al.

Our method
N  Method[47] N 0=9=-1/2 0=9=0 6=0,9=1/2
5 1.75-1073 2 7.02-102 6.93-10—2 7.59.10—2
10 1.06-10% 4  272-1073 3.20-103 4.32-1073
20 1.85-106 6 8.00-1075 1.10-104 1.70-10~%
30 8.03-10°8 8 2.34.10°6 3.63-106 6.23-106
40  5.87-1079 10 6.86-10~8 1.17-107 2.20-107
50 5.80-10710 12 2.01.107° 3.73-107Y 7.54-107Y
60 7.09-10-" 14 5.90-107'! 1.18.10719 2.53.10°10
70 1.02-1071* 15 1.01-107Y 208-1071' 4.62-10711
80 1.67-10712 16 1.73-10712 3.67-10712 8.38.10°!2
90 3.09-10~1 18 5.10-1071% 1.14.-10713 2.74.10°13
100  6.26-107'% 20 1.66-10"1% 3.78.10"1° 9.10.10"15
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Figure 1. Comparison between the approximate

un (z) and the exact u(z) solutions of Example 1

for N =20, =9 =-1/2.

Figure 2. Mg, convergence for Example 1.

Example 2. Let us, consider the system Volterra IDEs in the form [30]

x

uy (x) + 2zu) (z) — up (x) — / (u1(s) — ua(s)) ds

0

=2+ 12 —e” + 2ze” — cos(z),

x

ul (x) + ub(z) — 2xuUs(T) — / (u1(s) + ua(s)) ds

0

= 2cos(x) — 3z — (1 + 2z) sin(x) — e”,

with the condition

x € [0,1],

knowing that the exact solution given by uq(x) = €® and ug(x) = 1 + sin(x).
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Table 2. The AE for Example 2.
Bernstein operational matrix [30]
T w1 () u2 ()
N=5 N =10 — N=5 N =10 —
0 888-10- 8.88-10°16 — 7.77-10716 8.88.10 16 —
0.1 6.75-10°7 1.49-10713 — 1.45-10~7 9.03-10~14 —
0.2 1.36-10°6 2.88-10713 - 2.87-1077 1.66-10~13 —
0.3 1.82-10-6 4.28.10713 — 3.61-10~7 2.37-10-13 —
0.4 2.42.10°6 5.64-10—13 — 4.55-10~7 3.02-10-13 —
0.5 3.04-10°6 6.97-10—13 — 5.50-10~7 3.63-10~13 —
0.6 3.32.10°6 8.28-10713 — 5.64-10"7 4.22.10713 —
0.7 4.35-10°6 9.52.10—13 - 7.67-1077 4.76-10-13 -
0.8 1.21-10° 1.10-10—12 — 2.69-106 5.43.10~13 —
0.9 4.27-107° 4.45.10~13 — 1.06-10~2 3.43.10-13 —
1.0 1.30-107% 3.09-10—11 — 3.36-107° 1.74-10~11 —
Our method for =9 = —1/2
T uy () uz ()
N=5 N =10 N =12 N=5 N =10 N =12
0 0 0 0 0 0 0
0.1 5.60-10~8 1.28-10~%  1.07-10716 1.03-10~8 8.74-10716  6.94.10-17
0.2 2.97-10°7 2.60-10~16  345.10°17 528108 1.11-10716  2.22.10-16
0.3 2.00-1077 8.12-10~1% 9.97.1071!8 2.32.108 5.16-10~1%  1.67-10716
0.4 3.29-10°7 7.17-10715  1.71.10°16 9.79.108 5.16-10~1% 1.67.10"16
0.5 4.16-10~7 1.09-10~  9.15-10—17 1.14-10°7 6.27-10~1%  5.55.10—17
0.6 9.78-107 1.60-10~1 1.24.10716 2.23-1077 9.88-10~1% 1.11.10°16
0.7 2.76-10—6 3.43-10714  2.56.10716 6.60-10~7 2.16-10~1> 1.11.10716
0.8 2.27-10°6 8.32-1071% 3.57.10716 5.85-10~7 48210714 0
0.9 3.32.107° 2.01-10~13  4.55.10°16 8.42.106 1.15-10718  1.11.10716
1.0 1.29-10% 8.63-1012 5.10-10°1° 3.31-107° 4.85-10712  3.00.-10°15
x107% x1071%
5FT T T T T = T T T T T T
25F b
o ]
A ]
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Figure 3. AE curve of u1 () versus « in Example 2
for N =12and =9 = —1/2.

xT

Figure 4. AE curve of ua () versus x in Example 2
for N =12and = ¢ = —1/2.

Applying the technique described in Section 3.2 with different choice of N, the
present method is more accurate than Bernstein operational matrix [30], see Table 2. The
curves of the AE E; (AE of u1) and F5(z) (AE of usy) of Example 2 for N = 12, are
displayed in Figs. 3 and 4, respectively. In Fig. 5, we depict the logarithmic graphs of the
MAE (i.e., log;q M1, log,, My) for various values of N. This demonstrates that the new
algorithm provides accuracy approximation and product exponential convergence rates.
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L L L L L L -
2 4 6 8 10 12 14
N

Figure 5. Mg convergence for Example 2.

Example 3. Consider the following mixed Volterra—Fredholm IDEs in the form [46]

u'(z) + zu' (z) — zu(w)

1
1 1
=e” —sinx + JTcose + /sinxe_su(s) ds — i/cosxe_su(s) ds,
0

(=)

where x € [0, L], with the initial condition

knowing that the exact solution is given by u(z) = e*.

In order to confirm the high accuracy of the novel algorithm for mixed Volterra—
Fredholm IDEs problem, Table 3 introduce a comparison between the maximum absolute
errors obtained in [46] and the results obtained in this paper with various choices of N.
We observed that a good approximation of the mixed Volterra—Fredholm IDEs is achieved
for small of V.

In Fig. 6, we see the matching of the value of the AE in these figures and find in
Table 3. Moreover, we represent the logarithmic graphs of Mg (i.e., log;, Mg) obtained
by the proposed method with several values of IV in Fig. 7.

x107®
T

6L

50

s

Log, Mg

o L ! L L I
0.0 0.2 04 06 0.8 1.0
T

Figure 6. AE curve versus  in Example 3 for N = Figure 7. Mg convergence for Example 3.
14and 6 =0,9 = —1/2.
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Table 3. MAE for Example 3.

Method [47]

N  Ourmethod 6= -1/2,9=1/2

0=0=0 60=0,09=1/2

3 2.37-10°2 1.54-102 1.80-1072  2.35-102
7  1.21-1076 1.72-10~7 2.63-10~7 4.70-107
10 8.23-10710 532.10712 92810712 1.94.10~11
14 — 1.21-10~15 7.43-10716  3.93.10°16

Example 4. Finally, we consider the two-dimensional Volterra IDEs

0u(z,t)
ot?

where (z,t) € [0, 1] x [0, 1], subject to

U(LL’, 0) =0,

ou

ot

(z,0) =z,

the f(x,t) is given such that the exact solution is u(z) = x sin(t).

t x
+u(z,t) = f(z,t) + / /(sinx + cost + 2y cos 2)?u(y, z) dy dz,
00

349

Table 4 lists the AE for several choices of NV and M of Example 4. We observed a good
approximation of linear two-dimensional space Volterra IDEs. The AE for Example 4 was

displayed in Fig. 8 for N = M = 8.

Table 4. AE for Example 4.

(t) N=M=2 N=M=4 N=M=6 N=M=328

(0,0) 0

(0.1,0.1)  1.49-
(0.2,0.2) 1.07-
(0.3,0.3) 3.17-
(0.4,0.4)  6.50
(0.5,0.5) 1.07-
(0.6,0.6) 1.53-
(0.7,0.7) 1.81-
(0.8,0.8)  2.09-
(0.9,0.9) 1.94.
(1.0,1.0) 1.27-

10—4
103
10-3

-10—3

10—2
10—2
10—2
102
10—2
10—2

0

2.45-
1.19-
2.62-
4.13-
5.83-
8.34-
1.50-
1.74-
2.09-
1.58-

10-6
10-5
10-5
10-5
10—°
10-5
10~4
10—
10—4
10~4

0

7.33-
2.74 -
5.42-
9.98 -
1.67-
2.35-
3.35-
3.89-
5.48 -
4.64 -

10—?
10-8
10-8
10-8
10-7
10-7
10-7
10~7
10-7
10-7

0

9.35-
3.11-
7.61-
1.36 -
1.96 -
2.85-
4.34-
5.04 -
6.64 -
6.45 -

10-12
T
10-11
10710
10710
10~
10710
10-10
10710
10-10

Figure 8. AE curve of Example 4 for N = M = 8.
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7 Conclusion

In this paper, the SJGC method was applied to solve the IDEs with the initial conditions.
This method is very straight forward technique to solve the IDEs. SJGC method converts
the IDE equation to a system of algebraic equations, which can be solved by usual nu-
merical methods. In addition, the collocation treatments were introduced for the nonlocal
condition. From the tables, numerical examples were given to confirm the rightness and
reliability of the our method. The results display the SJC method is accurate.
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