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Abstract. The Fuéik equation 2" = —px™ + Az~ with two types of nonlocal boundary value
conditions are considered. The Fucik type spectrum for both problems are constructed. The
visualization of the spectrum for some values of parameter -y is provided.
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1 Introduction

Investigations of spectra of differential equations with nonlocal conditions are quite fast

developing area currently. Eigenvalue problems for differential operators with nonlocal

boundary conditions are still less investigated than classical cases of boundary conditions.
Let us consider the Fucik equation

¥ = —pxt 4+ N, (1)
with one classical condition
2(0) = 0 )
and other nonlocal integral condition
1/2
o) = [ alo)ds Gu)
0
1
o) = [ alo)ds (o)
1/2
with parameters 1, A,y € R. Here 27 = max{x,0}, 2~ = max{—z,0}. There are

analyzed two cases of nonlocal integral boundary conditions in right side of the interval.
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Figure 1. The spectra for the classical Fulik problem and the problem with integral condition z(1) =
’*/fol z(s)ds fory — +oo0.

Let us define (1), (2), (31) as Problem 1, as well as (1), (2), (3,) as Problem 2. The
index in the number of a formula (e.g. in formula (3)) denotes the case. If there is no
index, then the result holds on in both cases of nonlocal boundary conditions.

A set of (i, \) values, when the problem has nontrivial solutions, is called the Fucik
spectrum. It consists of infinite set of curves (branches) F;r and I, ,7=0,1,2,... . The
lower index shows the number of zeros of the respective solution in the interval (0;1),
while the upper index shows the sign of the derivative of a solution at £ = 0. When
parameter v = 0 in (3), problem (1)—(3) reduces to the classical Fucik problem. The
spectrum of such problem is well known and consists of infinite set of curves (branches),
which can be obtained analytically and graphically [2]. The first five pairs of branches of
the classical Fucik spectrum are presented in Fig. 1(a).

The Fudik type problem (1)—(2) with condition z(1) =~ fol x(s) ds instead of condi-
tion (3) was analyzed in [10]. Graphical view of the spectrum of this problem shown in
Fig. 1(b) as an example.

More general problem (1) with conditions x(0) = v fol x(s)ds = x(1) was investi-
gated in [12].

When ¢ = X in (1), the Fucik type problem turns into Sturm—Liouville problem

2’ = —\z. 4)

Sapagovas with co-authors [1,9] investigated eigenvalues for differential problem (4) with
nonlocal boundary conditions z(0) = 7o fol ap(s)z(s)dsand z(1) = 1 fol ag(s)z(s)ds
and proved that eigenvalues (constant eigenvalues) exist, which do not depend on the
parameters o and y; values. The spectrum of Sturm-Liouville problem (4) with vari-
ous types of nonlocal boundary conditions was quite properly investigated in scientific
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Figure 2. Characteristic functions for Sturm-Liouville problem (4) with conditions (2), (3;) and (2), (37),
respectively.

literature. The comprehensive analysis on results of such problems spectra is presented
in [13].

There are many papers on applications of the spectrum structure of differential and dif-
ference equations with nonlocal conditions to investigation for the stability of difference
schemes, for the convergence of iterative methods, for the existence of positive solutions
(see, for example, [3-5, 8, 14]).

The spectrum of problems (4), (2)—(3) was deeply analysed by using the characteristic
functions method in [6, 7]. Using this method, parameter ~ in (3) can be expressed as
a function of eigenvalue X in (4). Let us denote A = ¢2 fort > 0 and A = —¢2 for t < 0.
Then we have formulae

tsinht

ST T when t < 0,
ORI (1)
3sin? T when ¢ > 0;
tsinht
o hent < 0
2sinh Zsinh £ W ’
=9 e (52)

Tom Ssm T when ¢t > 0.
Graphics of characteristic functions «(t) are shown in Fig. 2.

In problem (4), (2), (31), simple, multiple and complex eigenvalues may exist for some
values of parameter . If v > 8, then there exists one negative eigenvalue in this case. All
eigenvalues of problem (4), (2), (3,) are real and simple. One negative eigenvalue exists
if v > 8/3 in this case. In both cases, constant eigenvalues A\, = (47k)?, k € N, exist.

The purpose of this paper is to present the investigation results on the spectrum
of Fucik type problem with two types of nonlocal integral boundary conditions. There
are shown how spectra of these problems depend on parameter - in nonlocal boundary
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conditions. In the paper, the analytical expressions and graphical visualizations of the
Fucik spectra of investigated problems are provided.

2 Analytical description of the Fuéik spectrum

In this section, the features of different spectral curves are presented.

2.1 On the branches FOi

Let us consider the solutions of problems (1)—(3) without zeros in the interval (0;1).
These solutions correspond to the branches F(j' and F| .

Lemma 1. The branches FOi of the spectrum for problems (1)—(3) do not exist for v < 0.

Proof. 1t is clear that the solutions of problems (1)—(3) must have at least one zero in the
interval (0; 1) in order to meet condition (3). O

The solutions of problems (1)—(3) without zeros in the interval (0;1) for v > 0
may be of three types: sine function, linear function and hyperbolic sine function. The
visualization of all types of these solutions with z’(0) > 0 is shown in Fig. 3.

Let us analyse the solution of the considering problems without zeros in the interval
(0; 1) when it is represented by the sine function. Without loss of generality, let 2’ (0) > 0.
In this case, Problems 1 and 2 reduce to the problem x” = —pux with boundary condi-
tions (2), (31) and (2), (3), accordingly.

The solution of these problems is the function (¢) = A sin /ut. Taking into account
that the solutions have no zeros in the interval (0;1), it follows that 0 < p < 2.

Substituting the solution into the boundary condition (3), we obtain the equations

sin\/ﬁzv\}/7 (1 — cos \éﬁ), (61)
sin \/p = ’y\/lﬁ (cos % — cos \/ﬁ> . (62)

In order to estimate possible values of ~y in both cases, consider y as function of n. We

obtain y(u) = \/msiny/f/(1—cos \/p/2) and y(p) = \/psiny/i/(cos \/f1/2—cos \ /1)

@0 < pu<m? b)p=0 ©)pu<0

Figure 3. The different types of solutions without zeros in the interval (0; 1).
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from (6;) and (6,), respectively. Both functions decrease in the interval ;1 € (0, 72] and
vanish at y = 72, The first function tends to the maximal value v = 8, while the second
function tends to the maximal value v = 8/3 when . — 0.

This proves the following lemma.

Lemma 2. The branch FS‘ is straight line parallel to A-axis, which is located in the
first—fourth quadrants of (i, \)-plane for v € [0;8) in the case of Problem 1, for v €
[0; 8/3) in the case of Problem 2. The corresponding values of p can be calculated from
equations (61) and (6;), respectively.

For p = 0, problems z” = 0 with boundary conditions (2), (3;) and (2), (32) respec-
tively are obtained. The solution is linear function x(¢) = At in this case. Calculations
show that this solution is possible only for v = 8 (Problem 1) and v = 8/3 (Problem 2).

The next result follows.

Lemma 3. The branch FO+ is straight line, which coincides with \-axis for v = 8 in the
case of Problem 1, for v = 8/3 in the case of Problem 2.

For negative i, the solution of the considering problems is the hyperbolic sine func-
tion. Substituting this solution into the boundary condition (3), we obtain the equations

sinhv/—p =~

1 /1
(cosh g 1), (71)
= 92

. 1 Ve

sinh/—p =v— (cosh v/—u — cosh ) (72)
= 2

Similarly as for solutions in the sine form, two functions y(u) = /—psinh/—p/
(cosh/=p/2 — 1) from (7;) and () = /—psinh /=pu/(cosh \/—p — cosh \/—p/2)
from (7,) are obtained. Analysis of these functions show that the range of the first function

is (8; +00) and the range of the second function is (8/3; +00).
This proves the following lemma.

Lemma 4. The branch Fy is straight line parallel to \-axis, which is located in the
second-third quadrants of (u, \)-plane for v > 8 in the case of Problem 1, for v >
8/3 in the case of Problem 2. The corresponding values of 1 can be calculated from
equations (7y) and (7,), respectively.

Remark 1. F; is located symmetric to F,” with respect to the bisectix of (j, A)-plane.

2.2 On the branches FljE

Now consider the solutions of Problem 1 (Problem 2) with one zero in the interval (0; 1).
Let us denote this zero by 7. These solutions correspond to the branches F;" and F .
Sine function of the solution in the interval (0; 7) may be continued by sine function,
linear function or hyperbolic sine function in the interval (7; 1). The zero 7 of the solution
can be located before, at and behind 1/2. So, it follows that there are nine different types

Nonlinear Anal. Model. Control, 24(2):261-278
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Figure 4. The different types of solutions with one zero in the interval (0; 1).

of solutions for Problem 1 (or Problem 2) with one zero in the interval (0; 1). All possible
types of solutions with 2’(0) > 0 are shown in Fig. 4.

Lemma 5. The branch Fli of the spectrum for Problem 1 can be described with nine
equations (if the respective part of branch exists for corresponding value of ). The
corresponding values of (i, \) € F 1+ can be found from the next equations:

= Zceos Xl ) 4+ —sin( VA —m/Z) =0,
( 2 VA Iz

0 5 7r 7r

< p <At A>0, —+ —= > 1;

VE VA

1 1
7<—cos\/ﬁ +1—l=07 T < p < Aw
noop 2 VHE

1 1 Vﬂ¢> 1 ( A
v ———cos— | + sinh{ vV—-A—my/——
(u I 2 V=A p
< <Ar?, A< 0;

1 1 . A 2 2
’Yﬁ_FﬁSlnT:o’ /JJ:47'1',O<A<47T'7

(8a)

(8B)

’ 8c)

(8p)
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vH+mt=0, p=4r’, A=0; (8k)
1 I V=2 2
fyﬁ—k\/j)\smh—Q =0, p=47* A<0; (8r)
2 1 1 1
7(——1—003(\5—# A))—!—sin(\f)\—ﬂ )\)20,
pooA A 2 I VA I 86)
Vs Yis
pw>4r* A >0, — + > 1;
N A
2 1(1 =« 2) ™
==z (z-— +1——==0, pu>4r* \A=0; (8n)
(u 2(2 \/ﬁ) Vi !

(8p)

The negative spectrum branch F;” = {(j,\) | (\, ) € F,"}.

Remark 2. Let us remark that the (1, A) from (84) correspond to the solutions of type A
from Fig. 4, the (u, A) from (8g) correspond to the solutions of type B and so on.

Proof of Lemma 5. The proof is similar to the previous lemmas and to the theorem, which
were considered in [11]. The corresponding linear eigenvalue problems are considered on
both intervals (0; 7) and (7; 1), and the equations are obtained using required conditions.

The region, where the corresponding part of branch is located, is obtained from
geometric considerations. For instance, in case A, the zero of solution 7 = 7/ /1 located
between 1/2 < 7 < 1. It follows that 1 < 472 and 1 < 7/,/fi+ m/v/A. Thus, the region
of location (u, A) for (84) follows. Similar analysis is possible in cases D and G, where
7 =1/2and 7 < 1/2, respectively. Therefore y = 472 and p > 42, so the regions of
location (p, A) for (8p) and (8¢) follow. O

Let us analyze, which equations of (8) describe the spectrum (u, \) € F;" for partic-
ular values of parameter . It is clear that, for negative ~ values, the value of the integral

fol/ 2 x(s) ds in (31) must be positive. Thus, in all nine cases, solutions exist for negative

~ values.
The result for solutions of type E (see Fig. 4(I)) follows immediately from (8g), and
these solutions exist only for v = —m2.

Considering the solutions of types D, F, B and H, parameter ~ is expressed from (8)
as a function of X\ or p, and the range of this function is calculated. Thus, the range of
this function is v € (—n%;0) for 0 < A < 47 in case of type D; v € (—o0; —7?)
for A < 0 in case of type F; v € (—n%;0) for 72 < pu < 4m? in case of type B;
v € (—o0; —7?) for4m? < pu < 4(m+2)? in case of type H (the integral f(]1/2 z(s)ds =0
when p = 4(m + 2)?).

Nonlinear Anal. Model. Control, 24(2):261-278
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The value of the integral fol/ 2 z(s) ds for the solutions of type A is the same as in the
case of type B for the particular values of 72 < u < 472, however the value of 2 (1) for
solutions of type A is greater than the value in case of type B. Thus, it follows that the
solutions of type A exist only for v € (—72;0).

The solutions of type C are bounded by the solutions of type F. It guarantees the
existence of solutions for y € (—oo; —72). If u tends to 72, then x(1) tends to 0, and
converges to 0 also. Thus, such type of solutions exists for any negative -y value.

The solutions of type I are bounded by solutions of type F and type H. Both mentioned
types of solutions exist only for v < —2. It turns that the solutions of type I exist also
only for y € (—o0; —72).

Since the solutions of type G are bounded by solutions of type H and D (with v €
(—o00; —m?) and v € (—72;0), accordingly), then them exist for any negative .

In the first six cases (from A till F, see Fig. 4), f01/2 xz(s)ds > 0, z(1) < 0, and it
turns that the solutions in these cases do not exist for v > 0 in order to meet nonlocal
condition (3).

It is clear that fol/ 2
exists for all v > 0.

From Lemmas 3 and 4 we obtain that solutions without zeros in the interval (0;1)
in the form of a linear function and hyperbolic sine function exist only for v = 8 and
~ > 8, accordingly. The solutions of types H and I with one zero in the interval (0;1)
asymptotically tend to just mentioned solutions without zeros when p — +o0.

Generalized results on existence of solutions in Problem 1 with particular values of
parameter v is presented in Table 1(a).

x(s)ds < 0 for p — +o0. It follows that the solution of type G

Lemma 6. The branches F 1i of Problem 2 can be described with nine equations (if the
respective part of branch exists for corresponding value of ). The corresponding values
of (u,\) € F 1+ can be found from the following equations:

1 1 1 1 A
v 7—7+—cosﬂ+7cos VA—my /=

[ ! 2 A 1

+1sin<\5\ )\> 0, M<p<dr®, A>0, —+ ——>1

< =T\ =] =Y, s M T, L — < 5

VA I VE VA

2

7<1+1COS\/’E_1(1_7T)>+1_W:0,

poop 22 Vi VH %)

7r2<,u<4772,)\=0;

vy l—l—i—lcos@—klcosh V=A—-7 _A
[T ) 2 A I

1 A
+sinh(\/—)\—7r —) =0, 72 < W <47T2, A <O
V=X K

(94)

(C9)
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1 1 A 1 A
7(—)\+)\cos\2f>+ﬁsiné>:0, p=4r2 0 < \ < 4n%; p)
v—4=0, u:47r2, A=0; (9e)
1 1 V=X 1 V—=A
7()\ + X cosh 5 ) + Y sinh 5 = 0, p=4r? \<0; Or)

1 A 1 VA A
7<)\COS(\/X—W\/;>—>\COS<2—7T H))

+1Sin<ﬁ_ﬂ A)—o P> ATt A >0, — 4 > 1,

A w) o T Ve VAT

/1 7\ 1( 7r>2) ™ >

(o) 212 +1——=0, > 47°, A = 0; On)
(33 Jﬁ) 2\ Ve vi o !

R )

%)

(&)

The negative spectrum branch Fy” = {(p, \) | (\, 1) € Fy'}.

Remark 3. Let us remark that the (1, A) from (94) correspond to the solutions of type A
from Fig. 4 and so on.

Proof of Lemma 6. The proof of this lemma is analogous to the proof of previous results.
The corresponding linear eigenvalue problems are considered on both intervals (0; 7) and
(7; 1), and the equations are obtained using required conditions. O

Let us analyze, which equations of (9) describe the spectrum (12, ) € F;' for particu-
lar values of parameter . In the last six cases (from D till I, see Fig. 4), f11/2 z(s)dz <0
and x(1) < 0. Therefore the last six cases of solutions are not possible for v < 0 as
the nonlocal condition (3;) is not satisfied in these cases. In order to determine existence
of the solutions of type A, « is expressed from (9,), and the range of this function is
obtained v € (—o0;0) (in the case when the value of integral f11/2 x(s) ds is positive).
The solutions of types B and C are bounded by solutions of type A. Thus, it follows that
the solutions of these types exist for any v < 0 also.

It is clear that, for positive -y values, the value of the integral f11/2 x(s) ds in (3,) must
be negative. Thus, in all nine cases, solutions exist for positive -y values.

The existence of solutions of type E only for v = 4 follows from equation (9g).

Considering the solutions of types D, F, B and H, parameter ~y is expressed from (9)
as a function of \ or p, and the range of this function is calculated. Thus, the range of this

Nonlinear Anal. Model. Control, 24(2):261-278
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Table 1. Equations describing (i, A) € Ffr for particular « value in: (a) Problem 1, (b) Problem 2
(@ (®)

¥ Nos. of equations 0 Nos. of equations
(—o0;—=7%)  (8c), BR), (8a), (8n), (81 (=00;0) 94a), 9B), Oc)

—m? (8c). (8E). (8c) (0;8/3] ©a) ). V)

(=72;0) (8a), (88), (8¢), (8p), (8a) (8/3;4) 94); Op), O6), On), On
(08 8a) 4 ), Oe), O

(8; +00) (8g), (8u), (81 (4; +00) (94a): 9B), Oc), Or), On

function is v € (0;4) for 0 < A\ < 47?2 in case of type D; v € (4;+00) for A < 0 in
case of type F; v € (4;+0c0) for 72 < pu < 472 (in the case when the value of integral
f11/2 x(s) ds is negative) in case of type B; v € (8/3;4) for 472 < u < +o0 in case of
type H.

The solutions of type I are bounded by the solutions of type F and hyperbolic sine
function (see Lemma 4 with 2'(0) < 0). It follows that such type of solutions exist for
v € (8/3;400).

The solutions of type C are bounded by solutions of type B and type F. Both mentioned
types of solutions exist only for v > 4. It proves that the solutions of type C exist also
only for v > 4.

Similarly, the solutions of type G are bounded by solutions of type D and H. It follows
that the solutions of type G exist for v € (8/3;4) also.

In order to determine existence of the solutions of type A (for positive values of
parameter ), v is expressed from (94), and the range of this function is obtained v €
(0;4) (in the case when the value of integral f11/2 x(s) ds is negative). Although the
solutions of type A are bounded by solutions of type B. Thus, it turns that the solutions of
type A exist for any positive v values.

Generalized results on existence of solutions in Problem 2 with particular values of
parameter + is presented in Table 1(b).

Remark 4. Equations (8g), (8p), (8z), (8r) and (8y) (respectively (9g), (9p), (9k), (9r)
and (9y)) in Lemma 5 (respectively in Lemma 6) are degenerate equations, there are
points on the i axes or on the straight line, which is parallel to A axes.

2.3 The features of the other branches of the spectrum

Let us consider other branches F’ ii, i € N, 7 # 1, of the spectrum for Problems 1 and 2.
These branches can be grouped into F 5_2, F4:5—1’ FE and F 5 15 7€ N,

In order to write down the equations of spectrum branches, it is important to know
how many zeros are in the intervals (0; 1/2) and (1/2; 1). Let us denote these zeros by 7;,
1 € N. These zeros can be calculated by using one formula out of:

T2i—1 = il + (i= Ur Tgizﬂ-i-ﬂ 1€ N.

VB A NN
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Lemma 7. The number of zeros, which have the solutions corresponding to the branches
Ffi,z, F4iz;1’ Fj, F4l;+1 in Problems 1 and 2, are as follow:

Part  Branches  Number of zeroes in (0;1/2)  Number of zeroes in (1/2; 1)

+ . X
1 Fii_ o 21— 2 21
21— 2 2¢ — 1 (here T2;—1 = 1/2)
2t —1 2t —1
+ . X
2 Fi 2t —1 21
2t —1 2¢ — 1 (here T9; = 1/2)
Fi 2 2
4 Fi o, 2 2i+1
21 21 (here T2i4+1 = 1/2)
2+ 1 21

Proof. Consider the solutions with 4i — 2 zeros in the interval (0;1) (see Part 1 in the
table above). It is required that 74;_o < 1 and 74;—1 > 1 in this case. Thus, it follows that
such inequalities hold:
(20 — ) n (2t — m “1, 2im n (20 — )
VH VA Vi VA

It is clear that the half of zeros 2i — 1 may be located in the interval (0; 1/2) and other
half in the interval (1/2;1).

Consider the case that 2i — 2 zeros are located in the interval (0,1/2) and other 2:
zeros in the interval (1/2, 1). It follows in this case that inequalities

(i—Dm n i—1m 1 it i— 1)

> 1. (10)

NT AT i A

hold. In (11), there is no contradiction with inequalities (10). Thus, it means that men-
tioned above location of zeros is possible.

Now consider the case that 2i zeros are located in the interval (0, 1/2) and other 2i — 2
zeros in the interval (1/2,1). It follows that

> an

1
2

LS U 5 ) L
VE VX2 VE VX2
The first inequality in (12) contradicts the second inequality from (10). It turns that

such location of zeros is impossible. This proves Part 1 of Lemma 7.
The proofs of Parts 2, 3 and 4 of Lemma 7 are analogous to the proof of Part 1. [

(12)

Remark 5. The number of equations for each branch follows from Lemma 7. It means
that the branches Ff,L?_Q can be described with three equations (Part 1); the branches
Fi: | can be described with two equations (Part 2); the branches Fj; — with one equation

(Part 3), and the branches F’ 4:% 1 — with three equations (Part 4).
In order to write the equations for spectrum branches, let us consider the solutions of
Problem 1 (Problem 2) with z'(0) > 0.

Nonlinear Anal. Model. Control, 24(2):261-278
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The solution of Problem 1 (Problem 2) has the form z(t) = Asin /u(t — 72,_2) in
each odd interval (79;_2; T2;—1) and the form z:(t) = —A\/u/Asin \f A(t—T79;—1) ineach
even interval (7o;_1; 72, ), where i € N (let 79 = O)

Taking into account mentioned above, it follows that

z(1) = Asin /p(1 — mi—2) (13)

if £ = 1 belongs to the odd interval and

z(1) = —A\/Esin VA1 = 72i-1) (14)

if £ = 1 belongs to the even interval.
The value of the integral in (3) in each odd interval will be equal to

T2i—1
2A
x(s)ds = — (15)
(®) VI
T2i—2
and in each even interval
T24
2A
/ x(s)ds = — /\\/'E (16)
T2i—1

In order to write the equations for the branches of the spectrum in Problem 1, the
following values of the integrals are needed:

1/2
A 1 . 1
/ l‘(S) ds = —\/ﬁ(COS \/ﬁ<2 — 7'2,'_2) — 1) ift = 5 S (Tgi_Q;TQi_l); (17)
1/2 )
1 1
/ x(s)ds = T\/ﬂ (cos \5(2 — Tgil) — 1) ift = 3 € (T2i—1; T2:) (18)

and in Problem 2
T2i—1

/x(s)ds N/ OS\f( 72i2)+1> ift=_ € (ri-2;72i-1);  (19)
A

[N

1/2

T24

/;v(s)ds )\<cosf(—7'gi_1)+1) ift =

1/2

€ (T2i—1572:).  (20)

N |
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Formulas (21) and (22) are obtained for the case 79;_1, and 7y; are the last zeros of
the corresponding solution of Problem 2:

1
/ x(s)ds = A;\/ﬁ (cos \5(1 — Toi_1) — 1); 20
/133(5) ds = —A(cos Vil —1) —1). (22)
NG

T24
Taking into account relations (13)—(22), Lemmas 8 and 9 follow.

Lemma 8. The branches Fii of the spectrum for Problem 1 can be described with the

following equations (if the respective part of branch exists for corresponding value of ):

(i) The (i;\) € Fy_, arelocated in the region (2i — 1)m/\/ii+(2i — L) /v/X < 1,
2im/ /i + (20 — )7 /A > 1 and can be found using following equations:

20—1 20—2 1 1 1
— —— — —cos\/iu| 5 —Tei—2 | | — —=sin/u(l — 145_2) = 0;
( I A I J(Q )) Vi v

2t 21—1 1 .
7(— \ > — —=sin/pu(l = 745-2) = 0;

p Vi
20 20—1 1 1 1
’Y(lu_ N +)\COS\/X<2—T22'1)> —ﬁSln\/ﬁ(l—TM,Q):O.

(ii) The (u;\) € Fji_, are located in the region 2im/\/fi + (2i — L)m/V/A < 1,
2im [\ /i + 2i7r/\f/\ > 1 and can be found using following equations:

2 -1 1 1 1
7<Z o ? + XCOS \/X(2 7'21'_1>) + —)\Sinﬁ(l 7’1’41‘_1) = 0;

p A VA

21 21 1

_ = — —— si 1— i— = 0.
’}/<M )\)-F\/XSIH\/X( T4 1) 0

(i) The (u; ) € Fy; are located in the region 2im/\/ii + 2im/V/A < 1, (2i + 1)m/
Vi 2im/ VA > 1 and can be found using the following equation:

2i+1 20 1 1 1
_ 2 S o)) - =i 1—74.1) =0.
(5523 o} o)) s
(iv) The (u; ) € Fj;,, are located in the region (2i + 1)7/\/1t + 2im/VA < 1,
(20 + 1)/ /4 (20 + 1) /A > 1 and can be found using following equations:

(22’ +1 2

1 1 1 .
/J _)\—NCOS\/E(2—TQ7;)) —&—ﬁsm\ﬁ(l—mﬂ_l)zo;
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214+2 2% 1
N — s 1 — 74, =0:
( [ )\)—&—\f/\smﬁ( T4z+1) 0,
214+2 21 +1 1 1 1 .
(B RV (g e ) )+ Jp A ) =0

Fr = {(/Jv)‘) | (A ) € Fqu}

Lemma 9. The branches FijE of the spectrum for Problem 2 can be described with the
following equations (if the respective part of branch exists for corresponding value of ):

(i) The (j;\) € Fy:_, arelocated in the region (2i — 1)w/\/ii+(2i — L)w/v/X < 1,
2im/ /i + (28 — 1)7/v/X > 1 and can be found using following equations:
21 2%

1 1 1
y(u -5t m cos \/ﬁ(2 - 7'21‘—2) ™ cos\/p(1 — 7'42'—2))

1.
_ ﬁ sin \/ﬁ(l — 7'41‘—2) =0;

21—1 20 1 1
v — — — —cos /(1 — T4i_2)> — —sin/p(l — 1ai—2) = 0;
( p Vi VI Vi

2i—1 2—-1 1 1 1
’y( - ——— — —cos \6(5 — Toi—1) — m cos /p(1 — T4Z‘2))

(i) The (p;\) € Fy_, are located in the region 2im/ /it + (2i — Dr/vVA < 1,
2im/\ /i + 2im/ VA = 1 and can be found using following equations:

7<2Z _ & — %COS ﬁ(; - TQi_l> + %COS \/X(]. — 7'41'_1))

nwoA
1
+ —sin VAl = 14i_1) = 0;
\/X ( T4 1)
21 2t —1 1 1
= oS 1— 14 el 1— 74 1) =0.
’y(lu 5y —l—)\COb\F)\( Tai 1)>—|—\/X51n\[\( Tai—1) =0

(i) The (u; \) € Fy; are located in the region 2im/\/ii + 2im /v A < 1, (2i + 1)7/
VI 2im/ VA = 1 and can be found using following equation:

20 20 1 1 1

¥l — =~ + —cos /1,(—7'22‘>—COS ,ul—mi)

(2 -5+ 2oosvi(5 1 cos V(1 = 7a)
1

NG sin \/p(1 — 74;) = 0.
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(iv) The (u;X\) € Fyi, . are located in the region (2i + 1)7/\/i + 2im/V/A < 1,
(26 + )7/ /4 (20 + 1) /A = 1 and can be found using following equations:

2i+1 241 1 1 !
(B2, L ) ot

1.
+ 7 sin VA1 — 74541) = 0;

2t 2i+1 1 1
= 2 cos VA(L — i _sinVA(L = maga1) = 0;
(N 3 +/\cosf( T4+1)>+ﬁsm\f( T4it1)
2 20 1 1 1
’Y(/L — X — X COS \/X<2 — Tgi+1> + X COS \/X(l — 7'41'+1)>

1 .
+ ﬁ S \/X(]. - 7'41_;,.1) =0.

Fy={(n,\) | (\p) € F' ).

Some branches of the spectrum for Problems 1 and 2 are shown in Figs. 5, 6 and 7, 8
for some different v values. The red curves indicate F;r branches and the blue ones — the
F;. All branches Fl-i, t € N, are located in the first quadrant of the coordinates plane.
The branch F0+ is located in the first—fourth (see Figs. 7(a), 8(a), ¥ = 2) or in second—
third (see Figs. 7(c), 8(c), v = 15) quadrants of (u, A)-plane. F, is located symmetric
to FO+ . The branches of the spectra for Problems 1 and 2 are bounded by classical Fucik
spectrum branches, which depicted with dashed lines in Figs. 5, 6 and 7, 8.

All real eigenvalues of the Sturm-Liouville problem (4), (2)—-(3) (see Fig. 2) with
particular values of parameter ~ are located on the bisectrix of (u, A)-plane (see
Figs. 5-8).

500 500F

400 400
3001 3001
200f 200f)

100 100

(@)y=-20 b)y=-5

Figure 5. The first few spectrum curves for Problem 1 with some negative -y values.
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500F; 500

400 400

300 300H

200 200

100 100

(@)y=-20 ®)y=-5

Figure 6. The first few spectrum curves for Problem 2 with some negative -y values.
500

Fy !
400
300

200

100

400
300
200

100

o
0

©7y=15

Figure 7. The first few spectrum curves for Problem 1 with some positive ~y values.
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200

100

1F'+ 100 200 300 400 500
©y=15

Figure 8. The first few spectrum curves for Problem 2 with some positive y values.

3 Conclusions

1. Full analytical description of the spectrum for Problems 1 and 2 is given for all values
of parameter v in boundary conditions. The branches FOi of the spectrum exist only
for v > 0. Analytical expressions of spectrum branches Fz-i, ¢ € N, depend on the
number of zeros of Problem 1 (Problem 2) solution located in the intervals (0,1/2)
and (1/2,1).

2. The visualization of the spectrum for Problems 1 and 2 was presented for some selected
values of parameter . The spectra differ essentially for corresponding positive and
negative values of parameters.

3. The results provided in the paper generalize previously received properties of Fucik
type problems with various integral conditions and Sturm—Liouville problem with
various types of nonlocal boundary conditions.

Nonlinear Anal. Model. Control, 24(2):261-278



278 N. Sergejeva, S. Peciulyté

References

differential operator with nonlocal integral conditoon, Nonlinear Anal. Model. Control, 9(2):
109-116, 2004.

2. S. Fucik, Solvability of Nonlinear Equations and Boundary Value Problems, Reidel, Dordrecht,
1980.

3. A.V. Gulin, On the spectral stability in subspaces for difference schemes with nonlocal
boundary conditions, Differ. Equ., 49(7):815-823, 2013.

4. J. Henderson, S.K. Ntouyas, Positive solutions for systems of nth order three-point nonlocal
boundary value problems, Electron. J. Qual. Theory Differ. Equ., 18:1-12, 2007.

5. N. Khodabalishi, S. M. Vaespour, Eigenvalue problem for nonlinear elastic beam equation of
fractional order, Nonlinear Anal. Model. Control, 22(6):821-840, 2017.

6. S. Peciulyte, Investigation and Numerical Analysis of Boundary Problems with Various Types
Nonlocal Conditions, PhD thesis, Institute of Mathematics and Informatics, Vilnius, 2007.

7. S. Petiulyte, O. Stikoniené, A. Stikonas, Sturm—Liouville problem for stationary differential
operator with nonlocal integral boundary condition, Math. Model. Anal., 10(4):377-392,
2005.

8. M. Sapagovas, V. Griskonien¢, O. Stikoniené, Application of M-matrices theory toinvestigation
of a nonlinear elliptic equation with an integral condition, Nonlinear Anal. Model. Control,
22(4):489-504, 2017.

9. M.P. Sapagovas, A.D. Stikonas, On the structure of the spectrum of a differential operator with
a nonlocal condition, Differ. Equ., 41(7):1010-1018, 2005.

10. N. Sergejeva, On some problems with nonlocal integral condition, Math. Model. Anal., 15(1):
113-126, 2010.

11. N. Sergejeva, The Fucik spectrum for nonlocal BVP with Sturm-Liouville boundary condition,
Nonlinear Anal. Model. Control, 19(3):503-513, 2014.

12. N. Sergejeva, On the Fucik type problem with integral nonlocal boundary conditions, Electron.
J. Qual. Theory Differ. Equ., 21:1-11, 2016.

13. A. Stikonas, A survey on stationary problems, Green’s functions and spectrum of Sturm—
Liouville problem with nonlocal boundary conditions, Nonlinear Anal. Model. Control, 19(3):
301-334, 2014.

14. Y. Wang, Solutions to nonlinear elliptic equations with a nonlocal boundary condition, Eletron.
J. Differ. Equ., 5:1-16, 2002.

https://www.mii.vu.lt/NA



	Introduction
	Analytical description of the Fucík spectrum
	On the branches F0
	On the branches F1
	The features of the other branches of the spectrum

	 Conclusions
	References

