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Abstract. In this paper, an integrable KP equation is studied using symmetry and conservation
laws. First, on the basis of various cases of coefficients, we construct the infinitesimal generators.
For the special case, we get the corresponding geometry vector fields, and then from known soliton
solutions we derive new soliton solutions. In addition, the explicit power series solutions are derived.
Lastly, nonlinear self-adjointness and conservation laws are constructed with symmetries.
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1 Introduction

It is well known that Kadomtsev—Petviashvili (KP) equation is mainly used to describe
the nonlinear wave phenomenon. It is first derived by physicists Boris B. Kadomtsev and
Vladimir I. Petviashvili in 1970 [5]. This equation play a very key role in the field of
mathematical physics. There are many authors studied various versions of KP equation
with different method. In [12], the authors studied (3 4 1)-dimensional generalized KP
and BKP (Bogoyavlenskii—-Kadomtsev—Petviashvili) equations using the multiple exp-
function algorithm. The authors [7] investigated extended KP-like equation. The authors
[22, 23] considered mixed lump-kink solutions to the KP, BKP equation. In [10], the
authors studied diversity of interaction solutions to the (2 + 1)-dimensional It6 equation.
The authors [6], with the use of the normal form, derived an extended KP equation with
higher-order correction.

Recently, the authors [20] derived a new integrable KP equation from pseudo-differ-
ential formalism perspective. Motivated by the above papers, we study the more general
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case of KP equation with arbitrary coefficients
My + AMgey + ba;meyy + cmggam_lmy +emm, = 0.

For the special case, a = b = —1/2, ¢ = —2, d = —4, this equation reduce the case in
paper [20]. In [21], the authors considered the multiple solitons of the special coefficients
of the equation. Using the same transformation [21]

m(x,y,t) = uge(x,y,1),
one can get
Uggt + AUy zry + buyyy + ClUgpgUyy + duzzyuzz = Oa (1)
here a, b, c and d are constants.

In this paper, we try to use the symmetry and conservation laws to study this equation.
Symmetry [1-3, 13—19] and conservation laws play a key roles in the fields of applied
mathematics and physics. Ibragimov [4] give a new theorem to derive the conservation
laws. Recently, Ma [8, 9] studied the conservation laws by using symmetries and adjoint
symmetries in details. The authors [11] investigated a few generalized KP and BKP
equations via Hirota bilinear forms. The paper is divided as follows. In Section 2, we
deal with differen cases for different coefficients, and then, the corresponding infinites-
imal generators are derived. In Section 3, we consider the symmetry reductions and

explicit solutions. In Section 4, first, the nonlinear self-adjointness are considered, and
then conservation laws are derived with symmetries.

2 Symmetry analysis

Based on the symmetry analysis [1-3, 13—19], for the vector fields,

0 0 0 0
V= gt(‘ra Y, t, u)a + fa;(l‘, Y, t, u)aix + fy(l‘, Y, t, U)@ + 77('737 Y, ¢, U)%’
we directly get the following results for various cases of coefficients.
Casel. a=0,b=0,¢c=0,d=0:

n = Faly,t] + aFuly, 1] + Fsz, y] + u(Fsly] + 2 Fo[y] + Froly] + aF11[y)),
o = Folyl + x(Frlyl +(Foly] + Fulyl)), & =Flyl, & = Fily.t].

Case2. a#0,b6=0,c=0,d=0:
77:“02+}_1[$7yat],

1
§e=c1+ 5$(¢4 —¢), & =c5+ycs, & =cztica

Nonlinear Anal. Model. Control, 24(1):34-46



36 G. Wang et al.
Case3. a=0,b=0,c#0,d=—c:
n = —6dtucy + 2*(ci + yco) + ucs + Fily, t] + 2 Faly, 1],

2
gy = 2dt(C1 —+ yCQ) —+ Cy4 + YcCs, ft = 2dt2C2 —+ Cg —+ tC7.

1
£ == <x(—4dt02 +ec3—c5+c7) — 2d/]:Zy dt + 2f3[y]>,

Case4. a=0,b=0,c#0, d=0:

‘F/
1 = u(detes + c3) + Fily, ] +x(z(01 + yca) + Falt] + y02>,

—_

& = = (z(4cter + €3 — ¢5 + ¢7) + 27]t]),

[\

§y = €4 + ycs, & = cg + ter.

Case5. a#0,b6=0,c=0,d+#0:

2

x3c
n="5r TRt +ahlyt,

1
§x=c1+ 533(—04 + cs), &y = tcy + c3 + ycy, & = c5 + tce.

Case 6. a =0, b=0, cd(c+d) #0:
n = 4ctucy — 2dtucy + 2(cqy + yco) + ucs + Fily, t]
f/
er(]'—:a[t] + y62>7

1
£r = 5(x(4015cQ +c3—c5tcr)+2F, [t]),

&y = 2dt(cq1 + yc2) + ¢4 + ycs, & = 2dt*cy + ¢ + ter.

Case7. a=0,b=0,c=0,d+#0:

n = c; + xcy + x%cs + x%cs — 2dtucg + x2ycg + ucy
+ Fily, t] + aF2ly, t] + Faly] + xFulyl,

1
e =cy+ ix(c7 —cg+ci1), &y = 2dt(cs + c5 + ycg) + ¢ + yco,
& = 2dt*ce + cig + teqy.
Case8 a=0,b0#0,c=0,d=0:

= ucy +]:1[$71/at]»
&x = cg + xcC3, &y = ¢4 +ycs, & = —2tes + 3tes + cg,
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in addition,
—bF1yyy — Fizat = 0.

Case9. a#0,b=0, c#0, d=2c:

n = x2(c; +yco) + Fily, t] + x(]—'g[t] + 2%?),

& = %x(2dt02 — ¢4+ cg) + Falt], &y = 2dt(ci + ycz) + €3 + ycy,

& = 2dt’cy + c5 + tcg.
Case 0. a #0, b=0, ¢(2¢ —d)d # 0:

n=Fly,t] +a:<33c1 + Fslt] + yfé)
& = %33(—% +c5) + Folt], &y = 2dtcy + ¢ + yces, & = cyq +tes.
Casell. a#0,b=0,c#0, d=0:
n =Ty, +x(xc1 + F3lt] + yfé)
&r = %x(—c;), + ¢5) + Folt], &y = c2 + ycs, & = ¢y + tes.

Case12. a #0,b#0,c=0, d=0:

n = ucy +]:1[$,y,t],
§x = 1C3 + Cy, & = ¢ + 2ycs, & = 4tes + cs,

and
_b]-—lyyy — Flazt — a]-la:wwwy =0.

Case 13. a =0, b#0, ¢(2¢ —d)d # 0:

n = 2ucy + 2ucy + xF3[t] + Fult] + yFs[t] + y> Folt]
o’ F wyFy YR

t2d c 6bd
cx(2¢1 + ¢2) + (2¢ — d) Fo[t]
f:v = ’
2c—d
¢ - y(2cey +d(cy + €2)) + (2¢ — d) Fi[t]
v 2c —d ’
t(2¢(cy — c2) +3d(cy + ¢
¢ = (2¢(c1 —c2) (c1 2))+c3.
2¢c—d
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Case 14. a=0,b#0, c#0, d=0:
n = 2ucy + 2ucy + 2> Falt] + xFalt] + Fult] + yFs[t] + y> Folt]
vy YT

c 30’

xc
fz=$C2+73+-7:1[t]7 §y = €1 + yca, & =t(ca —c3) +ca.

Case 15. a #0, b#0, ¢(2¢ — d)d # 0:

e F wyFs g T

— 2 —
n = aFalt] + Falt] + yFs[t] + v Fol] + =~ + — cod
¢ - Taet @e—dRl] 2o+ (2 - d)A
T — 2¢ — d ’ v 2¢c — d ’
_ 4dcteq
&= 2c—d o

Case 16. a=0,b#0, c#0, d=2c:
1 = ucy + Fs[t] + yFslt] + y> Fr[t]
n z(4dFy[t] + 22 Fs + 8yFh + ayFy) 3 Fy  yrF)

4d 6bd 48bd ’
1 1
& = ]:3[t] + gx(?)cl + 2]:{), fy = .7:2[75] + zy(cl + 2]:{),
& =F [t]

Casel7. a=0,b#0,c=0, d#0:
n = —duc) + 2ucs + zFo[t] + xyFs[t] + zy Fult] + Fslt] + yFe[t]
PFyF

2d 6bd ’
&z = xCy + ca, &y = 4yc1 — yes + Fuft], & = 10tcy — 3tes + cy.

+ 2 F[t] +

Case 18. a #0,b#0, c#0, d=0:

n = Fa[t] + yFs[t] + y2.7-'6[t] + x(l‘fg[t] + F3lt] + yf{) - yg}_é

3b 7
Ew = xCo + ./—"1 [t], gy =cC1 + 2yC27 gt = 4tC2 + C3.

Case 19. a #0, b#£0, c#£0, d = 2c:

x(4dFult] + 22F5 + 8y Fs + wyFy
77:.7'—5[t]+y]:6[t]+y2]:7[t]+ ( 4“ 2 YyJs 3 Y 1)

4d
B y3]-'§’ B y4]-'{“
6bd 48bd ’
T F) F!
G=R+ T G =R+ a=Al
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Case20. a#0,b#0, c=0, d#0:
N =cq4 + xC5 + F2 [ﬂ + xF3 [t} + .’13.7:4[1‘,} + xyFs [t]

2]_‘/ y3]://
2 1y ¢ ¢ 20 L 1
+ay* Folt] + Frlt] + yFst] + > Folt] + = TR
& = zC1 + Ca, &y = 2ycy + Fult], § = 4tcy +c3.

Case2l. a=b=1/2, c=-2,d=—4
1 2 T/ 1 / 11
77:—7:5[15]+9C—7:6[t]_§$ F3+vy -7'—7[15]_1*65”(8]:1"‘5”-7:2)

1
— —y* (=96 F4[t] + y(8FY +yFy")),

96
aF yF3

§z:}—1[t]+T7 5y:f3[t]+7a & = Falt].

It is clear that, for the case Fa[t] = 4eit + co, F3t] = c3, F1[t] = ca, Fslt] = c5, Falt] =
Fs[t] = Fr[t] = 0, we have the following results:

n=c, Se=artc, §=2aytce, & =dat+e.
It is easily get the following vector fields

U1 = auv Vg = 81’7 U3 = aya Vg4 = atv

vs = 20y + 2y0y + 4t0;.

Consequently, we get the following invariant group:

glx,y,t,u) — glx + e, y, t, u),
g(z,y, t,u) — gz, y+e, t, u),
g(@,y, t,u) = gz, y, t+¢, u),
glz,y,t,u) — g(x, y, t, u—i—e),
g(z,y,t,u) — ( ‘x, ey, e 45t,u).

Therefore, based the obtained results, we can construct new exact solutions of KP equa-
tion for known exact solutions. We will show these results in the next section.

For various cases of coefficients, we get different vector fields. In the following, we
try to derive symmetry reductions and exact solutions.

3 Symmetry reductions and exact solutions

3.1 Symmetry reduction

Here, we just consider the following case, as other cases can derived in a similar way.

Nonlinear Anal. Model. Control, 24(1):34-46
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Case A. Travelling wave reduction

For this case, we let £ = x4y — vt, where v is the speed of wave. We can get the reduced
equation is
(b o v)f/// 4 af(5) 4 (C+ d)f///fl/ — 0

Integral once, and let the integral constant equal to zero, one can arrive at

b—v)f" +af + @(f”)2 =0. )

In order to further simplify the equation, let h = f”, which leads to the following results:

b ohsan’ + CX D2y
5

So, now, if we get the h, we can get the exact solutions of the original equation.

3.1.1 Case B. Scalar reduction

For the case v, we can get the invariant solutions and invariants are

u=f(&n), =t p=yt7V2

In this way, we get the reduced equation is

1 1 1
—szssg - 577f55n - §f55 + afeeceen + 0fyny + cfece fen + dfeen fee = 0.

In fact, we can further reduce this equation based on the symmetry analysis. We, however,
for brevity, do not list all of them.

3.2 Soliton solutions via the known soliton solutions

For one-parameter groups, that is space-invariance, g(x,y,t,u) — g(x + ¢,y,t,u), we
can construct new exact solutions via the known soliton solutions. For example, for the
single soliton solution [21], we have the following new exact solutions

k?4 3
u(z,y,t) =In| 1+ exp k;l(a?—&—s)—l—rly—i—lrli;_rl ,
2k3t
s0, the final soliton solutions of original equation is

k:ilrl + ri” "
ST

]64 3 -2
X (1+eXp{k1(x+a)+r1y+Wt}) )
1

o,y 8) = K2 exp{k1<x S
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For two soliton solutions [21],
R (RO (AR

+ exp{kg(x +e)+ry+ ——5—=

k3k3(ky — ko)? — (kyrg — kory)?
k3k3 (k1 + k2)? — (kirg — kor1)?

]{34 + 3 ]{34 + 3
x exps (k1 + ko)(z+e) 4+ (r1 +r2)y + 1r12r1 + 2r22r2 ts ).
2k2 2k2

For the invariant group g(z,y,t,u) — g(e °x, e~ %%y, e =4t u), we can get new two

soliton solutions are

u(z,y,t)
Edr 403
= ln(l + exp{kl (e*Em) +re %y + 12k2164€t}
k4
+ exp{kg( Ex) + roe” %y 4 %—g% 48t}
kzkz(kl — k2)2 (k17'2 — k27’1)
k3k2(ky + k2)? — (k1o — kor1)?

k4 3 k4 3
Xexp{(’“ + ko) (e ") +(7"1+7"2)626y+( e+ 222§T2)e45t}>'
1 2

We can also construct other new explicit soliton solutions via other invariant group.
Here, we do not list all of them.

3.3 The explicit power series solutions

Now, we deal with (2). Assume that (2) has the following solution:

o0

F€) = eat™ 3)

n=0

Putting (3) into (2), one has

24acy + a Z(n +1)(n+2)(n+3)(n+4)cpa&"

n=1

- d
+2(b—v)ca + (b—v) Zn—|—1 n—|—2)cn_~_2§”—|—46J2r 3

d o0 n

k)(n+3 —k)cp1cng3—k€" =
n=1 k:l
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Consider the case when n = 0, one leads to
(v —"b)ea — (c+ d)c3
12a

For this case, it requires that a # 0. Consider the general case n > 1, one gets

Cqp =

1
Cna = a(n+1)(n+2)(n+3)(n+4) ((v —b)(n+ D+ 2ents
_¢ ; d Z(k +)(n+2—-k)(n+3-— k)ck+1cn+3_k> .
k=1

Therefore, we have the following results:

&) =co+ 1€+ c28® + 38 + ca + Z Cnyal" T

n=1
_ _ 2
— o+ 1€+ caf? + es€d + (v b)0212a(c—|— d)02€4
1

" Z ( (n+1)(n+2)(n+3)(n+4) <(” = b)(n+1)(n+ 2)cnt

c+d -
B (k +1)(n+2-k)(n+3—k)ckricars—k | |

k=1

At last, we get the explicit solutions of (1)

u(z,t) = |co +ei(x+y—vt) +ea(z +y —vt)? + cs(x +y — vt)?
(v—"b)ez — (c+ d)c3 4
+ %4 (x+y—vt)
1
—-b 1 2)cn
+Z< (n+1) n+2)(n+3)(n+4)<(v Y+ 1D +2)enso
c+d
- Z(k +1)(n+2—-k)(n+3— k)ck+1cn+3k>> (x+y-— vt)"+4] .
k=1
Here ¢; (1 = 0,1,2,3) are arbitrary constants, one can get the other coefficients ¢,

(n > 4) from the similar way.
In order to provide the help for numerical results, we rewrite it in approximate form
u(w,y,t) = co +c1(z +y —vt) +ea(x +y —vt)’ + ez +y —ot)’
(v —"b)cg — (c+d)c3
12a

Remark: It is easily to verify the convergence, we do not give the proof for simplicity.

_|_

(x+y—vt) 4.
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4 Nonlinear self-adjointness and conservation laws

In this section, we consider the nonlinear self-adjointness and conservation laws of (1).
We need to use the following results [4]

Theorem 1. Every Lie point, Lie—-Bdcklund and nonlocal symmetry provides a conser-
vation law for (1) and the adjoint equation. Then the elements of conservation vector
(C1,C?,C3) are defined by the following expression:

L L oL
= ¢ @ - D;j=— 4 D;D
=L+W [aa ]au%+ o %]
o[ 0oL oL
+ D;W [8“_ 8203k+”.:|’

where W = n® — fju?‘
Based on the definition in [4], we get the adjoint equation of (1) as follows:

—bUyyy — Vgzt — 3CUzpUzay — QUzgVrpy + CUzylzrs — 20UVpyUsrs
= ClUgyVgzz — 2CUUggy + CUYUzzer — AUyUzzre — Wzzray = 0.
It is easily found that this equation is not self-adjointness. In order to get the conditions,
we let v = F(u),
— b(F"’uf/ + 3F uyuy, + F’uyyy) F" u — 2F" gty — F uptigy
— 3C(F"ui + Fltge) Upey — dtigy (F”’uyuw + 2F ug gy + F" Uty + Fltiggy)
+ c(F"uyty + Ftigy)Ugps — 2d(F" uyty + F'tigy ) Upee
— Uy (F""u3 4+ 3F ugtiyy + Fltigys) — 2¢F Ugllpzay + F Uy Uppas
— dF uytggre — F'(—buyyy — dtgylpry — Clpylprs — Qlgzzgy)
—a(F (")u up + AF"" By + 3F" uyut g, + 6F” MU Uy U )
+ a(3ug (F" uyuy + F" gy )tigs + 3F" Uy + 3F "o Uay)
+ A (Upa (F" uytag + F Uggy) + Uza 2F " Uytizsy 4+ 2F " Ugay))
(F o (U Uz + UpUszy) + F gy (U sy + 2u1umy))
+ a(F"’uyumuzm + Fupyage + (F" uyty + F gy ) Upes)
+ (2F"uyuy + 2F " Upy ) Uszg + AF  Ugtpgay + F UyUpgrs + F Ugzzmy = 0.
It is clear that for this case F' = c1y + co, this equation is strictly self adjoint for all

parameters.
Based on Theorem 1, we get

C'=¢'L+W|( Dyy oL +D, W —DgaaiL + D, W oL ;
8umt auzxt auzxt

Nonlinear Anal. Model. Control, 24(1):34-46
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OL oL OL OL
C*=¢&L+W(-D - D D Dyy——
SL+ ( TOUzy Y Ougy o St Mgy
OL oL
D;E a. szw Y
* K 8um’zt * Y auz:mm:y )
oL OL oL 0L oL
D,W - D, — -D D,
* (auzz auzmm Y aumcy ! auzmt Y auzzmmy )

OL oL oL OL

+DMW< oL +D ‘%>+me<—p 8L>7

oL oL oL oL
S ( OUzy + Oggy + Py OUyyy * 8uuwy)
oL oL oL oL
D W - D, —Dppp—— D —Dy,———
oL oL oL
Dy W —— Do Wl —— 4+ Dpp——
* v (6uyuy> * o (8uza:y N o auwwzxy)
oL oL
aumxzzy 8umzzzy
Now, for the special case of w = —uy, we derive the following results:
oL oL oL
C'=¢"L+ (—w) <D:cx 8um> + Dy (—ut) (—Dx 8%“> + Dy (—uy) <3umt)
= —UtVgg + UptVsy — UpaztV,
oL oL oL oL
C*=¢"L — -D, - D D, Dyy—
oL oL
Dm Y Drxm a9
* ’ auwwt + Y 8uwxmwy )
oL oL oL oL oL
D, .(— - D —D - D —D _—
+ 3?( Ut) (auzz ‘ auzma: Y aua:my K auwzt ey auwza::ry >
oL oL oL oL
D,(— - D — D, Dy (— —-D,——
+ y( Ut) (8uxy v auzzy o aummxzy) * t( ut) < * aumzt)

OL OL OL
+ Do (—uy) (aumx + Dw@ﬂmmy) + Dapo(—us) (‘Dyaummw>
= (—ug)(Vat + QUpgzy — COYUgzy + CUZgUzy + 2CV3Uggy + AUgyUgy + AUy Uszy)
— Uzt (—CUUzy — CVUggy — dVyUzy — U — QVggy)
— Uyt (CVUgze — AUpUzy — AVUzpy — AVgg) + U Uy

- utrx(cvuzy + avvzy) + Utgrx AUy,
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oL oL oL oL
CY = gyL + (_ut) (_Daf + Dacac + Dyy + Da:xmc )
8umy aumwy auyyy auwzza:y
oL oL oL oL
D, (- Dy~ Dygas o )+ Dy(—ur)(~Dys
+ Dalmu) (aury gy Ogaaay ) + Dy(w) ( Y auyyy)

OL oL OL
yyy TTY TLLTTY

# Deee(c) (<Dl ) Dases() ()

x
- (_ut)(_cvw Ugpgzr — COUzzzx + dvuzxxw + 2dvx Ugrx + dvazmuxw + bvyy + avmwmw)
— Utz AUz — AVUgzy — AUzUgy — QUzzg) + Uty bUyyy

- utyybv — Utz (dvuzr + avxz) + UtpzaQVy — UtzrreQU.

5 Conclusions

In this paper, based on symmetries and conservation laws, we studied a new integrable
KP equation. First, we considered the corresponding infinitesimal generators for different
coefficients. In particular, for the special case, we get the geometric vector fields and get
the corresponding invariant group. Then, based on the invariant group, some new soliton
solutions are presented. In addition, the explicit power series solutions are derived. Mean-
while, the recursive relationship between the coefficients is found. Subsequently, nonlin-
ear self-adjointness of this equation are presented. Particulary, strictly self-adjointness
conditions is explained. Lastly, conservation laws are obtained. In future works, we will
study the nonlocal symmetries, inverse scattering and other properties, also including
other solutions using various method.

Acknowledgment. The authors thank the Editor and anonymous Reviewers for their
key comments and suggestions for improving the manuscript.
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