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Abstract. In this paper, we propose an HBV viral infection model with continuous age structure
and nonlinear incidence rate. Asymptotic smoothness of the semi-flow generated by the model is
studied. Then we calculate the basic reproduction number and prove that it is a sharp threshold
determining whether the infection dies out or not. We give a rigorous mathematical analysis on
uniform persistence by reformulating the system as a system of Volterra integral equations. The
global dynamics of the model is established by using suitable Lyapunov functionals and LaSalle’s
invariance principle. We further investigate the global behaviors of the HBV viral infection model
with saturation incidence through numerical simulations.

Keywords: age structure, saturation incidence, asymptotic smoothness, Lyapunov functional,
global stability.

1 Introduction

Over the past few years, within-host virus models have been studied extensively to de-
scribe the dynamics inside the host of various infectious diseases such as HIV, HBV and
so on. For it is not easy to obtain accurate information of patients, specific hypotheses
testing based on clinical data is an arduous task. Therefore, many researchers have made
great efforts by mathematical models in this area of research [4, 8, 10, 13, 15-17, 26],
presenting assumptions that the death rate and virus production rate of infected cells are
both constant in their works. However, biological observations show that the death rate of
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infected cells has been different during the period of infection, and there exists a maximal
bud rate of viruses when virus particles gradually bud out of the host cell until the cell
is dead. Thus, age structure is employed to make HBV infection model more realistic. In
particular, the fact has been explained that the mortality rate and viral production rate of
infected cells are functions of the infection age of the infected cells instead of constants.
It is worth noting that there exists direct cell-to-cell infection in vivo spread of the
virus. Besides, the infection is more potent and efficient means of virus propagation
than the virus-to-cell infection mechanism. Viral particles can be simultaneously trans-
ferred from infected target cells to uninfected ones through virological synapses during
cell-to-cell infection. Thus, it is necessary to understand the viral dynamics in terms of
applications. There exist less age-structured virus models to take both virus-to-cell and
cell-to-cell infection into consideration. Recently, Wang et al. [20] established an HIV
infection model containing the two modes of infection and allowing age-dependent death
rate of infected cells and age-dependent production rate of virus. Meanwhile, considering
antiretroviral therapy of HIV, Xu et al. [27] has proposed the following model:

T'(t) = A — dT(t) - (1 - 5,) BTV / 02) Ba(a)i(t, a) da,
0
di(t,a)  Oi(t,a) .
5 + S0 —d0(a)i(t, a),
i(1,0) = (1 — )BT, /‘L,@>@ a)i(t, a) da,
0
VI( (1) p(a)i(t,a) da — pVi(t),
!

(oo}
Vi (t —771()1)/17 i(t,a)da — pVir(t).
0

There is no certain observation suggesting that viruses infect cells with linear inci-
dence rate. Motivated by this fact, several within-host virus dynamics models have been
constructed to investigate the dynamics of models to take saturation incidence rate or other
nonlinear incidence rate into consideration [2,6,7,9,19,21-25,28,29]. However, almost
none of these investigations take both age structure and cell-to-cell infection into account.
For biological consideration, we introduce a more general incidence rate to formulate the
following model:

2 () = A= dolt) = Bra(t)(or) ~ 2(0) [ (1= ) Ba(@ilt, ) da
0 (1a)

di(t,a) n i(t,a)

5t S —d(a)i(t,a),
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Global dynamics for a class of infection-age model 49

i(t,0) = Brz(t) f 1 - (2) 62 a)i(t,a) da,
w0 [
vi(t) = (1-nV) / p(a)i(t,a)da — pvr(t), (1b)
0

vivi(t) =0 [ pla)i(t,a)da — poyr(t)

0\8

with initial condition

2(0) = 29 > 0, i(0,a) = io(a) =: p(a) € L} (0,00),

v @
v7(0) = vro =0, un1(0) = vnio = 0.
Here x(t), v7(t), vn1(t) denote the concentration of susceptible cells, infectious virions
and noninfectious virions at time ¢, respectively. The density of infected target cells of
infection age a (i.e., the time that has elapsed since an HBV virion has penetrated cell)
at time ¢ is denoted by (¢, a). A is the recruitment rate of healthy susceptible cells, d is
the per capita death rate of uninfected cells, d(a) is the age-dependent remove rate of
infected cells, u is the clearance rate of virions, 3 is the infection rate of free virus.
npl) denotes the efficacy of the PI inhibitor. We also assume that the efficacy of the PI
inhibitor, which blocks the cell-to-cell infection is denoted by 171(,2). The function Ss(a) €
L5°(0, 00) is the infection-age specific transmission rate of reproductively infected cells,
which is Lipschitz continuous and has a finite essential upper bound. p(a) is the viral
production rate of an infected cell with age a. We also assume that functions p(a) and
d(a) are all Lipschitz continuous and satisfy the conditions: (i) d(a), p(a) € L (0, 00)
and 671 1= essSup e[, 00) (@) < 400, PT 1= eS8 SUP (g 00y P(@) < +00; (i) there exits
a positive constant d.,i, such that §(a) = dmin for all @ > 0; (iii) there exits a maximum
age a > 0 for the viral production such that p(a) > 0 for a € (0, a).
Evidently, the last equation of system (1) is independent to the others because unr(t)
does not exist in the first four equations of system (1). Let k(a) = (1 — np ) B2(a) and
q(a) = (1 — n},l))p(a) to simplify the notation. Then we consider the following reduced

v, ()
A=-n)[” p@yict, ayde
fffffff Far——

‘ . Bx®) f(v,)
i 0 A=) (@it a)da ¥
x(?) . i

\ 5
4 | Sayit,a)

dx(r) rz;"[p(aﬁ(r, ayla |

Figure 1. Flowchart of HBV infection in system (1).
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system:
() =N —dx(t) — frz(t) f k(a
o[
Oi(t,a) = 0i(t,a) ,
5 + 0 —d0(a)i(t, a),
i3 3)
i(t,0) = pra(t) f(vr) + x(t)/k(a)i(t, a) da,
0
0i(0) = [ a(@ilt,a)da — o)
0

Denote function space Z = R™ x L1 (0,00) x R* equipped with the norm

oo

H(21722723)HZ=Z1+/|Zz(a)|da+23.
0

By the standard theory of age-structured model, it can be verified that system (3) with
initial condition (2) has a unique nonnegative solution. Thus, system (3) generates a con-
tinuous semi-flow @ : RT x Z — Z, which takes the form &(t,20) = P;(z9) =
(x(t),4(t,-),vr(t), t = 0, z0 = (zg, i0(-),vr(0)) € Z, with

ool = [[(x(e)ite, Yo or ()] = / i(t,)|da+ er()

The organization of this paper is as follows. In Section 2, we present some prelim-
inaries results of the system (3). Asymptotic smoothness of the semi-flow generated by
system (3) is analyzed. Then we study the existence of equilibria and obtain the expression
of the basic reproduction number K. In Section 3, the global stability of equilibria is
proved. More details concerning the global stability analysis of virus models, we refer
readers to [5-7,9, 14,18-25,28,29].

2 Preliminaries

To study the global dynamics of the model, it is necessary to make assumptions about
f(vy) as follows.
Assumption 1. We assume that:

(i) f(vr) is a continuously differentiable nonnegative function;
(i) f(0)=0
(iii) f'(vr)vr < f(vr) < f/(0)vr.
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Global dynamics for a class of infection-age model 51

Set I(t fo i(t,a) da, which represents the total number of infected cells at
time ¢. Brologrcally, there exists a finite maximum age, thus it is reasonable to assume
that lim,_, i(¢, @) = 0. Then from system (3) we have

(z(t) + I(t)) = A — da(t) —i(t,0) +]O< —§(a)i(t, ))da
0

=\ —dx(t /5
0

< A —min{d, Smin } (z(t) + I(t)).

Thus, z(t) + fo i(t,a) da < A\/min{d, 6min }.
According to the assumption of p(a) and the fourth equation of system (3), it is easy
to get

o0

vp(t) < (1=nfV)p" / i(t,a) da — por(t),
0

thus, we have v;(¢t) < (1 — n,(,l))p+/\/(u min{d, d;min } ). Integrating the second equation
of system (3) along the characteristic line ¢t — a = const yields

(t.0) i(t —a,0)e” femadr > g, @
a) = “
io(a —t)e Ja—e2MAT g5y

Obviously, i(a,t) remains nonnegative for nonnegative initial condition. Suppose that
there exists to such that z(to) = 0 and z(¢t) > 0 for t € [0,%p). Then z’(tg) = A > 0,
which implies that z(¢) > 0 for all ¢ > 0 Furthermore from the forth equation of
system (3) we have v} (t) + vy (t) = [, q(a)i(t, a) da, which glves d(v;( Yert)/dt =
et [ q(a)i(t,a)da, thenwehavev;(t) =e "tw (0)+fo e (=9 [ g(a)i(t, a) dads.
Thus, v 1( ) > 0 for all positive initial data, and f(v;(¢)) > 0 for all posrtlve initial data,
which implies that i(¢, a) > 0. Then the positive invariant set of system (3) can be given as

. OO. A (1— 77p ) A

D= : < ’ < .

{(x, " UI) v /Z(t’ a) da min{d, 5min} v Hw mln{d’ 5min}
0

2.1 Asymptotic smoothness

To analyze the global dynamics of system (3), it is necessary to prove the smoothness of
the semi-flow generated by system (3). Firstly, we introduce some lemmas as follows.

Lemma 1. For eacht > 0, suppose &(t) = O(t) + U(t) : Z — Z has the property that
U (t) is complete continuous and there is a continuous function g : RT™ x RT™ — RY such
that g(t,r) — 0ast — 0and O(t)x < g(t,r) if |x| < r. Then O(t) is asymptotically
smooth.

Nonlinear Anal. Model. Control, 24(1):47-72
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Lemma 2. If &(t) : Z — Z, t > 0 is asymptotically smooth point dissipative and orbits
of bounded sets are bounded, then there exists a global attractor Agy. If P(t) is also one-
to-one on Ay, then d(t)/ Ay is a C"-group. In addition, if Z is a Banach space, then Ay
is connected.

By using the similar method in [1, 12], we can state the following result, which shows
that system (3) has a global compact attractor.

Lemma 3. Assume that Ry > 1, then there exists Ay, a compact subset of Zy, which is
a global attractor for the semi-flow of system (3) in Zy. Moreover, Ay is invariant under
the semi-flow, that is,

Y(t,xo0) € Ao Vxo € Ao, 120

Proof. Denote
W (t,20,i0(:), vr0) = (2(t),i(t,-),vi(t)),

VU [0,00) X Z9g = Zo with U(t,¥(s,-)) = ¥(t + s,-) for all £,s > 0, and ¥(0, -)
being the identity map. In order to utilize Lemmas 1 and 2, we decompose the solution
semi-flow into two parts ¥ = @(t, Xo0) + @(t, Xo). This decomposition is done in such
a way that lim;_, o, f/(t7 Xo) = 0 for every xo € Zy, and for a fixed ¢ and any bounded
set £2 in Zo, then the set {¥(t, xo): xo € 2} is precompact. Here ¥ and ¥ are defined as
follows:

@(t,xo, io('),voj)
@(t,l‘o, io('),voj) = (l‘(t), i(t, '), U[(t)).

|
—
=
~
—~

Notice that z(t) and vy (t) satisfy system (3) with i(t,a) = i(t,a) + i(t, a). The function
i(t, a) is the solution of the following system:

%t(t, a) + %a(t, a) = —6(&)%(15, a),

- - , ®)
i(t,0)=0,  4(0,a) =io(a),
and i(t, a) is the solution of the following system:
it(t,a) +1ia(t,a) = ~0(a)i(t, ),
= < (6)
1(t,0) = iz f(vr) + [ k(a 1(0,a) = 0.
0
It is easy to obtain that i(¢, a) and 7(t, a) are nonnegative. Let w(t = [0 i(t, @) da. Thus,

(5) implies that w’(t) < —dminw(t). Therefore, we have limtHOO W(t x()) = 0 for every
Xo € Zo. In order to show that the set {¥ (£, xo): o € £2} is precompact for that fixed ¢
and any bounded set £2 in Zy, we only need to verify the set {¥ (£, xo): xo € 2o, fixed t}
is precompact by utilizing Fréchet—-Kolmogorov theorem. On the one hand, it holds that
{W(t,x0): xo0 € 20, fixedt} C Zo, and {¥(t, x0): X0 € Zo, fixed t} is bounded due to
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that Z; is bounded. On the other hand, from (6) we have f(t7 a) = 0 for a > t. The third
condition of Fréchet—Kolmogorov theorem is satisfied. Furthermore, in order to verify the
second condition, we need to show that the L'-norm of di(t, a)/da is bounded. Actually,
from (6) we obtain that

- ~t—ae’foa‘;(T)dT, t>a,
i(t,a) = o ) (N
0, t<a,
where ¢(t) = z(t)( )+ fo o(t — a)e™ Jo 947 dq). Since, ¢(t) is bounded

for xg € Zy, and x(t ) 1( ) are bounded Thus, we obtain from (7) that

o\“

¢
t—a Yda + &, / t—a|da—|—€4,
0

where &; (i = 1, 2, 3,4) are constants that depend on the bounds of the parameters as well
as the bounds of the solution.
Making use of Gronwall’s inequality, we have

B(t) < e, F(t) < et ®)
Equation (7) implies that

di(t,a) B
da n

&/ (t — a)le I 997 1 G(t — a)(a)e S 0TIt > a,
07 t<a.

Together with (8) and (9), we have

oo

’ < Eqef3t / e Jo 9 qq + £restt / d(a)e” Jo o dr qq < £.
0

di(t,a)
da

Notice that

/ﬁ(t,a—i—h) —g(t,a)‘da < ‘ dilt, ) < &Rl
0

Thus, it is easy to show that the above integral can be made arbitrary small uniformly in
the family of functions. This completes the proof of Lemma 3. O

2.2 Existence and uniqueness
Define the basic reproduction number

ﬁlf fO 6(r)dr da + m fo fou 6(r)dr da)
dp

Ro =

9

Nonlinear Anal. Model. Control, 24(1):47-72
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which means the average number of secondary infection produced by one infected cell
during its period of infection. From the expression of R it is easy to see that the virus-
to-cell infection always exists and the cell-to-cell infection can be prevented by increasing
the dose of PI (protease inhibitor).

System (3) always has a infection free steady state Ey = (2°,i%(a), v?), where 2° =
A/d, i%a) = 0, v9 = 0. Moreover, there may exist a nonnegative steady state £* =
(x*,i*(a),vy), where x*, i*(a), v} are nonnegative and satisfy the following equations:

A —dx™ = Bz f(v]) x/kz =0,
0
di* i
2a) _ ()it (a), g(a)i*(a) da — pv; =0, (10)
da
0
1*(0) = Bra” f(v]) + 2* /k
0
From the first equation of (10) we get
A

*

A+ Buf(0)) + [y k(a)i*(a) da’
Solving the second equation of (10) yields
i*(a) = i* (0)e~ Jo 0 dT (11)

From the third equation of (10) we have

. 105
0
¢ ( ) fo e Jo o(r)dr da

From the first and the fourth equations of (10) we get

A—dz* —1 (0) = A— = q(a)e— 16 30T g4 . - oo
. no;y 61f(vj) + fO k(a)e 0 da

MUI

fO (5(7’) dr da

) pndvy
ﬁlf(’l);)fooo q( ale” Jo o(r)dr da""/“)[ fo e Jo o(r)dr da

/“)[

fO Jo 8(r)dr da

=0.
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Letq = [~ q(a)e™ Jo o dr qa, k = I k(a)e™ Jo' o) A7 dq. Set

pdv uv

glv) = A= abrf(v) +pkv g

e )~ vf )
v) —vf'(v u
9'(v) = —pdgp > — =
(gB1f(v) + pkv)* g
According to the Assumption 1, f(v) — v f’(v) > 0, ¢’(v) remains negative for nonnega-
tive initial condition

lima(e) = A G
o0 = o) = A= 5 o) +

Therefore, when Ry > 1, there always exists a nonnegative v} satisfying g(vy) = 0.

>0 ifRo>1.

Theorem 1. System (3) always has a steady state Eo(z°,0,0); system (3) has a unique
positive steady state E*(x*,i*(a),vy) if and only if Ry > 1.

3 Stability analysis of steady states

In this section, we study the local and global stability of the infection-free steady state £
and the infection steady state of system (3). The local stability of the two steady states
is studied by using the method of characteristic equations, while the global dynamics of
system (3) is discussed by constructing Lyapunov functionals.

3.1 Stability of infection-free steady state

Theorem 2. If Rg < 1, then the infection-free steady state Eq of system (3) is locally
asymptotically stable. Otherwise, it is unstable.

Proof. Let z1(t) = z(t) — 2, i1(t,a) = i(t,a), v1(t) = v7(t). Linearizing system (3)
at Iy leads to the following system:

2 (t) = —dx1(t) — ra® f (0)vr () — 2° / k(a)ii(t,a)da,
0

Bil(t,a) 6i1(t,a) o .
LT T = —s(@)i(ta),

0
o(t) = / g(a)ir (t, a) da — v (1),
0

i1(t,0) = B2 f'(0)vy (1) + xo/kz(a)il(t,a) da.
0

Nonlinear Anal. Model. Control, 24(1):47-72
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To analyze the asymptotic behavior of Fy, we set z1(t) = x1e*, i1(t,a) = i1(a)e"! and
v1(t) = vie“t. Thus, we get the following equations:

o0

(u+ d)er = —B1a® ' (0o — a° / k(a)i(a) da,
0
dil(a) _ .
e —(u + J(a))zl(a),
o (12)
(wt o = [ a(@ir(a)da,
0

i1(0) = Bz’ ' (0)v1 + 2° [ k(a
[

Solving (12) gives
il(a) . (0) —uag,— Joo(m)d T
/ e U~ ¢ §(r)dr da. (13)
0
Substituting (13) into the last equation of (12), we can get
e Ule— Jo o) de
u—i—,u d /q “
0
A —ua,— [§6(T)dr
+ 5 [ Rape e 504 ga = 1. (14)
0

Define a function G(u) that denotes the left hand of (14). Obviously, G(u) is a continu-
ously differentiable function with lim,,_,~, G(u) = 0. It is easy to see that G(0) = Ry,
and by direct computation, it shows that G’ (u) < 0, and therefore, G(u) is a decreasing
function. Hence, any real solution of (14) is negative if Rg < 1, and positive if Rg > 1.
Thus, if Ry > 1, the infection-free steady state Ej is unstable. Next, we show that (3.3)
has no complex solutions with nonnegative real part if Ry < 1. Set

F() = 57/ O)afa)e 5709, H(a) = J(ape 500

Thus, we have

oo oo
e “F(a)da+ /efuaH(a) da.
i 0
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For Ry < 1, let u = £ 4+ ni be an arbitrary complex root to (14) with £ > 0. Then

|G(u)| = uiﬂ/e_““F(a) da—i—/e_““H(a) da
0 0

+

1 7 . r .
< 7./6_(54_7]1)“}7(&) da /e_(5+"’)“H(a) da
&+ i+l )

—( +ni)a|F(a) da + / |e*(§+ni)a|H(a) da

_ ! ¢
VI(E+p)? 40 O/|e
1 o0 _5 o0 -
—— [ e %F(a)da+ [ e %*H(a)da
[ o]

<
E+p
0
=G| < G(0) =Ry < 1. (15)

It follows from (15) that (14) has a solution u = £ + ni only if £ < 0. Thus, any solution
of (14) must have a negative real part. Therefore, the infection-free steady state Ej is
locally asymptotically stable if Ry < 1. O

Theorem 3. If Ry < 1, then the infection-free steady state Ey of system (3) is globally
asymptotically stable.

Proof. We consider the following Lyapunov functional V; = Vi + V5 + Vi3, where

Vii=z—2° — 2° mxﬁ, Vip = /@(a)i(t,a) da, Vig= m%f’(())u,.
0

Here the nonnegative kernel function @(a) will be determined later. Using (10), differen-
tiating V3 along the solutions of system (3) yields

Vi, = (1 - xj) (daco —dx — Bz f(vr) — x]ok(a)i(t, a) da)
0

:—%(x—x) —ﬁle’U[ x/k
0

oo

+ Bra f(vg) + 2° / k(a)i(t,a)da
0
Z—g(x—mo) i(t,0) + B2’ f +x0/k
0

Nonlinear Anal. Model. Control, 24(1):47-72
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Using (4), V15 becomes

o0

Vig = / B(a)i(t,a) da

o0

0
t
_ / B(a)i(t — a,0)e J& 579 4q 4 / B(a)io(a— t)e~ 9D g
t
0/

B(t —7) e~ Jo TOMAT gy 4 / B(t + 1)ig(r)e” 79T AT g
0

Differentiating V7 yields

t
Vi, = B(0)ilt, 0) + / B (1 — r)i(r, 0)e= i 75 gy
0

§(t =)Dt — r)i(r,0)e Jo 0D AT gp

+ @/(tJrr)iO() ST a(ryar g,

Ot —g T

/5 B(t + rYig(r)e= I AT gy
0

0) + /(@’(a) —6(a)®(a))i(t,a)da.
0

Also, using (10), differentiating V73 along the solutions of system (3) yields

0 0 o0
Vi = 510 =B 0 ( 0/ a(a)ilt, @) da - um)

xO
=5 ﬂf'(o)/Q(a)i(ta) da — B12° f(0)vy.

0

According to Assumption 1, it is easy to get

Vig < 51* /q i(t,a)da — B12° f (vr).
0
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Adding Vi1, Vio, Vi3 together gives

Vl’:—g(x—xo)Q—ztO +x0/k i(t,a)da + B1z° f(vr)
0
+ @(0)i(t,0) + / (®'(a) — 6(a)®(a))i(t,a)da
0
0 oo
+mufﬂn/ﬂ@mﬂﬁm—mwfmwf
< —% (z— 130)2 —i(t,0) + 2° / k(a)i(t,a)da + @(0)i(t,0)
0

+/ & (a)  6(a)B(a))i(t. a>da+51— O/q

— —Z (2 —2°)° + (6(0) — 1)i(t,0)

x 0
x—’axoa'a—aaiaa.
+0/<61uf(0)q()+ k(@) + ' (a) — 5(a)B( >) (t,a)d

Now let -
2(0) = [ (L 70)0) + b0 ) 2500 as
By differentiating the ab(()lve equation, it can be verified that
¥(a) =~ (O)l) — 2'K(a) +5()0(a).
Notice that #(0) = Ry. Hence, it follows that

d
V) < 75(:67350)2 +(Ro—1)i(t,0) <0 ifRo <1

Therefore, Ry < 1 ensures that V/(¢) < 0. It can be verified that the largest invariant
set where V/ = 0 is the singleton Fy. Thus, all solutions of system (3) converge to
the infection-free steady state Fy. Therefore, E is globally asymptotically stable when

Ro < L.

3.2 Local stability of infection steady state

Theorem 4. If Ry > 1, then the infection steady state E* of system (3) is locally

asymptotically stable.

Nonlinear Anal. Model. Control, 24(1):47-72
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Proof. To show the local stability, we linearize the system (3) around the infection steady
state E*. In particular, we introduce the perturbation variables xs(t) = xz(t) — z*,
io(t,a) = i(t,a) — i*(a), v2(t) = vy (t) — v}, which leads to

oo

2h(t) = —das(t) — Bra f (v])ualt) — 2 / k(a)ia(t,a) da

— Bif(vr)za(t) — z2(t) | k(a
[

Dig(t,a) =~ Oiz(t,a) ,
5 + 0 —d(a)ia(t,a),

:/q a)iz(t,a) da — pva(t),
0

o0

ia(t,0) = Bra* f' (v])va(t) + z* /k(a)ig(t a)da

+ B f(v)za(t) + za(t /k
0

To analyze the asymptotic behavior of E*, we look for solutions of the form z5(t) =
x9e"t, is(t,a) = iz(a)e* and wa(t) = wee“t. Thus, we can consider the following
eigenvalue problem:

o0

ury = —drg — fra” f'(v7)vy — x* / k(a)iz(a)da — By f(vy)xs
0
,m/k(a)z*(a) da,
0

dig (a)

e —uiz(a) — d(a)iz(a),
(16)
uvy = /q(a)ig(a) da — pwa,
0

i2(0) = fra” f'(v] v + 2” / k(a)iz(a)da + By f(v})xs
0

+ 9 7k(a)z
0
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Solving (16), we have

To = — ZQ(O) Vg = ;25_0'1 /q(a)efuaef Jo 8(r)dr da.
0

Substituting (17) into the last equation of (16) yields

o0

_Buf(p) + Jy k(a)i*(a)da n Brz* f'(vy) /q(a —uag— [&8(r)dr 4,

u+d U+ p
0
+ ¥ / k(a)e e~ o' 0(Mdmqq — 1
0

We rewrite the equation in the following form:

* £/ * s a < o
Bix f (U[) /q(a)efuaef Jo o(r)dr da + z* /k(a)efuaef Jo o(r)dr da

U+

u+ d+ By f(vy) + fooo k(a)i*(a) da
N u+d ’

61

A7)

(18)

It is not hard to see that for u with Re u > 0, the right side of the characteristic

equation (18) satisfies the following inequation:

u+d+ Brf(vl) + fooo k(a)i*(a)da

u+d

With respect to the left side of (18), for u with Reu > 0, we have

* L% 7 — [é(r)dr
Brx f (UI) /q(&)efua f da + z* /k’ e ua 7j0 o(T) d'rda

U+ [
‘e 0o )
le f UI /q e U~ (T)d‘l'da
|u+p
0
* / s s
ﬂlfl; f 'U[ /q 5(7’)d‘rda_’_aj /k Jo () de
0 0
61«T f 'UI /q Joo(m) dea+x /k ’T)dea
poy
0 0
=1
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Hence, for u with Re u > 0, the right side of (18) is strictly larger than one, while the left
side of (18) is smaller than 1. Therefore, the contradiction implies that the characteristic
equation (18) has no roots with non-negative real part. Thus, we have proved that the
infection steady state E'* is locally asymptotically stable. O

To establish the global stability of the infection steady state E*, we define the follow-
ing Lyapunov functional:
Vo = Voy + Vag + Vag,

where

Vo1 = G(z,2"), Vag = /@(a)G(i(t, a),i*(a)) da,
0

_ Bt ([ ) —r—y—ylZ

Vos = v (’U 1;*/ ) d’l])7 G(;v,y) z—y—yln Y (19)
[ (Bt w)a0) o S () dr

b(a) —/< M’Ufl + k(0)x )e , de.

a

Before making use of the Lyapunov functional V5 defined above to establish the global
stability of infection steady state, it should be shown that the Lyapunov functional is well
defined. To this end, we first show the uniform persistence of system (3).

3.3 Persistence

In this section, we investigate the uniform persistence of system (3) by using the persis-
tence theory for infinite dimensional dynamical system. Define

o0

alzinf{a: /kz(u)du:()}, agzinf{a: 75(u)du:o},
a3:inf{a: 7q(u)du: }

a

Since k(a), d(a), q(a) € L% (0,00), we have @, @z, @; > 0. Furthermore, let

Z=L%(0,00) xR",  a@=max{a,az,as},

Yy = {(i(t, .),U,(t))T €z /i(t,a) da > 0 or v (t) > 0}7

0
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and

Y=R'xY, 0¥=2\¥, 0V=2\J.
It is not difficult to verify the following result.

Proposition 1. The subsets ) and JY are both positively invariant under the semi-flow
{P(t) }1>0, namely, d(t,Y) C Y and (t,0Y) C Y fort > 0.

Furthermore, the following result is useful for the proof of uniform persistence.

Theorem 5. The disease-free steady state Eq of system (3) is globally asymptotically
stable for the semi-flow {®P(t)}1>0 restricted to OY.

Proof. Letting (z0,i0(-), v70(-)) € 8, namely, (io(-), vr0(-)) € 8Y, we consider the
following system:

di(t,a)  0Oi(t,a) .
ot + %a = —d(a)i(t,a),

i(t,0) = Bra(t) f(vi(t)) + a(t) | k(a)i(t,a)da,

o0

vi(t) = [ ata)itt.a)da - (o),

0
1(0,a) = ip(a), vr(0) = vyg.

Since z(t) < A/d as t tends to infinity, by comparison, we have i(t, a) < i(t,a), vr(t) <
01 (t), where i(t, a) and v (t) satisfy the following auxiliary system:

di(t,a) n 32(t a)

= = —5(a)i(t, ),
)\ o0
( ) 51 E / t a a,
0 (20)
70 = [ a(@itt,a)da - (o),
0
Z(O, CL) = io(a)7 17[(0) = vVj0-
Similar to (4), solving the first equation of (20) yields
5 L(t —a)e™ Jo f"‘s(ﬂdf, t>a,
i(t,a) = 4 21
io(a — t)e Ja—t 0T g 5y

Nonlinear Anal. Model. Control, 24(1):47-72
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where

- A 7 .

Mﬂzd@ﬁwm»+/mwmﬂwﬁ. @)
0

Substituting (21) into (22) yields

L(t) = 2(61]”(171(15)) —i—/k( VL(t —a)e™ Jo' 5<T>°‘Tda> + G(t), (23)
0

where

Q.\y

t
/k’ a)ig(a — t)e” Ja—e 347 qq,
0

Since (io(-), vro(+)) € Y, we have G(t) = 0 for all ¢ > 0. From (23) we obtain that

t

L(t) = 2(51]‘(61(15)) +/k( VL(t — a)e™ Jo 0(1)dr da). (24)

0

It is easy to show that (24) has a unique solution L(t) = 0, in which #;(t) = 0. From (21)
we have (¢, a) = 0. For a > t, it follows that

§(r)dr .

= [l =2 i (0 — 1) 1 < 7Ot fig| 1,

it @) .
which implies that i(t,a) = 0 as t — co. Noting that i(t,a) < i(t,a), v(t) < ¥7(t), we
have i(t,a) — 0 and v;(t) — 0 as t — oo. It follows from the first equation of system (3)
that z(t) — 2° as t — oo. Thus, Fj is globally asymptotically stable in 9. O

Theorem 6. [f Ry > 1, then the semi-flow {®P(t) }+>0 is uniformly persistent with respect
to (V,0)), i.e., there exists an € > 0, which is independent of initial values such that
lim; o0 [|P(t, 2)||z = € for z € Y. Furthermore, there is a compact subset Ay C ),
which is a global attractor for {®(t, z) }1>0 in Y.

Proof. Tt follows from Theorem 5 that Ej is globally asymptotically stable in 0). Apply-
ing Theorem 4.2 in [3], we need only to show that W*(Ey) N'Y = ), where
We(Ey) = {z ey: tli)m b(t,z) = EO}.

Otherwise, there exists a solution y C ) such that &(¢,y) — Eg as t — oo. In this case,
there exists a sequence {y,, } C ) such that |®(t,y,) — Eo|lz < 1/n for ¢t > 0. Denote
D(t,yn) = (2n(t),i(t, "), v1n(t)) and y, = (2,(0),(0, ), v1,(0)). Since Ry > 1, we
can choose n sufficiently large satisfying ° > 1/n and

é_l Blf fO T)dea'+)LI’f0 fo T)dea
d n W

>1, (25)
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where 2% = \/d. For such an > 0, there exists a7’ > 0 such that fort > T, 20 — 1/n <
2, (t) < 2 4+ 1/n. Consider the following auxiliary system:

di(t,a)  di(t,a)
ot

i(t,0) = g — > <ﬁ1f(171(t)) +/k(a)§(t, a) da), 26)

0

= —6(a)i(t,a),

+
3 () = / g(a)i(t,a) da — pr(t).
0

Looking for solutions of system (26) of the form i(t,a) = i(a)e" and 07(t) = Ore™,
where the function i(a) and the constant o; will be determined later, we obtain the
following linear eigenvalue problem:

di(a) .
da = —(u + 5(a))z(a),
i0=(5-1) (51 o0+ [ kit da>, o
0
(u+p)ir = [ q(a)i(a)da
/

Solving the first equation of system (27) yields
i(a) = i(0)e~ Jo' (utd(s))ds, (28)

Substitution (28) into the last two equations of (27), we obtain the characteristic equation
of system (3) at the steady state F as follows:

flu) =1, (29)

where

_ 1) Brf(or) [y qla)e™ Jo' (urd(s)ds qq
e (u+ p)oy

oo

A
d
+ <2 B 1) /k(a)ef Jo' (uto(s)ds gq,

n

Clearly, we have lim,_, o f(u) = 0. From (25) and Assumption 1, there exists an > 0
and a T > 0 such that

A 1\ Bf(0) fo7 qla)e™ Ji 0T da 4 gy [ k(a)e™ Jo 0747 da
f(O) = (d - TL) m

>1
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Hence, if Ry > 1, (29) has at least one positive root. This implies that the solution
(i(t,-), 57(t)) of system (26) is unbounded. By comparison, the solution &(t,v,) of
system (3) is unbounded, which contradicts to the boundedness of system (3). Therefore,
the semi-flow @(t)t>0 generated by system (3) is uniformly persistent. Furthermore, there
is a compact subset Ag C ), which is a global attractor for @(t)t>o in ). This completes
the proof. O

3.4 Global stability of the infection steady state

Now we are ready to establish the global stability of the steady state £*. The following
theorem summarizes the result.

Theorem 7. If Ry > 1, then the infection steady state E* of system (3) is globally
asymptotically stable.

Proof. Using (10), we take the derivative of each part of the Lyapunov functional V3
defined in (19) along the solutions of system (3) separately

*

V) = <1 - ”;) (A — da —i(t,0))
— <1 - Z) (da* +i*(0) — dz — i(t,0))

* *

77é _%)\2 -k s gk £ : £
= x(:z: x*)* 4+ 1%(0) —i(t, 0) z(O)x +z(t,0)x. (30)

Using (4), it follows that

t
Vas — / B(a)C(i(t — a,0)c~ 5 XD () da
0

+ /@(a)G(io(a — t)e ™ Jae 2T i (4)) da
t

¢
= /Qs(t - T)G(Z.(T7 0)e” Jo78(m T it — r)) dr
0

+ / B(t + )G (ig(r)e Ir 0O 3% (1 4 r)) dr.
0
From (11) and the fact that 2G (z,y) + yGy(x,y) = G(z,y), differentiating V52 yields

Viy = 9(0)G (i(t,0),3*(0)) + /sﬁ’(t — )G (i(r,0)e™ Jo IO AT 2t 1)) dr
0
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t

—/@(t—r)é(t—r)[(r 0)e=Jo
0

it (t— )Gy (i(r, 00~ Jo OO i p))] dr

—r

T)dTG ( ( )e fotfré(q—)dr’ i*(t o 7’))

o0

+ / & (t +1)Glig(r)e IO = (1 4 p)) dr

0
00

- / B(t + )5t + ) [io(r)e IO A, (ig(r)e IO AT i (1 4 4))
0
+i*(t + )Gy (io(r)e” ST e dr *(t+r))]dr

= ®(0)G(i(t,0),i*(0)) + / (' (a) — 6(a)®(a))G(i(t, a), i*(a)) da.
0
Notice that #(0) = 1 and
&' (a) = <515”;1{I(”1) (a )+x*k(a)> +5(a)®(a).

Then we have

Vi, = 7<Wq(a) + x*k(a)) (i*(a) —i(t,a) +i*(a) In i,(t’a)) da

) Qg i*(a)
. " . i(t,0)
+4(¢,0) —i*(0) — i*(0) In (0) (31)
Similarly, differentiating V53 along the solutions of system (3) yields
Buatf(v]) (( _ fi) 7 | B
‘/23 - ,LLUI f(U]) / Q(a)z(t’ Cl) da Hur
ﬁlx*f P f(vF) ( /q
i f@p)
i(t,a)da — . 32
O/q a)da /w1+;w1f( . (32)
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Adding (30), (31) and (32) together yields

Vy = —g(x —2*)? —i (0) a +i(t, 0) i*(0) In Zl(f(’é)))
/Blm*f(vj —Z a) a i(tva)
*/( o ) G+ @ )d
L Barfen (] [ . 1)
ot <O/ q(a)i(t,a)da — O/q i(t,a)da MU]+MU[f( I)>
Then we can get
vi= —gu — P 05— O )~ fuat f07)
le*f(vz) Ja)  flpita)y
AT ”(2“ @ )7 <>>d
[ oo itta)\ . Bt fvp)ur | B f2(vp)vr
+O/m k(a)i (a)(l +In (@) ) da o + o Flor)
= Lo
[ 0] v (o @4 i00) |, ita)  fEDita)
T (2= -n g o - Sy v )¢
- 2 ilta) | i(t0)
+ [ k(a)z*i* (o)1 — ——H —In— da
0/ < i*(a) i (0)>
z* f(v 1 2 (v
+ Bra” f(vr) — Bra” f(vf) — h ];; Doy B UIJ;((UII))

Notice that

AT (apivta) (1~

*
Koy

0
[ a1 it 7O
—|—O/x k(a)i*(a) (1 , - )d
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= Bz f(v]) + 2" / k(a)i*(a)da — 61xf(v1)ii(*t(,(()))
0

=

#0) T o i%(0)
TG0 /k(a)z(t,a) da =i*(0) 7Z(t’0)i(t,0)
0
= 0.
Therefore, we have
p_ 4 o Brtf(v])
Vi=-Se-op- 2L

- Zk(a)i*(a) [9(2) +g<m>] o

pra* f(vi)vr 51$*f2(”}k)711.

+ fu S (or) = B f(of) = S SR
Obviously,
* * * £2 *
B f(un) = o () - AL B

=mﬂuwﬂ—ﬂﬁ»+ﬁf;$§”0wﬁ—ﬂm»

B (pon) - s (L2 - L0 <o

f(vl) vr ’U}‘

It is easy to see that g(x) = x — 1 —Inz > 0 for all z > 0 with equality holding if
and only if z = 1. Then it can be verified that the largest invariant set of Vj = 0 is the
singleton E*. It then follows from [11] that the compact global attractor Ag = E*, which

implies E* is globally asymptotically stable.

4 Numerical simulations

69

O

In this section, to illustrate the valid of theoretical results of this paper, we present cor-

responding numerical simulations. The backward Euler and linearized finite difference

method will be used to discretize the ODEs and PDE in system (3), and the integral

will be numerically calculated using Simpson’s rule. Furthermore, we focus on the age-
infection model with saturation incidence. Let f(v;) = v;/(1 + awy). Following [1]

Nonlinear Anal. Model. Control, 24(1):47-72
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Figure 2. The dynamical behavior of free virions vy (¢), where o = 0.
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Figure 3. The dynamical behavior of free virions vy (¢), where o = 0.9.

and references therein [12,22], we fix the following coefficients: A = 10, d = 0.09,
B1 = 0.0025, u = 2.4.

Furthermore, we set the maximum age for the viral production as @ = 10 and §(a) =
0.4(1+sin((a — 5)7/10)), p(a) = 300(1 +sin((a — 5)7/10)), 0 < a < 10, so that each
of the averages is equal to 0.4 and 300, respectively, which were used in [30]. Then we
observe the dynamical behavior of solutions as follows when « varies.

We obtain that basic reproduction number R is approximately calculated as 0.8603
and less than one. From Theorem 2 we know that infection-free steady state is locally
asymptotically stable. In fact, we can observe in Figs. 2(a) and 3(a) that free virion vy (t)
converges to 0.

In another case, through direct calculation, we get the basic reproduction number R,
which is near 86.0316 and greater than one. From Theorem 4 we obtain that the positive
steady state is locally asymptotically stable. From Figs. 2(b) and 3(b) we find that free
virion vy (t) converges to the positive steady state. From Figs. 4(a) and 4(b) it is easy to
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Density of infected cells i(t,a)

Density of infected cells i(t,a)
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S
]
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Figure 4. The dynamical behavior of infected cells i(t, a).

see that the infected cells i(t, a) converges to the positive steady state whether o = 0 or
a = 0.9, just reaching different peak level.
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