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Abstract. In this article, we study a class of nonlinear fractional differential equations with mixed-
type boundary conditions. The fractional derivatives are involved in the nonlinear term and the
boundary conditions. By using the properties of the Green function, the fixed point index theory
and the Banach contraction mapping principle based on some available operators, we obtain the
existence of positive solutions and a unique positive solution of the problem. Finally, two examples
are given to demonstrate the validity of our main results.
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1 Introduction

In this article, we consider the following class of boundary value problem (BVP):

DY x(t) + f(t,2(t), D§ x(t), Dy x(t)) =0, 0<t<l,n—1<~y<n,

, (1)
29(0)=0, Dy x(0)=0, j=0,1,....,n—3,
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1

D0+m( = al/pl(s)D("/Lx(s) dA;(s) +a2/ 2 (s )D0+:U( s)dAs(s)
0 0

+az Y piDY, (G, (1)

=1

where Dg . is the Riemann-Liouville’s fractional derivative, 0 < o <n—2 < ,6 <n—1,

Yy=B>LB-a>21la; 200 =123 200<n<(<G< - <G<
<1 =1,2,00 1 —az > it > 0 p1,p2: (0,1) = RT = [0,400)
are continuous with py,ps € L'(0,1); fo p1(s)u(s)dA;(s) and fol pa(s)u(s) dAs(s)

denote the Riemann-Stieltjes 1ntegrals in Wthh Al, As: [0,1] — R are function of
bounded variation. The nonlinearity f: [0,1] x RT x RT x R — R is continuous.

Fractional differential equations with boundary value conditions have been investi-
gated by many researchers due to its wide range of applications in many fields of sciences,
robotics and electrical networks, etc. For details, we refer the reader to [5,11,15,17,26].
Recently, many results have been obtained for the existence of positive solutions or the
uniqueness of solution of fractional differential equations in [1-4,6-10,12-14, 16, 18-25,
27-37]. In [12,13,30], the authors studied fractional differential equation with multi-point
boundary conditions; [7,8,21] deal with fractional differential equations with infinite point
boundary; integral type boundary value conditions of fractional differential equations
are investigated in [1, 2, 18, 19, 27, 36]. Moreover, in [1, 2,4, 7], the conditions for the
existence of positive solutions to various fractional differential equations are established;
while in [14], the conditions for the existence of two positive solutions has been achieved.
For results on the uniqueness of solutions, we refer the reader to [3, 10, 19-21, 27, 33].
Some interesting results obtained by using the reduced order method can be found in
[9,10,22,23,28,31-33,35,36] and the references therein.

In [36], Zhang et al. studied the following fractional differential equation:

—Dga(t) = f(t,x(t), DYx(t)), 0<t<1,
Dix(0) =0,  Dla(1) = / o(s)Dx(s) dA(s),
0

where D{* is Riemann-Liouville’s fractional derivative, 0 < < 1 < a <2, a— (> 1,
A is a function of bounded variation and dA can be a signed measure, f: (0,1) X
(0, +00) x (0,+00) — RT is continuous, and f(¢, x,y) may be singular at both ¢ = 0, 1
and x = y = 0. By analyzing the spectral of the relevant linear operator, they obtained
positive solutions of the singular fractional differential equation.

In [30], Zhang studied the following nonlinear fractional differential equation with
infinite-point boundary value conditions:

Dgcu(t) +q@) f(tu(t)) =0, 0<t<1, .
u(0) =u'(0) = --- =ul"P(0) =0,  Ww(1) = Zaiu(&),
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Existence of solutions for nonlinear fractional differential equation 75

where @ > 2, n—1 < a < n,i € [I,n — 2] is a fixed integer, a; > 0,0 < & <
& < <G <G <<l =12..) (a—1)(a—2) (v —1) —
doieq aqu(&;) > 0, D, is the standard Riemann—Liouville derivative, ¢: (0,1) — R*
and f: (0,1) x (0,+00) — R are continuous functions, and ¢(¢) may be singular at
t = 0, 1. By using height functions of the nonlinear term on some bounded sets, the author
obtained the positive solutions of the problem.

In [25], Qarout et al. studied the following semi-linear Caputo fractional differential
equation:

‘Di a(t) = f(t,z(t)), 0<t<l,n—-1<g<mn,

z(0) = 2/(0) = 2" (0) = --- = 22 (0) = 0,

m—2

3
z(1) = a/x(s) d(s)+b Z a;x(n;),
o i=1

where D¢, denotes the Caputo fractional derivative of order ¢, f: [0,1] x RT — R* is
a continuous function, a and b are real constants and «; are positive real constants. They
got the existence of solutions by using some standard tools of fixed point theory.

Motivated by the above mentioned work, the purpose of this article is to investigate
the existence of solutions for the BVP (1). The main new features presented in this paper
are as follows. Firstly, the boundary value problem has wider and more general boundary
conditions; it includes many situations, which were investigated before as special cases.
Secondly, the presence of the fractional derivatives in the nonlinear term f and the bound-
ary conditions makes the study extremely difficult. By using some available operators, the
BVP (1) is transformed into a class of relatively simple low-order fractional differential
equations. Thirdly, our technique and tools are novel. Consequently, conditions for the
positive solutions and a unique positive solution of the BVP (1) are obtained.

The rest of the paper is organized as follows. In Section 2, we present some prelim-
inaries and lemmas that are used to prove our main results, and we also develop some
properties of the Green function, and reduce the original equation to a class of relatively
simple equations by using some available operators. In Section 3, we discuss the existence
of positive solutions of the BVP (1) by the tool of the fixed point index theory, and give an
example to demonstrate the application of our theoretical results. In Section 4, we create
a appropriate operator and discuss a unique positive solution of the BVP (1), and give an
example to emphasize our two theories.

2 Preliminaries and lemmas

In this section, for the convenience of reader, we present some necessary definitions and
lemmas that will be used in the proof of our main results.

Nonlinear Anal. Model. Control, 24(1):73-94



76 F. Wang et al.

Definition 1. (See [24].) The Riemann—Liouville fractional integral of order o > 0 of
a function y: (0,00) — R is given by

t
« 1 a—
Teult) = g [ =97 w0 s
0
provided that the right-hand side is pointwise defined on (0, c0).

Definition 2. (See [24].) The Riemann—Liouville fractional derivative of order o > 0 of
a continuous function y: (0, 00) — R is given by

Piett) = nl)(i)/ e

where n = [a] + 1, [@] denotes the integer part of the number «, provided that the right-
hand side is pointwise defined on (0, ).

Lemma 1. (See [24].) Let o > 0. If we assume u € C(0,1)NL(0,1), then the fractional
differential equation D', u(t) = 0 has u(t) = C1t* ' +Cot* 24 -+Cnt* "V, C; € R
(t=1,2,...,N), as the unique solution, where N is the smallest integer greater than or
equal to o

Lemma 2. (See [24].) Assume that u € C(0,1) N L'(0, 1) with a fractional derivative of
order a > 0 that belongs to C(0,1) N L'(0,1). Then Ié"+D0+u( ) = u(t) + Crt*~1 +
Cot® 2 4+ ... + Cnt* N for some C; € R (i = 1,2,...,N), where N is the smallest
integer greater than or equal to o.

Now, we consider the following modified boundary value problem (BVP):
DY u(t) + f(t, 15 u(t), Iy “u(t),u(t)) =0, 0<t<1,1<4§<2

0) =0,
u(0) o

1 n
al/Pl dAl()+@2/p()( ) dAa(s +a32m (G);
0 0

where § = v — .
Lemma 3. [fu € C[0,1] is a solution of BVP (2), then Ig+u(t) is a solution of BVP (1).
Proof. We assume u € C[0, 1] is a solution for BVP (2). Let z(¢t) = I&u(t). We have

Dl a(t)=u(t),  Dgix(t) = Dg Ij u(t) = I “u(t),

dar ., ar ., dar ., _
D0+~T( ) = dn el Tx(t) = dt Lo Wlﬁu(t) dm Lo T u(t) = Dg+ B“(t)»
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Existence of solutions for nonlinear fractional differential equation 77

which means that

Dy a(t) + f(t (), Dg.a(t), Dy, x(t))
= Dy ult) + f(t, Ty u(t), 1)y “u(t), u(t))
= Dy ult) + f(t, 1) ult), I “u(t), ult)) =0,
e (t) = DI IP u(t) = IV u(t), i=1,2,...,n—3.

3)

By z(t) = @u(t) and (3), we obtain

DY x(0) =0,  x(0)=2'(0) =---=2""9(0) =0,

Dj.a(1) = as [ pi(s)DF,2()ds(s) + aa [ pa(s)Df () dAa(s)

+as Z Mz’D&f(Ci)-
i1

Hence, we claim that Iéiu(t) is a solution of the BVP (1). The proof is completed. [

Lemma 4. Lety € C(0,1) N LY(0,1) be a given function. Then the function u € C0,1]

given by
1
= /G(t,s)y(s) ds, telo0,1],
0

is a solution of the following boundary value problem:

Dy, u(t)+y(t) =0, 0<t<1,1<35<2

u(0) =0, @
u(t) =ar [ pr(s)u(s)dAs(s) + a2 [ pa(s)uls) ds(s) + G3ZM1 (G,
0 0
where
G(t,s) = G1(t,s) + mt‘s_lPl(s) + /-egt‘s_ng(s), 5)
1 [t(1—8)]°t(s) —o(t—s)°"t, 0<s<t<l,
Crlt:a) = ol'(6) {[t(l — )97 t(s), 0<t<s<1,

1 "
Py(s) = /Gl(ta s)p1(t)dAi(t), Pa(s) = /G1(t, s)p2(t) dAa(t), s€0,1],
0 0

Nonlinear Anal. Model. Control, 24(1):73-94
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oo
0=1—%§:m@”>ﬂ,

Obviously, G(t, s) is a continuous function on [0, 1] x
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I(s) =1 —(lg(l ST s €10,1],
S wi(G =)t 0<s <,
S wi(G =807 G <s< (o
bs)= 4" -
Zi:io :ul(c:l - S) ; Czo—l <s< Ciov
0, lim; oo G < s <1,
m=al(1+(“1p1 +1) “2”), Ko = (“1p1 +1>“2,
a1 op1 o2 op1 oDy
1
/té_lpl(t) dAi(t) >0,  pr=1- afl >0,
n
/t(g 'pa(t) d4s(t) > 0, p2=1—<af”1+mvpy>0
0 o°p1 o

[0, 1].

Proof. By means of Lemma 2, we can turn (4) to an equivalent integral equation

t

u(t) = e t® 4 ept® 2 — /

0

(t—s)°"

()

1

Considering the fact that u(0) = 0, we get that ¢ = 0. Then

y(s) ds.

t
t — 6—1
u(t) = et —/7( I‘(S(S)) y(s) ds. (6)
0
On the other hand, by the condition
1 n
u() = ar [ pi(s)uls) d41() +az [ pals)uls) da(s +a3Zm (@),
0 0
we have
1 1 a 1
o= oy [0 =9 e b+ 2 [t i)
0 0
n o Gi
# [l ) - oS (G- o ds @
0 = 0
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By (6) and (7), we have

1 / 1 / 5-1
1—‘(50/ s)ds + oT(0) O/ (t(l - 5)) y(s)ds
t6 1 1 a2t671
+— /pl(S)u(s)dAl(s) +— /pg(s)u(s) dAs(s)
S °
as 5—-1
o 0/ (¢ — )" ()
_ 1 t -1 ! >0 bi(s)
= T 0/t5 (1—s) (1 - as; gl 8)6_1>y(s) ds
L 51
- / 7(t — ) y(s) ds
+ arl(é) /t571(1 — )0t (1 —as ; [ izi))a_1>y(5) ds

st 5—1
+ a1t0 /pl(s)u(s)d/h(s) + azta /pz(S)U( ) dAz(s),
; 0
where
S — o—1 0 NS [z
bi(s) = {“Z(@ )77 0ss<( i=1,2,
07 C’L <s < 17
Then, by (8), we have
. 1
41
u(t) = / Gi(t, 5)y(s) ds + / pi(s)u(s) ddi(s)
) 0
s—1
w; / pa(s)u(s) dAa(s)-
0

Multiplying both sides of (9) by p; () and integrating from 0 to 1, we have

1

/p1 t)dA;(t /1p1 (/G1 (t, ) )dAl(t)
0

0

Nonlinear Anal. Model. Control, 24(1):73-94
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p1(s)u(s) dA;(s)

j £) dA, ()

0
1
L / £)dA, (1)
g
0

Then, from (10) we obtain

p2(s)u(s) dAa(s).

/
/

n

| _il S S S 3201 S)ul(s S
Z@wwmmw—mjammm+ﬁm/mm<M@u

0
Substituting (11) into (9), we have

1

uw:/cmﬁm m+mﬁ1/

gpP1
0 0

g p1 g
0

Multiplying both sides of (12) by p3(¢) and integrating from 0 to 1), we have

1

!mﬁ(dh !& s 222 [ pioy(s)d

P2 op1P2
0

From (12) and (13) we have

The proof is complete.

1 1
G1(t,8)y(s )ds+/<;1/t5_1P1(s)y(s) dS+I€2/t6_1P2(S)y(S) ds
0 0

(10)

1)

12)

(13)

O

Lemma 5. Suppose that a3 300, 1;¢2~ " < 1, then the function I(s) = 1 — azb(s)/

(1 — 5)%~! defined in Lemma 4 satisfies 1(s) > 0, s € [0, 1].

Proof. According to the property in convergence of sequence, there exists 0
such that lim; _, o, {; = (o. For s € [0, 1], we may discuss in two aspects:

<G <1

https://www.mii.vu.lt/NA
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(1) If 0 < s < (o, then there exists N € N such that (;y_; < s < (. Hence,

—35
1(8)1(13({)())(5110, Zuz CZ

The assumption az Y .o f4;C; -1 <1 gives a guarantee that the above function is well
defined. Moreover,

"(s) = a3 Z pil(6=1)(G =) 2 (1= 8)' 0+ (1= 0)(G — )" (1 — )]

1

—G3ZM1 G 5 21 8)_6(5_1)(1_(:1')20

(ii) If s = (o, then s > (; forall i € N.. In view of the definition of b(s) in Lemma 4,
we know that b(s) = 0, s € [{o, 1]. Thus, I(s) =1, s € [{o, 1]

Hence, from (1) and (2) we know that [(s) is nondecreasing on [0,1], and I(s) >
[(0) > 0, s € [0, 1]. The proof is complete. O
Lemma 6. Let a3y 0% (07" < 1, and A(t) is increasing on t € [0,1] (i = 1,2).
Then the Green function G(t, s) defined by (5) satisfies:

i G(t,s) 20, (t,s) €[0,1] x [0,1];

(i) #71G(1,5) < G(t,s) < t°71Q(s), t,s € [0, 1], where

1— 5—1
_ (UP?S)Z(S) + R Pu(s) + RaPa(s).

Proof. (1) For0 < s <t <1,

G(t,s) = [(t(1— s))éfll(s) —o(t— 3)5*1] + k1t I Py (5) 4 Kot I Py(s)

[(¢(1— 5))5_1l(s) —o(t(l — 5))571] + k1t TEPy(5) 4 Kot I Py(s)

_ M[us) —10)] + m1t* " Pi(s) + rat’ "' Py(s) 2 0.

For0 <t<s<1,

Glt:5) = 15 (t(1 = )" 1(s) + m1t" "V Pi(s) + rat’ M Py(s) > 0.
(1) For0 <s<t<1,
1 5—1 _ _ _
G(t,s) = T () [(t(1=s))" "U(s) —o(t— 5)° 1+ kit® TP (s) + kat® "1 Py(s)
1 5—1 5—1 1 1
> =) [(t(1=5))" "U(s)—o(t(1—5s))" |+ kit® TPy (s) + kot® L Py(s)
=171G(1, 5),

Nonlinear Anal. Model. Control, 24(1):73-94
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Gt = oF1(6> [(t(1 = )" 7"1(s) = ot = $)° 1] + 5yt "L Py(s) + ot Po(s)
t(1—s)
< %@(t(l — )" Us) - 10)] + % / org

+ k1t T PL(s) + Rat’ T Py(s)
< U%@(t(l — 5))671 [l(s) — Z(O)] —+ %(t(l o 5))5728(1 _ t)
+ kit TPy (5) 4 Kot L Py(s)

(¢(1 - s))gil[l(s) - (2-0)0)] + k1t TIP(s) + ot 1Py (s)

G(t,s) = (¢(1— 5))671l(5) + k1t TP (5) 4 Kot? 1 Pa(s) = t°71G(1, 5),

G(t,s) = U%@(t(l — s))éfll(s) + k1t TEPy(5) 4 Kot I Py (s) = t271Q(s).

The proof is complete. O

Lemma 7. (See [6].) Let Eﬁe a real Banach space, P be a cone of E. Let 2 C E
be a bounded open set, T: 2 N P — P be a completely continuous. If there exists
ug € P\{0} such that u—Tu # pug forall ;x > 0, uw € QNP, theni(T, 2NP, P) = 0.

Lemma 8. (See [6].) Let E be a real Banchh space, P be a cone of E. Let §2 C E be
a bounded open set with 0 € (2, and T: 2 " P — P be a completely continuous. If
pu # Tuforally > 1, u € 02N P, theni(T,2NP,P)=1.

Lemma 9. (See [16].) Let E be a real Banach space, P be a cone of E. Suppose that
L: E — E is a completely continuous linear operator, and L(P) C P. If there exist
Y € P— P,v¢ ¢ —P and a constant ¢ > 0 such that cL1) > 1, then the spectral radius
r(L) # 0, and L has a positive eigenfunction @* corresponding to its first eigenvalue
A1 = (r(L))~! such that \; Ly* = ¢*.

Definition 3. (See [6, 16].) Let E be a real Banach space, P be a cone of E. Let T':
E — E be a linear operator, and T': P — P. If there exists ug € P\ {0} such that for
any © € P\ {0}, there exist a natural number n and real numbers «, § > 0, satisfying
aug < T"x < Pug, then T is called a ug-bounded linear operator on F.

Lemma 10. (See [6,16].) Let E be a real Banach space, P be a cone of E. Let T be
a completely continuous ug-bounded operator, A\, be the first eigenvalue of T. Then T
must have a positive eigenfunction p*, which belongs to P \ {0} such that \y Lo* = ¢*,
and Ay is the unique positive eigenvalue of T' corresponding to the positive eigenfunction.

https://www.mii.vu.lt/NA



Existence of solutions for nonlinear fractional differential equation 83

Let £ = C[0,1], [Jul| = supgg;<1 |u(t)|. Then (£, |-]|) is a Banach space. Let P =
{u € E: u(t) 20, ¢t €]0,1]}. Itis easy to see that P is a cone in E.
In what follows, two operators T, L; : £ — E are defined respectively by

o _

(Tw)(t) = G(t s)f(s Iﬁ u(s),lgjau(s),u(s)) ds, te]o,1],
(Lyu)(t :/Gt s)(Iy, u(s) + 1)~ “u(s) +u(s)) ds, t€[0,1].  (14)
0

Lemma 11. As is defined by (14), (Liu)(t) = fol Gi(t,s)u(s)ds, t € [0,1], where

1

1 )(r —s)P~>"ldr
5y J G =

+G(t,s), (t,s)€][0,1] x[0,1].

Gilt,s) = % G(t.7)(r = )" dr +

o
v~

S

Proof. Forany u € E, t € [0, 1], by (14) we obtain

It is easy to verify that 7: P — P and L;: P — P are completely continuous
operators.

Lemma 12. The spectral radius v(L1) # 0, and Ly has a positive eigenfunction ¢*
corresponding to the first eigenvalue Ay = (r(L1)) ™" such that \y L1p* = ©*.

Proof. Tt is easy to check that L;: P — P is a completely continuous operator. In fact,

by Lemma 6, there exists [a,b] € (0,1) such that G(¢,s) > 0 for ¢,s € [a,b]. On the
other hand, P is generating, i.e. C[0,1] = P — P. Take ¢ € C|[0, 1] such that ¢)(t) > 0

Nonlinear Anal. Model. Control, 24(1):73-94
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fort € (a,b), and ¢(t) = 0 for ¢ ¢ (a,b). Then for all ¢ € [a, b],

1
(L)t /Gts (1. 9(s) + 1L~ (s) + ¥(s)) ds
0

/Gts s)ds > 0.

According to the density of R, there exists a constant ¢ > 0 such that ¢(L19)(t) >
P(t), t € [0,1]. In view of Lemma 9, the spectral radius r(L;) # 0, and L; has
a positive eigenfunction ¢* corresponding to its first eigenvalue A; = (r(L1))~* such
that Ay L1¢* = ¢*. The proof is complete. O

3 Existence of a positive solution

In this section, let A; be the first eigenvalue of operator L;. We need the following

conditions:
f(t7 ’u'? U’ w)

liminf min ————= > Ay, HI
(HI) utv+w—0t te[0,1] U+ v+ w ! (H1y)
u,v,w>=0
t
limsup max M < A1, (H1,)
utvtw—toote[0,1] U+ UV +w
w,v,w =0
t,u, v, w
(H2) limsup max 7]8( ) < A1, (H2y)
utv4+w—0T te[0,1] u +uvtw
u,v,w =0
t? b )
liminf  min L0%U0) oy (H2,)
utv+w—+00 te[0,1] U +v4+w
u,v,w>=0

Theorem 1. Assume that (H1) or (H2) holds, then the BVP (1) has at least one positive
solution.

Proof. Tt follows from (H1,) that there exists 7y > 0 such that, for all ¢ € [0, 1],
ftu,v,w) 2 Mu+v+w), 0<ut+v+w<r, uv,w>=0. (15)

For any u € P, t € [0, 1], we have

t
-5 [[wll
0< () = 5 O/t " u(s) ds < gt <l (16)
L ]
B—a _ _ \B—a—1 u
0< B0 = m = /(t ' tus) ds < s <l (17
0

https://www.mii.vu.lt/NA



Existence of solutions for nonlinear fractional differential equation 85

Let B, = {u € E: |lu|]| <7 < r1/3}. Then, by (16) and (17), we have
0I5 u(t) + 10 “ut) + u(t) < 3u| <r, we R, NP te0,1],
which, together with (15), for all u € N,NP,te [0, 1], yields that
P I, u®), 16 ut) u(t) = M (15, u®) + 15 u(®) +u(®). (8)

From (18) and the definition of T' we know that, for every u € 2, N P, t € [0,1],

(Tu)(t) = / G(t,s)f (s, Iy, u(s), I~ “u(s), u(s)) ds
0

WV

A1 [ G, s)’[&u(s) + joﬂ:au(s) +u(s)| ds

=\ [ G(t,s) (I&u(s) + Ig:au(s) + u(s)) ds

S

In the following, we prove that
u—Tu# pp* YuedB. NP, u>0. (20)

If not, then there exist u; € 0B, N P and 1 > 0 such that uy — Tu; = py¢*. Then
pr > 0, and uy = Tug + pe* > pe*. Let @ = sup{plu; = pe*}. Obviously,
o> py > 0and uy > ™, then Ay Liuy > A1 L™ = ™. So, by (19) we have

ur = Tur + "™ 2 MLiur + g 2 1™ + ™ = (L + p)e”,
which contradicts the definition of . So, (20) holds. It follows from Lemma 7 that
i(T,B, N P,P)=0. 21
By (H1,), there exist Ry > r and 0 < k < 1 such that
ftu,v,w) < kM(u+v4+w), u+v+w= Ry, uo,w>=0,te[0,1]. (22)

Now we define a linear operator El :F— Fas Elu = kA1 Lju, t € |0, 1L Itis ollvious
that El : P — P is a bounded linear operator, and the spectral radius of L; is (L) =
Kk < 1.
Let
Z={u€P: pu=Tu, p>1}.
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For any v € E, we set
D(u) = {t € [0,1]: u(t) > Ry }. (23)

From (23) we know that forany u € EN P, I&u(t) + Iy, “u(t)+u(t) > Ri,t € D(u),
which, together with (22), implies that

FOEIS (), I~ u(t), ult)) < mhy (15, u(t) + I~ “u(t) +u(t)), te€ D(u). (24)
From (24) and the definition of T, forany u € Z, u > 1, t € [0, 1], we have

u(t) < pu(t) = (Tu)(t)
1

/G(t,s)f(s,I§+u(s),lg;au(s),u(s)) ds
0
= / G(t,s)f(s,I&u(s),fg;au(s),u(s)) ds

D(w)

+ / G(t,s)f(s,]&u(s),Ig:au(s),u(s)) ds
[0,1\D(u)

< kKA1 / G(t,s) (I&u(s) + Ioﬁgau(s) + u(s)) ds + Gfr,
D(u)

1
< KA\ /G(t, s) (Iéiu(s) + Ig:o‘u(s) + u(s)) ds + Gfr,
0

= (Lyu)(t) + Gfr,, (25)

where G =max, ,¢c(o,1) |G(t,5)], fr, =max{f(t,u,v,w): t€0,1], 0<u,v,w <Ry}
By the Gelfand’s formula, we know that (I — L;)~" exists and (I — L;)~' = 3.°° Li,
which also implies (I — L;)~*(P) C P. This, together with (25), yields that

u(t) < (I — L) 'Gfr,,

which means Z is bounded. Now we choose R > max{ Ry, sup{||u||: v € Z}}. We can
get that

pu#Tu Yu € OBrNP, uel0,1].

By Lemma 8, we know
i(T,BgNP,P)=1. (26)

It follows from (21) and (26) that i(T', (Bg \ B,) N P, P) = i(T, Be N P, P) —i(T, B, N
P, P) = 1. So, the operator T has at least one fixed point on (Bg \ B,.) N P. This implies
that BVP (1) has at least one positive solution.
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If (H2) holds, similar to the proof of above, there exist R > r > 0 such that i(T, B, N
P,P) =1,i(T, BN P, P) = 0. Therefore i(T, Bg \ B, N P, P) =i(T,BrN P, P) —
i(T, B, N P, P) = —1. It implies that T has at least one fixed point on (Bg \ B,.) N P.
This implies that the BVP (1) has at least one positive solution. The proof of Theorem 1
is completed. O

Example 1. We consider the following fractional equations:

Dgfaz(t) + (z+a' + Dgfsc)fl/s + | sin(Dngx)’ =0, 0<t<1l,
2D(0)=0, j=0,1,23,

1 1/40
V2 4 4
" _Vv= " " 27)
(1) 5 / 21" (s)dAi(s) +4 / 213 (s)dAs(s)
0 0

>, 2 1y
"
+3;i—2x <(1—i+1> >

where f(t,u,v,w) = (u+v+w)~ Y3+ |sinw|,y=9/2, 8 =5/2,a = 1,a; = \/2/5,
ay = 4, a3 = 3, = 1/40, 11; = 2/i%, ¢ = (1 — 1/(i + 1)), pi(t) = 4/(4t% + 1),
pa(t) = 4/(4t2 + 3), and

It is obvious that

. . . f(t? u, v, ’LU)
liminf min ——"—"—=~
utv+w—0t tef0,1] U+ v+ w

(u+v+w)~Y3 4 |sinw|

= liminf min = 400 > Ay,
utv+w—0+ t€[0,1] u-+v+w
f(t? u) v? w)

limsup max
utv+w—oo t€[0,1] U+ VUV +w

: (u+ v +w)~ Y3 4 | sinw|
= limsup max =

0< M\
utv+w—roo t€[0,1] u+v+w

Thus, the assumptions of Theorem 1 are satisfied, therefore the BVP (27) has at least one
positive solution.

4 Existence of the unique positive solution

In this section, we need the following condition:

Nonlinear Anal. Model. Control, 24(1):73-94
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(H3) There exist nonnegative functions /; € L'[0,1] (i = 1,2, 3) such that, for any
Ui, Vi, Wi € R* t=1,2),te [0, 1],

| f(t ur, v, wr) — f(E Uz, v2, ws)|
I () |ur — ug| + la(t)|vr — vo| + I3(¢)|wy — wa|.

Now, for ¢ € [0, 1], we define an operator Ly: P — P as follows:

1
(Lou)(t /G Lu(s) + lg(s)lg:au(s) +13(s)u(s)) ds.  (28)
0

For convenience, we set

:?§j<jat711 7)(r —8)P~ 1d7>ds
0

S

</G(t, (1) (1 — 5)P7271 dT> ds,

S

Lemma 13. The operator Ly defined by (28) is a linear operator with || La|| = w1 /T(5)+
we/T(B — ) + ws.

Proof. Let

Ga(t,s) = F(lﬁ)/G(t,T)ll(T)(T — s)BildT

# / T T 7-_SB—oz—l .
+ g [ G =9

S

+ G(t,s)l3(s), (t,s) €]0,1] x [0,1]. (29)

Then for any u € E,t € [0, 1], we have

(Lou)(t) = [ G(t, s)(ll(s)I&u(S) + ZQ(S)[g;au(s) +l3(s)u(s)) ds

1
(/G (t, )l (1 T—s)ﬂ_ldr>u(s) ds
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1 1
71 (1) (1 — 8)P~ > 1dr |u(s)ds
+F(ﬁ_a)0/</c<t, o (r)(r ) d) (s)d

S

| L2]| = max]/lég(t, s)| ds

Il
Y=
=
sk
——
=3
>~
N~—
—
/N
m"\H
Q
=
2
=
—~
2
5
\
VA
S~—
™
L
A
\]
~—
(oW
i

O

Theorem 2. Assume that (H3) holds and || Lz|| = w1 /T(B) + we/T(8 — a) + ws < 1.
Then the BVP (1) has a unique positive solution in C([0, 1], RT).

Proof. For any u,v € P, by (H3)we have

|[Tw — Tv|| = max
t€[0,1]

/G(t, s)f (s, I&u(s), Ig;au(s), u(s))
0

— (s, 15 v(s), Iy “v(s), v(s)) ds

1
< mae [ [Gt5)|17 (s, 1, ) 1) (o)
0

_ f<57[§+y(5)7105_:av(s), U(s)) | ds
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I'(3) I'(f—a)

which means that the operator 7" is a contraction mapping on P. So, by the Banach
contraction mapping principle, 7" has a fixed point in P, and also the BVP (1) has a unique
positive solution. The proof of Theorem 2 is completed. O

1 1
< ( wn + w2+w3)||u—v|| = Zaflfu = o]l

Theorem 3. Assume that (H3) holds and
: n|l/n
Jim [ L]

1 1 1/n
= lim <max / /(/ a(t, 51)G 51,52)~~G2(5n_1,5n)d51> d52~~dsn>
n—oo \ te[0,1
0 N0

<1

Then the BVP (1) has a unique positive solution in C([0, 1], RT).

Proof. By the Gelfand’s formula, we know 7(Ls) = lim, o || L5||*/" < 1. Let gy =
(1 —r(L2))/3. There exists a sufficiently large natural number N such that forn > N,
1L ]| < (r(L2) + €)™ For any u € E, we define

N

lul* =3 (r(L2) + o)™ || L5 ), (30)

i=1
where L9 = I is the identity operator. Clearly, ||-||* is also a norm of E.
Then for any u, v € P, by (30) we get

N
ITu—To|* = (r(L2) + o)™ |15 H(Tu — Tw)|

~.
Il
_

(r(La) +20)" max L5 (Tu — To)(1)]

I
WE

1

<.
Il

A
M) =

(L) + 20)" " e |(bhu — o)) (1)

.
Il
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N B
=" (r(La) +20) ™| (Lbfu — w])|
=1

N-—-1 ) )
( (Lg +EO Z L2 +80>N_Z_1H(L12‘U—’U|)H
=1

+ [ (L3 Tu = v])]
= Nei-1,,4
< (r(L2) +20) D (r(L2) +e0) [(L5]u —])]
i=1
+ (r(La) +0) ™ Ju — ||
= Neio1,4
= (r(L2) + €0) Z (r(L2) + o) [ (Ly]u— )|
i=0

M=

= (T(L2)+€0) (T(LQ) +80)N_iH(Li2_l|u—UDH

=1

= (r(L2) +eo)lu — o[ =

-
Il

1 + 2T(L2)
3
This means that the operator 7 is a contraction mapping on P. By the Banach contraction

mapping principle, T" has a fixed point in P. That is, the BVP (1) has a unique positive
solution on E. The proof of Theorem 3 is completed. O

[lu —of".

Remark 1. We end the paper with the following examples. In Example 3, the BVP (1)
has a unique positive solution under the condition that 7(Ls) < 1, but | Lz|| > 1. As
it is well known, || < 1 implies that (L) < 1. That is, Theorem 3 is an extension
of Theorem 2. But, it is very difficult to calculate the value of r(L2) in most cases, and
the value of || Lo|| is relatively easy to calculate. Example 2 shows that if we verify
the condition of Theorem 2, We will avoid calculating the value of r(Ls), which is an
extremely complex work.

Example 2. We consider BVP (1) withy =5, 8 =3, =3/2,a; = as = ag =0,

sin? tu + sin* tv + Larctanw, teR)\ (0,1],

flt,u,v,w) =
( ) L arctanw, t € (0,1].

Then the problem can be transformed to the following two-point boundary value problem:
W () + f (3, u(t), I u(t),u(t) =0, 0<t<1,
u(0) =u(l) =0.

The corresponding Green’s function is

s(1—1t), 0<s<t<l,
G(t,s) =
t(l—s), 0<t<s<L

Nonlinear Anal. Model. Control, 24(1):73-94
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For any u;, v;, w; € R*(i = 1,2), t € [0, 1], we have
1
| f(t,ur, v1,w1) — f(t, uz,v2, w2)| < §|w1 — wa.
This means

1 1 1
Ls|| = <0+0+ =<1,
H 2” F(ﬂ)w1+F(ﬁ—a)w2+w3 + +2<

and, consequently, the assumptions of Theorem 2 are satisfied. Thus, the BVP (1) has
a unique positive solution.

Example 3. We consider BVP (1) withy =5, =3, =3/2,a; = a3 = a3 =0,

sin? tu + sin* tv + 9w, ¢t € R\ (0,1],

Ft w0, w) = {9w, t e (0,1].

Then the problem can be transformed to the following two-point boundary value problem
u(8) + F(t, I3 u(t), I/ u(t),u(t) =0, 0<t<1,
u(0) =u(l) =0.

The corresponding Green’s function is

~)s(=¢), 0
G(t’s)_{t(l—s), 0

s<t

L,
t 1

NN
NN

NN

S

Obviously, for any u;, v;, w; € RT (1 = 1,2), t € [0, 1], we have
|f(t,U1,U1,'LU1) - f(t7u27v27w2)‘ < 9|’U}1 - U}2|,

which implies I1(t) = l2(t) = 0, I3(t) = 9. Then, by definition (29), we have Ga(t, s) =
9G(t, s). It is easy to check that || L2 || = 9/8 > 1. However, by computation, we have

1

/ég(t, s)sin(ms) ds = % sin(wt), te0,1],
T

0

which means that 9/72 is a positive eigenvalue of Lo. On the other hand, in view of
Definition 3, we get that Lo is a ug-bounded operator with ug(¢) = ¢(1 — ¢t). It follows
from Lemma 10 that Lo has no positive eigenvalue except for the first eigenvalue A\ =
(r(L))~L. Thus, we conclude that 7(Ly) = 9/7% < 1. Then, by Theorem 3, we know
that the BVP (1) has a unique positive solution.
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