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Abstract. In this paper, a nonlinear three-point boundary value problem of higher-order singular
fractional differential equations is discussed. By applying the properties of Green function and
some fixed point theorems for sum-type operator on cone, some new criteria on the existence and
uniqueness of solutions are obtained. Moreover, two iterative sequences are given for uniformly
approximating the positive solution, which are important for practical application. At last, we give
two examples to illustrate the main results.
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1 Introduction

As we all know, fractional calculus describes many phenomena in various fields of science
and engineering such as physics, biology, chemistry, control, economics, etc.; see [7, 17,
19-21]. Hence, the research on fractional differential equation plays a very important
role in both theory and application. Especially, the higher-order fractional differential
equations with a variety of boundary conditions have been of great interest recently. Dur-
ing the past decades, while the theory of fractional differential equations has developed
in a variety of directions, we notice that the research are mainly focused on existence,
uniqueness, and multiplicity of positive solutions for fractional differential equations
under nonlinear boundary value conditions, see, for instances, [1,2,5,6,8-16, 18,24,26—
28] and the references given there. These results are obtained by applying some efficient
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tools such as Guo—Krasnosel’skii’s fixed point theorem, Schauder fixed point theorem,
upper and lower solution method, and topological degree theory.

In [12], Li et al. discussed the three point boundary value problem of fractional-order
differential equations

Dgu(t) + g(t,u(t)) =0, 0<t<1,
u(0) =0, Dgiu(1) = bDgru(§),

where Dg,, Dy, are the standard Riemann-Liouville fractional-order derivative of order
1<a<2,0<rv<1.0<b<1L,£€(0,1),0<a—v—1,a"2<1—v,and
g: [0,1] x [0, +00) — [0, 400) satisfies Carathéodory-type conditions. This literature is
focused on studying the existence and multiplicity results of positive solutions by means
of Krasnosel’skii’s fixed point theorem and other classical fixed point theorems, which
required the operator to be completely continuous.

In [13], Liang and Zhang investigated the following nonlinear fractional three-point
boundary value problem:

D§cu(t) + g(t,u®) =0, 0<t<1,3<a<4,
u(0) = u’(0) = " (0) = 0, o’ (1) = bu” (8),

where Dy, is the standard Riemann-Liouville fractional-order derivative, and 0 < § <1
satisfy 0 < b€>=3 < 1. g: [0,1] x [0, +00) — [0, +00) is continuous. This paper proved
the existence and uniqueness of a positive and nondecreasing solution by using a fixed
point theorem in partially ordered sets.

In [10], Jleli and Samet studied the following arbitrary-order nonlinear fractional
differential equation:

—Dgu(t) = f(t,u(t),u(t)) Jrg(t,u(t)), 0<t<l,n—1<a<mn,
uD(0)=0, i=0,....,n—2, D¥u(l)=0, 2<v<n—2

where D® is the standard Riemann-Liouville fractional derivative of order a. n > 3
(n € N), and f: [0,1] x [0,+00) x [0,400) — [0,4+00) and g: [0,1] x [0,4+00) —
[0,400) are continuous functions. Using a mixed monotone operator method, authors
determined sufficient conditions under which the above boundary value problem has
a unique positive solution.

In a word, fractional differential equations of higher-order including singular and
nonsingular cases are capable of describing memory and hereditary properties of certain
important materials and processes. Note that the results dealing with the existence and
uniqueness of positive solutions of multi-point boundary value problems for higher-order
singular fractional differential equations are relatively scarce.

Motivated by the excellent results, in this article, we will discuss the following three-
point boundary value problem for a class of higher-order singular fractional differential
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equations:
—D§iu(t) = f(t,u®),u(t)) + g(t,u®)), 0<t<l,n—-1<a<n,
u?(0)=0, i=0,...,n-2, (1)
Dgiu(l) =bDgru(f), n—2<v<n-—1,

where D, is the standard Riemann-Liouville fractional derivative of high ordern —1 <
a<nneNn=>2), Dy is the standard Riemann-Liouville fractional derivative of
ordern—2 < v <n—1,and z(» represents the ith (ordinary) derivative of , 0 < b < 1,
0<é<1l,a—v—120,0<b6¥ V1 < 1. f(t,u,v) may be singular at ¢ = 0 or 1, and
v =0, g(t,u) may be singular at ¢ = 0 or 1. By the properties of Green function and the
two fixed point theorems for sum-type operator, we derived sufficient conditions for the
existence and uniqueness of positive solutions to problem (1). The characteristic features
presented in this paper are as follows. Firstly, the equations in this paper are the general-
ization of the equations studied in [12], where n = 2 and f (¢, u, u) = 0. Other particular
cases of our research was investigated in [13] (where n = 4, v = 2, f(¢t,u,u) = 0)
and in [10] (where b = 0). Secondly, in our work, the nonlinearity is allowed to be
singular in both time and space variables elements. Thirdly, we provide some alternative
approaches to study equations (1) under different conditions. Our methods do not demand
the existence of upper-lower solutions and compactness and continuity conditions for the
operators. At last, we obtained the sufficient conditions, which guarantee the existence
and uniqueness of the positive solution, and we also construct two iterative sequences
to approximate the unique positive solution. Here we should point out that the obtained
positive solution u* € P,. That is, there exist > 1 such that t*~1 /p < u*(¢) < pt® 1,
which makes the property of unique positive solution clearer. So, this paper extends and
improves many known results including singular and nonsingular cases.

The outline of this paper is as follows. In Section 2, we review some of standard
facts on definitions and summarize without proofs the relevant material on lemmas. In
Section 3, we convert the boundary value problem (1) into an equivalent integral equation,
we derive the corresponding fractional Green function and argue its properties. Then we
provide some conditions under which our main results are stated and proved. In Section 4,
we give two concrete examples to illustrate these results, which can be used in practice.
Some conclusions are drawn in Section 5.

2 Preliminaries

For the convenience of the reader, we repeat the relevant definitions and lemmas from
[1,3,4,20,22,23,25] without proofs, thus it makes our exposition self-contained.

Definition 1. (See [20].) The integral
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is called the Riemann-Liouville fractional integral of order o of a function h, where
a>0,h: (0,+00) = R, and T'(«) is the Euler gamma function defined by

+oo
Ia) = /ta_le_tdt.
0

Definition 2. (See [20].) The Riemann—Liouville fractional derivative of order o > 0 of
a continuous function h: (0, +00) — R is given by

D2, h(x) = ﬁ (Ci)n j(x — el dt, x> 0,
0

where I'(+) is the gamma function, provided that the right-hand side is pointwise defined
on (0,400), and n = [a] + 1 with o] standing for the largest integer less than .

Lemma 1. (See [1].) Assume that w € C(0,1) N L(0, 1) with a fractional derivative of
order o > 0 that belongs to C(0,1) N L(0, 1). Then

I8. Du(t) = u(t) + ert® et 2 o et

forsomec; € R(i=1,...,n), wheren = [a] + 1.
Lemma 2. (See [20].) Let o« > —1, v > 0, and t > 0. Then
INa+1) _
Dl/ toz — toc v
0F Pla—v+1)

For more details on fractional calculus, we refer the reader to [1, 20].

In the sequel, we present some basic concepts in ordered Banach spaces and several
fixed point theorems, which we will be used later. We suggest that one refers to [3,4,22,
23,25] for more details.

Let (E, ||-||) be a real Banach space with 6 the zero element, which is partially ordered
byacone P C E,ie.,x < yifandonlyify —x € P. If z < y and « # y, then we
denote x < y or y > x. Recall that a nonempty closed convex set P C F is a cone if
it satisfies: )z € P, A > 0= Az € P;(il)x € P, —xt € P = x = . Cone P
is said to be solid if P = {xz € P: z is an interior point of P} is nonempty; P is called
normal if there exists a constant N > 0 such that, for all z,y € F, 0 < x < y implies
lz]| < Nyl In this case, N is called the normality constant of P. For all 2,y € E, the
notation x ~ y means that there exist A\, u > 0 such that Az < y < px. Clearly, ~ is
an equivalence relation. Given h > 6 (i.e., h > 6 and h # 0), we denote by P, the set
P, = {x € E: x ~ h}. Itis easy to see that P, C P. Moreover, operator A: E — E is
increasing (decreasing) if z < y implies Az < Ay (Az > Ay).

Definition 3. (See [4].) A: P x P — P is said to be a mixed monotone operator if
A(z,y) is increasing in = and decreasing in y, i.e., u;,v; € P (i = 1,2), u; < us,
vy = vy imply A(uq,v1) < A(ug,v9). Element x € P is called a fixed point of A if
Az, z) = x.
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Definition 4. (See [4].) An operator A: P — P is said to be subhomogeneous if it
satisfies
Atx) > tA(z) Vte (0,1), z € P.

Definition 5. (See [4].) Let D = P and 3 be a real number with 0 < 8 < 1. An operator
A: D — D is said to be 3-concave if it satisfies

A(tz) > tPA(z) vt e (0,1), z € D.

Lemma 3. (See [22, Cor. 2.7].) Let § € (0,1), A: P, x Py, — Py, is a mixed monotone
operator and satisfies

Aftz,t™'y) > tPA(z,y) Vte (0,1), 2,y € P, (2)

and B: P, — Py, is an increasing subhomogeneous operator. Assume that there exists
a constant g > 0 such that

Az,y) > 6oBx  V,y € P, 3)
Then:
(i) There exist ug, vy € Py and r € (0, 1) such that rvy < ug < vo, ug < A(ug, vo)
+ Bug < A(’Uo, UQ) + Bvg < vo.
(ii) The operator equation A(x,x) + Bx = x has a unique solution x* in Py,
(iii) For any initial values xq,yo € P, constructing successively the sequences x,, =
A(Tp-1,Yn-1) + Brn-1, Yn = A(Yn—1,Tn-1) + Byn—1, n = 1,..., we have
T, — x* and y, — x* asn — oo.

Lemma 4. (See [22, Cor. 2.8].) Let § € (0,1). A: P, x Py, — Py, is a mixed monotone
operator and satisfies

A(te, t™'y) > tA(z,y) Vte (0,1), z,y € Py. 4)

B: Py, — Py is an increasing [3-concave operator. Assume that there exists a constant
0o > 0 such that

A(x,y) < §oBx Va,y € Pp. 5)
Then conclusions (1)—(iii) in Lemma 3 hold.

Lemma 5. (See [25, Cor. 2.2].) Let B € (0,1) and A: P, X P, — P}, be a mixed mono-
tone operator. Assume (2) holds. Then the operator A has a unique fixed point ©* in Py,
Moreover, for any initial values xy,yy € Pp, constructing successively the sequences
Tn = A@n—1,Yn-1), Yn = AWn-1,Tn-1), n = 1,..., we have ||z, — z*|| — 0
and ||y, — 2*|| = 0 as n — oo.

Lemma 6. (See [23, Thm. 2.7].) Let 8 € (0,1) and B: P, — P, is an increasing
(B-concave operator. Then the operator B has a unique fixed point in Py,
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3 Main results

In this section, we work in a Banach space E = (0, 1], which is endowed with the
norm ||z|| = max{|z(t)|: t € [0,1]} and equipped with a partial order: for all z,y € E,
=y < x(t) <y(t), wheret € [0, 1]. Set

P={zeC(0,1]): x(t) >0, t €[0,1]}.

Clearly, P is a normal cone and P C F, the normality constant is 1. Let h(t) = ¢t~}
and we define

b}

1
P, = {x eP ‘ > 1: ;h(t) < z(t) < ph(t), t €0, 1]}
At first, we introduce the following lemmas, which are crucial in the proof of the main
results.

Lemma 7. Assume that ( € C[0,1] N LY(0,1) is a continuous function. Then u €
C'[0, 1] is a solution to the following boundary value problem of the fractional differential
equation:

—Dgiu(t) =¢(t), 0<t<l,n—1l<a<n
uP(0)=0, i=0,...,n—2,
Dgiu(l) =bDgru(§), n—2<v<n-—1,

wheren > 2,0<b<1L,0<é<,a—v—1200<b>v ! <1, ifand only if
u satisfies the integral equation
1
- [ Gt as
0

where
ta71( )afl/fl btafl(é-_s)afufl
) d(t 8)*~ 0 < s <min{t, ¢} < 1,
G(t,s) e “l(1-s)2v= 1 —d(t —s)* 1, 0<&<s<t<,
to— 1(1 syl —prerlg—s)oevTl o<t <s<E<,
( 0<

tall )ocul’

where d = 1 — b= > 0. G(t, s) is called the fractional Green function. It is easy to
see that G(t, s) is continuous on [0,1] x [0, 1].

Proof. From Definition 1 and Lemma 1, u € C[0, 1] is a solution to the boundary value

problem if and only if

t
1
u(t) = 1t P F et 4 et — 1_‘7 / (t—s) s)ds
0
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for some real constants ¢;, 7 = 1,...,n. By using the boundary conditions u(i)(O) =0,
i =0,. — 2, we get immediately ¢,, = ¢,,—1 = ¢p—2 = - -+ = co = 0. Furthermore,
the boundary condition D, u(1) = bD§, u(§), n — 2 < v < n — 1, combining with

t
v _ ClF(a) a—-v—1 _ _ a v—1
()+u(t)—711(a_y)t a1 /t s) C(s)ds,
0
deduces
1 £
_ 1 a—v—1 a v—1
= g -9 £~ 5" e(s)ds
0 0
Hence,
t 1
_ 1 a—1 e ! oz v—1
u(t)——/@(t—s) ¢(s) ds+dF /1—3 ¢(s)ds
0 0
bta_l i a—v—1
- 2t [ =9
0
Whent < &

_— C()ds-i—

e

- ¢ tozfl(]_ _ S)afufl _ btafl(g _ S)afllfl _ d(t _ S)afl
-/ e

’1

(=)

¢ tafl(l _ S)afufl _ bta71(§ _ S)Ozfllfl
/ dT(a)

+

tocll_saul

¢(s)ds

_|_
m— =

- / G(t, 5)¢(s) ds.
0
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& — a—v— a— a—v— a—
/t L1 —5s) A ()| L_d(t—s) 1C(S)ds
0

dT(a)

t

tafl(l _ s)ocfufl _ d(t _ S)afl ! tafl(]_ _ S)afufl
+/ T (a) ((s)ds+/ (o) ¢(s)ds
3 t

1

= /G(t, s)¢(s) ds.

0

The proof is completed. O

In what follows, we define two operators A: P, x P, =+ P, B: P, — P by
1 1
Au,v)(t) = /G(Ls)f(s,u(s),v(s)) ds, (Bu)(t) = /G(t,s)g(s,u(s)) ds.
0 0

Setting ((¢) = f(¢, u(t),u(t)) + g(¢t,u(t)) in Lemma 7, it is easy to prove that u is
the solution of problem (1) if and only if it is a fixed point of the operator equation
u = A(u,u) + Bu.

Lemma 8. The function G(t, s) defined in Lemma 7 satisfies the following properties:

@) G(t,s) > 0for (t,s) € (0,1) x (0,1).
(ii) For (t,s) €[0,1] x [0,1],

2711 — )21 — (1 — 5)"]

tafl(]_ _ S)afufl
I(a) '

dT(a)

<G(ts) <

Proof. For the first property, when 0 < s < min{¢, £} < 1,

G(t,s) = [to‘*l(l — )l el (e —s) v —d(t — s)o‘*l}

dT(a)
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1 a—1 a—v—1 —s a—v—1
= T {t (d+ b€ )(1—s)

o L0 I T
g (1)

> gl = =
bta:irf(aa_)y_ [(1 . S)a—y—l _ (1 _ S)(x—u—l]
=0.

By a similar argument, when 0 < &€ < s <t < 1,0 <t < s << 1;0<L
max{t,{} < s < 1, we can deduce G(¢,s) > 0. Therefore, we get that G(t, s) > 0 for
any t,s € (0,1).

Next, we will prove the second property. From the factthat 0 < b < 1,0 < d =
1— bfo‘*”’l < 1, we easily obtain

tafl(l _ s)ocfufl

Glt,s) < dT(a)

Y(t,s) € [0,1] x [0, 1].

Further, we need to prove G(t,s) >t 1(1 — s)*7"71[1 — (1 — 5)"]/T ().
When 0 < s < min{¢, £} < 1,

Glt,5) = ——— [t (1 — )7L — pra=L (€ — )21 — d(t — 5)°1]

~dI(a)
B t(x—l(l _ s)a—u—l ta—lbga—y—l(l _ ?)O‘_V_l tafl(l _ %>o¢71
- dT(a) a dT(a) B I(a)
- tozfl |:(1 _ s)a—u—l B bga—u—l(l _ S)a—u—l B (1 _ s)a—l
- dT(«) dT(«) T'(@)
S S R
['(a) [(a) [(a) '
When 0 < ¢ < s <t<1,byusing0 <d=1-—0b>""1 <1, we derive
Gt s) = drl(a) 11— )1 d(t — 5)* ]

—

- ta(:) [(1 - 52;—11—1 ) (1 ) j)a_l}

Nonlinear Anal. Model. Control, 24(1):95-120
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tafl (1 _ S)O[*V*l o tafl e o
>F(Oé) d _(1_8) ! >F(Oé) [(1_8) 1_(1 S) 1]
e (1 — 5)2 1 — (1 — 5)7)

N I'(«)

When0 <t <s<€<1,byG(t,s) >0,wehave 0 < 1—(1—s)” < 1. Combining
with 0 < d < 1, we obtain

G(t,s) _ dr(a) [ta_l(l o s)a—u—l o bta—l(g o s)a—l/—l]
a—1 s a—v—1
a—1
> dtr(a) [(1 o s)a—y—l _ bfa_u_l(l _ s)a—l/—l]
R el (R e L0
= @(1 — S) P F(a)
When 0 < max{t,{} <s<1,by0<d<land0<1—(1-9)"<1,
Glt) = g 10 =9 ] > s [t =]
s - (1= )]

I'(a)
From above, for (¢, s) € [0, 1] x [0,1],

to (1 —s) V711 — (1 —s)Y]
T'(«x)

The proof is completed. O

Now, we mention our first main theorem in this paper, which is concerned with the
existence-uniqueness of positive solution to problem (1).

Theorem 1. Assume that:

(L1) f:(0,1)x][0,400) % (0,+00) — [0,400) and g: (0,1) x [0, +00) — [0, +00)
are continuous, and f(t,u,v), g(t,u) may be singular at t = 0 or 1, and
f(t,u,v) also may be singular at v = 0.

(L2) f(t,u,v) is increasing in u € [0,+00) for fixed t € (0,1) and v € (0,+00),
decreasing in v € (0, +00) for fixed t € (0,1) and u € [0,+00), and g(t,w) is
increasing in u € [0, +00) for fixed t € (0,1).

(L3) There exists a constant 3 € (0,1) such that, for all A\ € (0,1), t € (0,1),
u € [0,400), v € (0, +00),

FE A u, A1) = AP f(t,u,v). (6)

https://www.mii.vu.lt/NA



New unique existence criteria for higher-order nonlinear singular fractional differential equations 105

Forall A € (0,1),t € (0,1), u € [0, +00),
g(t, Au) = Ag(t, u). @)
(L4) f(t,1,1) #0,g(t,1) #0, and

1

1
/(1 — S)a_y_lmf(s, ].7 1) ds < "_OO7
0
1

1
/(1 ) 5a71g(8’ 1)ds < 4o0.
0

(L5) There exists a constant 5y > 0 such that, for t € (0,1), u €0, +00), v € (0, +00),
f(ta U, ’U) 2 509(t, U)
Then:

(1) The three-point boundary value problem (1) has a unique positive solution u*,
which satisfies 1/uto"1 <u* < ut“il, where

1
8
n > max{n, dl?(oz) /(1 _ s)a_y_lmf(s, 1,1)ds,
0
1 -1
(nﬁrl(a) !(1 — ) VT L= (1= s)"]s7 N f(s,1,1) ds) ,
1
n a—v—
dF(a) 0/(1—8) 1@9(3,1) ClS7

; -1
1 a—v—1 _ _ g\ Socfl s s
(nF(a) 0/(1_5) [1—(1-9)"]s""g(s,1)d ) } )
withn > 1.

(ii) There exist ug,vg € Py, and r € (0,1) such that rvg < ug < vo and

uo(t) < [ G(t,s) [f(s,uo(s),vo(s)) + g(s,uo(s))] ds, te]0,1],

vo(t) = | G(t,s)[f(s,v0(s),u0(s)) + g(s,v0(s))] ds, te€][0,1],

o O~ _

where h(t) = t*~1, ¢t € [0,1].

Nonlinear Anal. Model. Control, 24(1):95-120



106 H. Wang et al.
(iii) For any ug,vg € Py, constructing successively the sequences

unt1(t) = | G(t,s) [f(svun(s)7vn(s)) +g(37un(s))] ds, n=0,1,...,

—

0
1
Unt1(t) = /G(t, $)[f(s,vn(s),un(s)) + g(s,vn(s))]ds, n=0,1,...,
0

we have ||u, — u*|| — 0 and ||v, — u*|| = 0asn — .

Proof. Firstly, we will prove operator A: Py, x P, — Py is a mixed monotone operator
and operator B: P, — P}, is an increasing operator.

By (L3), for all A € (0,1), ¢t € (0,1), u € [0,400), v € (0,400), there exists
B € (0,1), and one has

Fltu,v) = FEANT T, AT E00) = M (A, M),
g(t,u) = g(t,)\)flu) > )\g(t,)\flu),
from which we have
f(t, A, )\v) < )\iﬁf(t,um) vt € (0,1), u € [0,+00), v € (0,4+00), (9)
g(t,\tu) < %g(t,u) vt € (0,1), u € [0, +00). (10)
Substituting © = v = 1 in (6) and (9), we derive
FENNTY) = AP f(t,1,1) VEe (0,1), A€ (0,1),
fEATHN) < %f(t,l,l) vt € (0,1), A € (0,1). (b
Taking v = 1 in (7) and (10) respectively, we obtain
g(t,A) = Mg(t, 1), g(t,A™") < %g(t,l) vte (0,1), Ae (0,1).  (12)
Next, we consider the function defined by h(t) = t*~! for all t € [0, 1]. For any z,y €

A
P, we can choose a constant ¢ = 1 > 1 such that (1/9)h(t) < z(t), y(t) < nh(t) for
all t € (0, 1). From (L2), (6), (9), and (11), for ¢ € (0, 1), we obtain

Ftx(t),y(6) < f(tnh(t), 17 h(t)) < f(En(r@) 0~ A1)

(h(2))? ’ (h(£))P "7
,76
- tﬁ(ail)f(t, 1,1). (13)
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F(toa(),y() = F(tn~ h(t), k() = f(tn7 h(E), n(h() )
8 1 (h(t))?
> ()" (™) > == 5= f (. 1.1)
tB(a=1)
o f(t,1,1). (14)
Also, for any ¢ € (0, 1), it follows from (L2), (7), (10), and (12) that
. 1
g(t,z(t)) < g(t.nh(t)) < g(t,n(h(t) ) < %g(tﬂ?)
n n
< oL g(t,1) = ta_lg(t,1)7 (15)
g(t,z(t)) = g(t,n "h(t)) = h(t)g(t,n™") > hf;)g(t 1)
an— g(t,1).

(16)
Making use of Lemma 8, (L4), (13), and (15), we obtain

Az, y)(t)

G(t,s)f(s,z(s),y(s)) ds

o _

=

1

ta_ln a—v—1 1

dTl () /(1 = 5) $Bla—1) f(s,1,1)ds < 400,
0

N

(Ba)(t) = / G(t,)g(s, 2(s)) ds
0
Ui / 1 1
yamre pr 9(s,1)ds < 0.
a)o/ 1

Then Lemma 8 implies that A: P, x P, — P, B: P, — P are well defined

In order to prove A: P, X P, — P, B: P, — Py, wetake t € [0,1], u,v € Py
Then it follows from Lemma 8 and (13) that

A(u,v)(t)

o _

G(t,s)f (s, u(s),v( nﬁ/G 1)f(s 1,1)ds
0

»

ta 1,'7

1
v 1
(a) / 1—8 a- 1@]“(8,1,1) ds.
0
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Considering Lemma 8 and (14), we deduce

1
A(u, %/G B(a 1)f(s,l,l)ds
’ 1
2 7T () 0/(1 — )T 1= (1—8)" )PV f(s,1,1) ds.

Similarly, for all t € [0, 1], u € Py, it follows from (15), (16) and Lemma 8 that

(Bu)(t) =

79(s,1)ds

o _

G(t,s)g(s,u(s)) ds < n/G(t s)
0

d

9

F(a

1
/G g(s,1)ds
0

tozl

~—

1
1
/ )L gl 1) ds,
0

J\H

1
/1—80‘ vTHL = (1= s)Y]s* tg(s, 1) ds.
0

Let 1 > 1 be a constant such that (8), then we can easily obtain
1 1

lh( t) = —t"

<A@, 0)(t), Bu(t) < pt®' = ph(t), te0,1],
I o

which means that A(u,v) € P, Bu € P, and we prove that A: P, x P, — P,
B: P, = Py.

Next, we shall show that A: P, x P, — P} is a mixed monotone operator, B :
P, — Pp is an increasing operator. In fact, for any u;,v; € Py, 1 = 1,2, with uq = ua,
v1 < vz, we know that ui(t) > wa(t), v1(t) < va(t), t € [0,1], and by (L2) and
Lemma 8,

1 1
A(uy,vp)(t) = /G(t, $)f(s,u1(s),vi(s)) ds > /G(t,s)f(s,uQ(s),vg(s)) ds
0 0
= A(u2702)(t)7

which means that A(uy,v1) = A(ug,ve), thatis, A: P, x P, — P, is a mixed monotone
operator. Also, for any u,v € Pj, with u < v, we have u(t) < v(t), t € [0, 1]. It follows
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from (L2) and Lemma 8 that

Bu(t) = /G(t,s)g(s,u(s)) ds < /G(t,s)g(s,v(s)) ds = Bo(t),
0 0

which implies that Bu < Bv. Hence, B: P;, — P}, is an increasing operator.

Secondly, we check the operator A satisfies (2) and operator B is a subhomogeneous
operator. In fact, for any ¢ € [0,1], A € (0,1), and u,v € Py, by (L3) and Lemma 8, we
deduce

AQw, A~10)(1) = / G(t,5)f (s, Mu(s), A" o(s)) ds
0

1
= Aﬁ/G(t, s)f (s u(s),v(s))ds = N A(u,v)(t),
0
that is,
A(Au,)\*lv) =N A(u,v), Xe(0,1), u,v € Py,
and, forany ¢ € [0,1], A € (0,1), u € Py, we have

B(Au)(t) = /G(t, $)g(s, Au(s)) ds > )\/G(t, s)g(t,u(s)) ds = ABu(t),
0 0

thus we get
B(A\u) = ABu, A€ (0,1), u € Py,
which implies that B is a subhomogeneous operator.

Thirdly, it follows from Lemma 8 and (L5) that for any w,v € Pj, and ¢t € [0, 1],

1

Au,v)(t) = /G(t,s)f(s,u(s),v(s)) ds > 50/G(t7s)g(s7u(s)) ds
0 0
= (5()Bu(t)

So, we get A(u,v) > doBu. This proves assumption (3).

Finally, an application of Lemma 3 implies that the boundary value problem (1) has
a unique positive solution u* in Py, which means there exists 1 > 1 (see (8)) such that
to 1 /u < u*(t) < ut® L. So, the property of unique positive solution is more clear.
Moreover, we obtain other desired results (ii)—(iii). The proof is completed. ]

Corollary 1. Let g(t,u) = 0. Assume that:

M1) f:(0,1) x [0,400) x (0,400) — [0, +00) is continuous and may be singular
att=0o0rlandv =0.

Nonlinear Anal. Model. Control, 24(1):95-120
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(M2) f(t,u,v) is increasing in u € [0, +00) for fixed t € (0,1) and v € (0,+00),
decreasing in v € (0,400) for fixed t € (0,1) and u € [0, +00).

(M3) There exists a constant 3 € (0,1) such that, for all A\ € (0,1), t € (0,1),
u € [0, +00), v € (0, 400),

Ft A u, A1) = AP f(t u,v).
(M4) f(t,1,1) # 0 and

1
1
/(1 — S)Q_y_lmf(S, 1, 1) ds < +00.
0

Then the fractional boundary value problem

=D§.(t) = f(t,ut),u®), 0<t<l,n—1<a<n,
u'(0)=0, i=0,...,n—2,
D§.u(l) =bDgru(§), n—2<v<n-—1,

has a unique positive solution u* in Py in which p is a positive constant defined by

. 1 ) 1/(1-B)
a—v—1
o> maX{L (dF(a) /(1 —s) mf(s, 1, 1)d8> ,
0

1 1/(8-1)
1 —s a—v—1[71 _ Y Sﬂ(afl) s s
(F(a) O/(l Jr 1 (1= 9)]s7 D (s, 1, 1) ) }

Besides, for any xq,yo € Py, h(t) = t*~L, constructing successively the sequences

Ups1(t) = G(Ls)f(s,un(s),vn(s))ds, n=20,1,...,

vnt1(t) = | G(t, s)f(s, Un(8), un(s)) ds, n=0,1,...,

O\H O\H

we have ||u, —u*|| = 0 and ||v, — u*|| = 0asn — oo.

Proof. By the proof of Theorem 1, we can easily prove the above conclusions with an
application of the Lemma 5. O

Remark 1. If we set the constant b = 0 in boundary value problem (1), the obtained
equations have been studied by Jleli and Samet, but they only consider the existence
and uniqueness of positive solutions for nonsingular problem. In this sense, our result
generalizes and supplements that of [10].
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Next, let us mention the second main result, which show the other sufficient conditions
guaranteeing the existence and uniqueness of positive solution to problem (1).

Theorem 2. Suppose that (L1)—~(L2) hold and:
(L6) Forallt € (0,1), A € (0,1), u € [0,400), v € (0, 4+00) such that
f(t,)\u,)\*lv) > Mf(t,u,v), a7
there exists a constant 3 € (0, 1) such that, for A€ (0,1), t€(0,1), u €0, +00),
g(t, u) = Ng(t,u). (18)
(L7) There exists a constant 6, > 0 such that, for t€ (0, 1), u€10, +00), v € (0, +00),
ft u,v) < gt u).
(L8) f(t,1,1)#£0, g(¢t,1) £ 0, and

(1 _ S)a—y—l

f(s,1,1)ds < 400,

safl

(1 _ S)a—v—l

1
A=) g(s,1)ds < +o0.

o O~

Then the three-point boundary value problem (1) has a unique positive solution u* in Py,
in which h(t) = t*~1, and conclusions (ii)—(iii) in Theorem 1 also hold.

Proof. By aroutine argument similar to the proof in Theorem 1, it follows from Lemma 8,
(L2), (L6), and (L7) that A is a mixed monotone operator and satisfies (4), B is an
increasing [3-concave operator, and operators A, B satisfy (5) in Lemma 4.

In the sequel, we will prove A: P, x P, — P, B: P, — Py. By (17) and (18), for
all A € (0, 1), there exists 8 € (0, 1) such that

f(t,)\_lu,)\v) < —f(tu,v) Ve (0,1), u€l0,+0), v e (0,+00), (19)

> =

1
g(t,/\_lu) < )\—ﬁg(t,u) vt € (0,1), u € [0, +00). (20)
If u = v = 1, we rewrite inequalities (17)—(20) as follows:

FBANT) ZAf( L1 VEE (0,1), A€ (0,1),
@1

Lt 1,1) vee (0,1), Ae (0,1),

—1 -
FEATHA) < 5

and

o0 > Nt 1), g(t A7) < 150(61) Ve (0.1, AE (0.1, (@)

For any =,y € Py, here we define h(t) = t*~!, we can choose a constant ;1 = x > 1 be
such that h(t)/rx < z(t),y(t) < kh(t) forall ¢ € (0,1). By (L2) and (17), (19), (21), we
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see that

-1
<mf(t7'k‘.ﬂﬁ )gﬁf(t]wl)
= o f6 L1, e (01, (23)
F(t2(8),y(t) = f(t 7 h(t), kh(t)) = (£, 57 h(E), () )
> h(t)f(t.n k) > @f(t, L1)
P 1), te (1), (24)
Similarly, by (L2), (18), (20), (22) we deduce
B
9(t.o) < et 1), e (01), (25)
B(a—=1)
g(t:2(t) > —5—g(t,1), te(0,1). (26)

From Lemma 8, (23), (25), and (L8) we have that A: P, x P, — P, B: P, — P are
well defined. For all t € [0, 1], u,v € Py, from Lemma 8 and (23)—(26) we have

a—lﬁ .
Alw o)) < e [(1= 97 (s 1) ds
0
1
A(u,v)(t) = /:F(a) /(1 —5)* 1= (1= 8)"]s* " f(s,1,1)ds,

and

1
ta 1y o 1
Bu(t) < /(1 — )t 55(“*1)9(8’ 1)ds,
0
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1
A 1
Ilj /1—5“ v=l (ail)g(s,l)ds,
0

dT(«)
1 -1
_ a v—1 _ _ B(a—1)
(/@BF /1 s) [1—(1-s)"]s g(s,l)ds) } 27
0
Then we get
1 1
Ch(t)= 7 < Al o)t), Bult) <t = ph(t), € [0,1),

which means A(u,v) € Py, Bu € Pj,. Consequently, A: P, X P, — Py, B: P, — P.

Owing to Lemma 4, we can obtain that the boundary value problem (1) has a unique
positive solution u* in Py, where h(t) = o1, w = 1, satisfies (27). Moreover, we also
deduce other desired conclusions (ii)—(iii) in Theorem 1. The proof is completed. O

By means of Lemma 6 and similar to the proof of Theorem 2, we can easily prove the
following conclusion.

Corollary 2. By choosing f(t,u,u) = 0, we may actually assume that g satisfies the
following conditions:

(N1) g: (0,1)x]0, +00) — [0, +00) is continuous and may be singular att = 0 or 1.
(N2) g(t,u) is increasing in u € [0, +00) for fixed t € (0, 1).
(N3) There exists a constant 3 € (0, 1) such that

g(t, \u) = Ng(t,u) e (0,1), t€(0,1), uc[0,+00).
(N4) g(t,1) # 0 and

1
a—v— 1
0

Then the fractional boundary value problem
—Dg (t) :g(t,u(t)), 0<t<l,n—-1<a<n
u'(0) =0, i=0,...,n—2,
Dgiu(l) =bDgru(§), n—2<v<n—1,

has a unique positive solution u* in Py, in which h(t) = t*~, and y is a positive constant
defined by

) 1 L 1/(1-p)
> max{l, (dI‘(a) /(1 — )t 8/8(06_1)9(57 1) ds) ,
1 1 ’ 1/(B-1)
(1"(04) 0/(1 —s)* - (1- s)”]sﬁ(o‘fl)g(s, 1) ds) }
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Remark 2. If n = 2, f(¢,u,u) = 0 in problem (1), which we may assume, then this
construction is previously studied in [12]. Moreover, the literature [12] only concerned
with the existence and multiplicity of positive solutions. So, our unique existence result
generalizes and improves the results in [12].

Remark 3. The equations studied in this paper are the generalization of the equations
in [13]. It is easily seen that the boundary value problem (1) reduces to the one in [13] if
wesetn =4,v = 2,and f(¢,u,u) = 0. Besides, we provide some alternative approaches
to study the existence and uniqueness of positive solution for singular fractional differen-
tial equations, which generalizes and improves the known results including nonsingular
and singular problems.

4 Examples

To illustrate the main results, two examples are given as follows.

Example 1. Consider the following boundary value problem:

/4 u(t)
1)5/2 £) = $3/4 A PVEYE A 43/2 £3/4(1 _ 43/4
1 1

u(0) =0, «'(0)=0, D342u<1>—2D342“<4>,

where ¢, m > 0 are constants, a: (0,1) — [0, +00) is a continuous function with a # 0.

(28)

Obviously, problem (28) fits the framework of problem (1). We take ¢ > m > 0,
b=1/2,6 =1/4, o = 5/2,andv = 3/2suchthat « —v —1 = 0 > 0, and
b¢@=v=1 =1/2 € [0,1). Besides, set 3 = 1/2, constant n > max{a(t): ¢t € (0,1)}.

F(t,u,v) = t3/4 (\/ﬂ + \/% + m) . gtu) =132 (1iua(t) Ye— m).

Next, let us check that all the required conditions of Theorem 1 are satisfied. Clearly,
the functions f: (0,1) x [0, +00) x (0,+0c0) — [0,4+00) and g: (0,1) x [0, +00) —
[0, +00) are continuous, and we can easily observe that f(¢,u,v) is increasing in u €
[0,400) for fixed ¢ € (0,1) and v € (0,400), decreasing in v € (0,+o00) for fixed
t € (0,1) and u € [0, +00), and g(t, u) is increasing in u € [0, +o00) for fixed ¢ € (0,1).
Forall A € (0,1),t € (0,1), u € [0,400), v € (0,400), we have

1 1
t, A u, A"t :t3/4< Au + +m> :)\1/2t3/4( u+—|—)\_1/2m)
d ) Nt Vit U

1

2)\1/2153/4( u—i——i—m):)\ﬂ t,u,v),

g(t, Au) = t3/2 La(t)Jrcfm > 3/2 La(t)Jr/\(c—m)
’ 1+ A\u - 1+ A\u
S 32 Y _ _
> M (1 n ua(t) +c m) Ag(t,u)

https://www.mii.vu.lt/NA



New unique existence criteria for higher-order nonlinear singular fractional differential equations 115

Besides,

f(t,1,1) :t3/4<1—|— % —|—m> £0, g(t,1) =t3/2<a(2t) +c—m> £0,

and

(1—s)2 vt (s,1,1)ds

1
36(0‘*1) f

1 1
1 1 1
— _ 0 3/4 _ 4
_/(1 s) /i’ <1+\/§+m)d5—/<1+\/§+m)ds<—|—oo,
0 0

o _

1 1
1 1 1
— _g\0 3/2( 2 — Z —
_/(1 s) 373" (Za(s)—i—c m>d5</<2n+c m) < +o0.
0 0

Moreover, for ¢t € (0,1), v € [0, +00), v € (0, +00), if we take g € (0, m/(n+c—m)],
we can obtain
. 1 . .
f(t,u,v)—15‘3/4(1L1/2+\erm)215‘3/2771—15‘3/2 (n+c—m)

tv n+c—m

> §yt3/? (j_ua(t) +c— m) = og(t,u).

1

Hence, we prove that all the typotheses of Theorem 1 are satisfied. Then we deduce that
problem (28) have only one positive solution u* € Py, where h(t) = t3/2.

Remark 4. If we set the function a(t) = t2, constantsc = 2, m =1, n = 1, n = 1in
Example 1, we can compute thatd = 1 — b¢*~~1 = 1/2 and

1
B ) ,
77 e 1 )
dT'() /(1 s) sﬁ(a—l)f(salal) ds o
0

(2+5712)ds = 6.02,

Nt

o O~ _

)

<152 + 1> ds = 1.76,

0o 1 2
—8)*Y s,1)ds =
dT () 0/(1 ) sa—lg( 2 I'(3) 2

1 —1
<77B1}(Ck) /(1 — 3)a—y-1 [1 — (1 — s)l’] Sﬁ(a—l)f(s’ 17 1) d8>
0

oot

1 —1
(2 fo-0-monrma) i
0
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1 —1
1 a—v—1 _ — 3 Sa—l s s

= (F(15) /1 [1-(1-s)%?]s* <;SQ + 1) dé‘)1 = 4.43.
270

It follows from (8) that

1> max{1,6.02,1.28,1.76,4.43}.

Here we choose ;1 = 7. Then we can obtain the unique positive solution 2* € (¢3/2/7,
7t3/2), which makes the property of unique positive solution more clear.

Example 2. Consider the three-point boundary value problem

1
Dég/gu(t) = (t17/6 + t1/12)u1/4(t) + #1973 arctan —— + —¢7/12

u(t) 2

1
u(0) =/ (0) =u"(0) =0, Dyl lu(l) = f’lDSf’“(z)

(29)

If we set & = 10/3, v = 7/3,b = 3/4, £ = 1/2, which satisfy « — v — 1 > 0 and
b¢e=v=t = 3/4 € [0,1). Then the above problem can be regarded as a boundary value
problem of form (1) with

1/4 1 S
t,u,v =t10/3<u+arctan>, t,u =t7/12<+),

Next, we verify that conditions (L1)—(L2) and (L6)—(L8) are satisfied. At first, it is easy to
check that f(¢,u,v) and g(t, u) satisfy conditions (L1)—~(L2). Moreover, for A € (0,1),

te (0,1),u € [0,40),v € (0,+00), we have
1/4,1/4
> > #10/3 ()\u + Aarctan 1>
Vi v

Au)t/4 1
f(t, M, )\—1@) — +10/3 <(7j/)f + arctan 1y

10/3 ul/4 1y _
> M 7 + arctan = A\f(t,u,v),
v

) L/4 1/4
glt, M) = t7/12(( I\L/)i + g) > /\1/4157/12<“\/2E + g) = Mg(t,u),

where 5 = 1/4. Therefore, (L6) is proved. At last, take §, € [1,+o0). For ¢t € (0,1),
u € [0,+00), v € (0,4+00), we get

o ut/4 1 Jult Y2 S—-
tu,v) = 193 (u + arctan > < 1073 ( + > < t7/12 ( + >
Fltsu0) i ! S .

< 0pg(t, w).
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Besides,

f(£,1,1) —t1°/3<\2+z> £0,  g(t1) —t7/12<1+7r> £ 0,

and

1

o—V— 1
/(1 —5) 173[3(@—1)9(5’1) ds
0

1 1
1 1 T 1 us
_ _ 0 712 + T _ Lo
_/(1 s) Sizs (\/g+2>ds—/<\/§+2>ds<+oo.
0 0

So, conditions (L7) and (L8) hold. Hence, we prove that all the conditions of Theorem 2
are satisfied. By application of Theorem 2, we obtain that boundary value problem (29)
has only one positive solution u* € Py, where h(t) = t7/3.

Remark 5. If set k = 1, we compute d = 1 — b§*~~1 = 1/4 and

1 1
K 1 4 T
I 1,1)ds = - =1
aT(a) /( s) sailf(s, ,1)ds 1_‘(130)/<\/§+4s) ds 53,
0 0
O 1 4 ; 1
K i
1—s)* "l —g(s,1)ds = - =514
dT(a) /( 2 A d(s1)ds = (D) /< NG 2) s =514,
0 0

1 / _sa—u—l _ _SVSa—l s S_l
<0‘>0/(1 ) L= (15 f(7171)d>

1

- (r(llo) / [1-a- 5)7/3]817/3(\}5 + D ds>_ =10.14,
3 0
(Kﬁg(a) /(1 — ) vt [1 —(1- s)u} Sﬁ(a_l)g(& 1) ds)
0

) -1
1 T
7/3] 7/6 ( 4 > d5> = 2.46.
( r(19) 0/ Vs o2
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It follows from (27) that
p > max{1,1.53,10.14, 5.14, 2.46}.

If we choose ;1 = 11, then we get the unique positive solution z* € (¢7/3/11,11t7/3). In
this case, the property of unique positive solution is clearer.

5 Conclusions

In this paper, we research a class of higher-order nonlinear singular fractional differential
equations with a nonlocal-type boundary condition. By applying the properties of Green
function and some fixed point theorems for sum-type operator on cone, some existence
and uniqueness results are obtained successfully for the case where the nonlinearity is
allowed to be singular with respect to not only the time variable but also the space variable.
Moreover, our results also show that the unique positive solution can be approximated by
constructing two iterative sequences for any initial point in P. Finally, two interesting
examples are presented to demonstrate the main results. Our study improves and gener-
alizes some previous works about positive solutions for fractional differential equations
such as [10, 12, 13].

Acknowledgment. The authors sincerely thank the reviewers for their valuable sugges-
tions and useful comments that have led to the present improved version of the original
manuscript.
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