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Abstract. A two-dimensional medium is considered in which the fields are described by the
Helmholtz equation. The linearized formulation of the problem of restoring the parameters of
the medium (the inverse problem for the Helmholtz equation) is studied. The conditions for the
uniqueness of detection of thin conducting layers are established. Examples are given of the
multivaluedness of the solution of the inverse problem in information, which was initially thought
to be even redundant for an unambiguous solution.
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1 Introduction

We consider the Helmholtz equation

Pu  d%u

Au+ po(z,y)u = 2 + e

+ po(z,y)u=0 (1
inthe band D = {(z,y): —o <z < o0, 0 <y < 1}
Suppose that the solution u(z, y, i) of equation (1) satisfies the boundary conditions

ou

ur,y =1 =0 Fo(ny=0p=-1 )

Let the parameter u and the coefficient o(x, y) be such that the solution of the boundary
value problem (1), (2) — a function u(x, y, 1) — exists and is unique. The exact conditions
on u and o will be indicated below.
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Definition 1. A direct problem for system (1), (2) is the problem of finding a function

o(z, p) = u(x, y =0, mu). 3)

Definition 2. The inverse problem for system (1), (2) is the problem of determination the
coefficient o (z, y) of the function ¢(z, 1) from (3).

These problems are modeled in the calculation of fields and in the interpretation of
sounding data. In applications, for example, in electrical prospecting [6], the coefficient
o(x,y) from (1) characterizes the structure of the Earth, the parameter y has a sense of
the sounding frequency, u|,—o, Ou/0y|y=o expressed in terms of the values of the electric
and magnetic field strengths on the Earth’s surface.

We note that for a one-dimensional analogue of equation (1), that is, for equation
0%u/0y? + po(y)u = 0, the inverse problem is solved in an exhaustive manner [2,8,16].

In particular, the uniqueness theorem for the recovery of the coefficient o (y) is proved
for a wide class of functions that includes piecewise-continuous functions o (y).

The results on the inverse multidimensional problem for equation (1) are much more
modest — special cases were studied within the framework of simplifying assumptions
[1,4,10,12,13].

In this paper, we study the linearized version of problem (1), (2). The procedure for
linearization is as follows [14].

We consider the coefficient o(z,y) = oo + v(z,y), where ||y(z,y)| < ||ool|. We
introduce a new parameter € into system (1), (2) and expand the solution u(z,y, i, €) in
a series in this parameter: u = ug + euy + €2ug + -+ -.

e Au+ u(og + 57(x,y))u =0,

d
% Aug + pogug = 0, Up|y=1 = 0; &o =1,
dy y=0
1 Ouy
et Auy + poour = —puoy(z,y),  wily=1 =0 - =0,
Y ly=o
, ou
e Aup + pootn = —ptn—17(2,9), Un|y=1 = 0; Tn =0.
Y |y—0

We confine ourselves to the approximation u =~ ug + cu;. In this case, we consider
that € equal to 1. To shorten the entries, we denote w = ug, v = u;. Then u = w + v,
where

d?w dw

—— + poow =0, wly=1 = 0; dy

™ =1, 0

y=0

ov
Av+ pogv = —pw(y, Wy(z,y),  vly= =0 o

|
e

®)

y=0

Next, we set and study inverse problems for system (4), (5).
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2 A single-layer medium

We assume in (4) that y = —1, v(z,y) = 6(y — b)a(x), where 6(t) is the Dirac delta
function ([*_d(t)f(t)dt = f(0), b € (0;1)) [17]. In the application to electrical
prospecting, this kind of function 7(z, y) means that a thin conductive layer with total
conductivity «(z) lies at the depth b [6].

Concerning relations (5), it will be convenient for us to use another equivalent form,
which obviously does not contain a delta function:

Av—ogv=0, 0<y<l, y#b,

ov ov

=0 G =0 lbm=0 [ay]

y=b

We recall the notation: [v]|,=, = v(x, b+ 0) — v(z, b — 0).

Thus, according to (6), the solution v(x, y) satisfies the equation fory # 0,0 < y < 1,
is continuous on the inner boundary y = b, and the derivative of the solution suffers
a discontinuity on this boundary.

‘We rewrite relation (4) for the case under consideration as

d?w dw

— —oow=0, wly— =0 — =—1. @)
dy? Y dy y=0

We study system (7), (6). The function w(y) from (7) is written explicitly:

sh(y/ao(l —y))
Voochy/ag

The following result concerns the solution of system (6) [4, 15].

w(y) = ®)

Theorem 1. Let a(z) be a bounded, infinitely differentiable function with bounded deriva-
tives. Then the bounded solution of problem (6) exists and is unique. In this case, the
solution v(x,y) is a continuous function in the domain D = {(z,y): —o00 < = < 00,
0 < y < 1} and an infinitely differentiable function in the domains D1 = {(x,y): —oo <
r <00, 0<y<b), Dy ={(z,y): —c0o<z <00, b<y<1}

Definition 3. A direct problem for system (7), (6) is the problem of determining the
function

p(x) =v(z, y =0). )
In this case, the coefficient (number) o and the function «(z) in (6) are assumed to be
known.

Comment. The function ¢ in Definitions 1, 3 differs by a term w(0), where w(y) is the
function from (7).

Definition 4. The inverse problem for system (7), (6) is the problem of reconstructing the
coefficient a(z) from (6) with respect to the functionp () in (7). In this case, the numbers
09, b participating in (6) are assumed to be known.

Nonlinear Anal. Model. Control, 24(1):121-137
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The solution of the direct problem for system (7), (6) can be written out in explicit
form. To this end, we represent the function v(z, y) in (6) as the sum of a Fourier series:

v(z,y) = Z an(x) cos Ay, (10)
n=0

where A, = 7/2+7mn,n=0,1,2,....
Using the formula for calculating the coefficients of the Fourier series

an(x) =2 [ v(z,y) cos(Any) dy,
/

the form of the function w(y) in (8), relation (6), we obtain equations for determining the
coefficients a,,(x):

d?a,, 9 ~ 2cos(Apb) sh(,/a0(1 — b))
e (A2 +00)ay, = V70 ch /7o a(z). 1)

We recall that () from (11) is an infinitely differentiable function bounded on the whole
axis. For equation (11), the Green’s function is easily written [9], so the solution of the
equation, bounded on the entire numerical axis, is given by the following formula:

 cos(Aab) sh(y/p(1 — b)) °°eX Tt alva
an(z) = Nor [ exo(-VR Tl - ahaar a2

Taking into account (12), (10), (9), we obtain an explicit formula for the solution of the
direct problem

o(x) = / K(x —t)a(t) dt, (13)

where
_ sh((1 = b)y/30) i cos(A,,b) exp(—+/A2Z + og|z|)
Vooch\/oo = VA2 + o '

Result (13) can easily be generalized to a multilayer medium using the linearity of the
problem.

In (4), (5), we take that p € {—n1, —n2,...,—nN}, where ny > ny_1 > -+ >
m > 0, y(z,y) = S0, o(2)5(y — bi), where a;(z) € L™ (R),0 < by < by--- <
b, < 1. In an application to electrical prospecting, this kind of function means that thin
conductive layers with total conductivity «;(x) lie at depths b;, respectively.

K(z) =
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Concerning relations (5), it will be convenient for us to use another equivalent form,
which obviously does not contain a delta function:

Avp —mroov =0, 0<y<1l, y#b;,i=1,2,...,n,
Duy 3%}

Uk| =1 = 0; —_— = O7 Vk =b; — 0, |:
y |, =0 el 5

_sh(yoomk(l—y))
wi(y = Joom h(yaom)” k=1,2,...,

We will explain that, according to (14), the solution vy (z,y) satisfies the equation for
0 <y < 1,y # b;, is continuous on internal boundaries y = b;, and the derivative of
solutions suffers a discontinuity at these boundaries.

The following result is true about the solution of system (14) [3,4].

= wy(b;) (), (14)

Theorem 2. Let o;(x), i = 1,2,...,n, be bounded and infinitely differentiable func-
tions with bounded derivatives. Then the bounded solution v (x,y), k = 1,2,..., N, of
problem (14) exists and is unique.

Moreover, the solution vk(x y) is a continuous function in a domain D = {(x,y):
—00 < x < 00, 0 < y < 1} and an infinitely differentiable function in the domains
Dy = {(z,y): —co <z <00, 0<y <}, Dy = {(n,y): —0 < < o0, bj_1 <
y<bti=12,....n D, ={(r,9): —co<z <00 b, <y<1}L

Definition 5. A direct problem for system (14) is the problem of defining functions
gok(x)zvk(m,y:()), k:]-aQa"'aN‘ (15)

In this case, the coefficient (number) oy, functions «;(x), numbers b;, i = 1,2,...,n,
from (14) are considered known.

The solution of the direct problem for system (14), (15) can be written out in explicit
form:

n

= /Zij(x—t)aj(t)dt, m=1,2,...,N. (16)

Jj=1

The functions K, ;(x) are completely analogous to the function K (x) in (13):

sh((1 = b;)\/Mm00) Z cos(Anbj) exp(—y/A2 +77mcro|w|

ij (.’ﬂ) - - 2
V1m0 ch VTIm0oo n—0 \/m

Let us return to the problem with one layer.
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We apply to equation (13) the Fourier transform [7], assuming in addition that alx) €
Ly (—00,00). Let &(w), K (w), A(w) be the Fourier images of the functions o(z), K (),
a(z), respectively. In particular,

=1 T iz 4. 2sh(1—b cos(Apb)

For Fourier images, equation (11) can be written in the form

V21K (w)A(w) = d(w). (18)

The uniqueness of the solution of (13) depends on the presence of zeros of the function
K(w) in (18). If K(w) # 0, w € (—00,00), ¢(z) = 0 and therefore $(w) = 0, then
A(w) =0, and therefore a(w) = 0.

For b = 0, the series in (17) consists of positive terms, therefore K (w) < 0,w €
(—00, 00). In addition, it turned out that, in this case, the sum of the series was calculated
[11,(1.421.2)].

For b € (0;1), the series in (17) is alternating, and the author has not succeeded in
finding the final result for calculating the sum of such a series.

Independent calculations led to the following result:

Rlw) = S —)va0) sh((l —D)ve? +00)
V2 /a0 ch /5o Ve? + agch Vi + 0o

It follows from (19) that K (w) # 0,w € R. This yields

19)

Theorem 3. The inverse problem (6), (7), (9) has at most one solution in the class of
infinitely differentiable bounded functions o(x) belonging to L1(R).

The class of functions indicated in the theorem can be extended without loss of
uniqueness of the solution, for example, adding to «(z) the term of the form

n

E (a, coswgx + by sinwyx).
k=1

In this case, the function a(x) will have both a continuous and a discrete spectrum; its
Fourier image — a function A(w) — will have several delta functions in its record.

We introduce the notation for the extended class of functions £§°°> (—00, 00) — func-
tions of the form a(z) = B(x) + T'(z), where 3(z) is an infinitely differentiable function
bounded together with the derivatives belonging L; (—o0, 00), thatis, [*_|8(z)| dz < oo,
and 7T'(z) is a trigonometric polynomial.

Note that for practical applications, this class is enough. They are usually interested in

the conductivity of the form a(x) = A + B(z), where A is a number, and 3(x) is a finite

function. Such functions are represented in i§°°> (—00, 00).
We state the uniqueness theorem for the introduced class of functions.
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On the possibility of remote detection of conductive layers 127

Theorem 4. The inverse problem (6), (7), (9) has no more than one solution in the class
of functions E§°°) (—00, 0).

An attempt to extend the class in the other direction leads to a loss of the result about
uniqueness. We are talking about the determination both the function «(z) and the number
b in (6) with respect to the function ¢(x) in (9) (that is, from the information measured
on the surface of the medium we are trying to determine the depth of the layer and the
conductivity of the layer).

We indicate in the arguments of the function (19) the value b: K (w,b). Suppose that
two sets (a1 (), b1), (az(z), by) from (6) correspond to the function o (z) from (7). Then
(13) can be written as

V21K (w,b1) A1 (w) = B(w) = V21K (w, by) Az (w). (20)

It follows from the congruence (20), (19) that if 0 < by < b; < 1 and A;(w) is
the Fourier image of a function a4 () from the class indicated in Theorem 2, then the
function Ay(w) = A;(w)K (w,by)/K (w,bs) is also an image of a function avy(z) from
the specified class.

We give concrete examples of the nonuniqueness of the solution of the inverse prob-
lem for system (7), (6), (9).

Example 1. Suppose that a;(z) € L1(R) and, in (6),
1 1
2’ 14 22’

1/ sh(0.5) sh(0.5\/w? + 1) o—lolgivs g
2 | sh(2/3)sh(2v? £ 1/3)° w

oo =1, by = ay(z) =

b2 = 012(.%')

1
37

These two sets (b1; a1), (ba; a2) correspond to the same function (z) from (9):

e 1@lgiwr qoy.

_ ! [ sh(0.5)sh(0.5vaZ 1 1)
p(x) = 2/ (W T 1ch(vVa? 1)

—00

Example 2. Suppose that o;(x) € L (R) and, in (6),

o9 =1, by = a1(x) = sinz,

1
Ea
1 . sh(1/2)sh(v/2/2)
T (2/3) sh(2v/2/3)

These two sets (by; a1 ), (ba; ag) correspond to the same function ¢(z) from (9):

_ . osh(1/2)sh(v2/2) .
p(x) = —sinz (1) v2ch(v3) ~ —0.08414 sin xp(x)

_ . sh(1/2)sh(v2/2) .
= —sinz ch(l)\/ich(\/?) ~ —0.08414sin z.

~ 0.5122sin x.
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3 Two-layered medium

We assume that in (14), n = 2, N = 2, thatis, p € {—n1, —n2}. Here n1,m2 > 0,
vz, y) = 52 ai(x)8(y — b;), where a;(z) € L™ (R) , by, by € (0;1), by < by.

As applied to electrical prospecting, this kind of function +(z, y) means that, at depths
b1, by, there are thin conductive layers with total conductivity o (z), ae(x), respectively.

Definition 6. The inverse problem #1 for system (14), (15) for n = 2, N = 2 is called
the problem of reconstructing the coefficients a (), aa () from (14) with respect to the
functions @1 (), w2(z) in (15). In this case, the numbers og, b1, ba, 71, 72 participating
in (14) are assumed to be known.

The solution of the direct problem for system (14), (15) for n = 2, N = 2, according
to (16), can be written out in explicit form

o0 2
pn() = [ Y Knslo—tay()dt, m=1.2 @
o 3=1
where
Kpj(z) = ,Sh((l — bj)\/m) i COS(Anbj)eXp(*\/ A2 4 Nmog|x|)
mj — .

vV 1Im0oo ch \/m n—=0 \/ )\% + Mmoo

The following assertion is true for the inverse problem.

Theorem 5. The inverse problem #1 for system (14), (15) for n = 2, N = 2 has no more
than one solution (i.e., a set a1 (x), aa(x)) in the class of functions f/:(loo) (—00, ).

Proof. We use the fact that the functions are connected by equations (21).

Let @, (w), Kpnj(w), A;(w) be the Fourier images of the functions ¢y, (), K, (x),
a;(x), respectively. For Fourier transforms, equations (21) go over into equations

2
V2r Y K (w)Aj(w) = Op(w), m=1,2. (22)
j=1
It follows from the calculation (19) that
B () = — sh((1 —b;)\/Mmoo)  sh((1 —b;)v/w? + 1moo) 23)
m - .
/ V2T /lm0o ch \/Tmog \/w2 + Mmoo ch \/w2 + Mmoo

The uniqueness of the solution of (21) this time depends on the determinant [5]

_ f:(u-f?u

AW = g oo

. (24)

If A(w) # 0,w € (—00,00), then system (21) has no more than one solution.
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We show that the determinant (24) is not equal to zero.
Suppose the contrary. Suppose that for some w, A(w) = 0. Then the columns of the
matrix generating the determinant (24) are proportional:

I?ll(w) _ I:(?l(w)_ (25)
Kis(w)  Ka(w)

Taking (23) into account, we rewrite (25) in the form

Sh((]. — bl)M) Sh((]. — bl)\/oﬂ + ’1710'0)
sh((1 — b2)/M00) sh((1 — ba)/w? + m100)
_ sh((1 — b1)y/M200) sh((1 — b1)\/w? + 1200) 26)
sh((1 = b2)\/1200) sh((1 — by)\/w? + n200)

‘We introduce the function

F(n) =

_ Sh((l—bl)\/mTo) Sh((l—b1>\/ 2+’I]0'0) 27)
sh((1 — b2)\/100) sh((1 — by) )

w
Vw? + noo)

Equality (26) means that F'(n;) = F(12), but this cannot be since F(n) from (27)
is a monotone function. This follows from the fact that the function G(z1,z2,t) =
sh(z1t)/sh(z2t) is monotonic for ¢ > 0 (increasing with the condition z; > z3 > 0
and decreasing with the condition 0 < x1 < x2).

Thus, it is shown that A(w) # 0, w € R. Theorem 5 is proved. O

We return to the inverse problem with one layer.

We will try to restore both the depth of the layer b and the “conductivity” a(x).
Since information on one frequency was not enough (Examples 1, 2), we assume that
information is available on two frequencies = —n1, 4 = —ns. Instead of equations (14),
forn = 2, N = 2, we have equations

Avgp —ngoov, =0, 0<y<1l,y#b,
81%
- = 07 Vk||ly=b = 07 |:
o ol
sh(y/aonk(1 —y)) k=19
Voo ch(y/aomr)’ ’

The inverse problem for equations (28) is the problem of reconstructing the coefficient
a(z) and the number b with respect to the functions o1 (), @2(x) from (15). Number og
of (28) is assumed to be known. For Fourier images of functions a(z), ¢1(x), @2(x), we
have a system of equations analogous to system (22)

Uk|y:1 = 0;

wi(y) =

V21K (W) A(W) = $pp(w), m=1,2. (29)

Nonlinear Anal. Model. Control, 24(1):121-137
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If $1(w) = 0, then A(w) = 0, a(x) = 0. At the same time, P2(w) = 0, it is inevitable.
In this case, any value b € (0; 1) can be taken as a value b. Thus, there is no uniqueness
in the definition of a pair («(x), b).

Suppose that ¢ (w) is not identically zero, i.e., there is wg such that &1 (wy) # 0.
Then by (29), A(W()) 7é 0, @2 ((.J()) 75 0.

Let there be two sets (b1, A1(wo)), (b2, A2(wp)) that satisfy system (29) for w = wo,
wherein A (wo) # 0, A2(wp) # 0. Then

K1m(w0)A1(wo) = Klm(wO)AQ(WO)a m=1,2,
or

Kim(wo)A1(wg) + Kim(wo) (—A2(wo)) =0, m=1,2. (30)

Relations (30) can be regarded as a homogeneous system of linear equations by
definition A (wg), —As(wo). The determinant of this system coincides with A(wg) from
(24). Since, by what has been proved, A(wg) # 0 for by # bs, then system (30) cannot
have nontrivial solutions.

Thus, it is shown that, according to information at two frequencies, the “depth” of the
layer and the “conductivity” of the layer are uniquely determined.

We now state the exact result.

Definition 7. The inverse problem #2 for system (28) is the problem of reconstructing the
coefficient () and the number b from (28) with respect to the functions 1 (), wa2(x)
from (19). The numbers o, 11, 72, participating in (28), are assumed to be known.

Theorem 6. The inverse problem #2 for system (28) has no more than one solution
(that is, a set (b, a(x))) if w1(z) is not identically equal to zero, b € (0;1), a(x) €
ﬂgoo)(—oo, 00).

Proof. The proof is given in the neighborhood of formula (30)). O

We continue the study of the problem with two layers. We are trying to determine now
the functions a; (), as(z) (the conductivity of the layers) and the numbers by, by (the
depth of the layers). It is quite obvious that, according to information on two frequencies
functions @1 (), wa(x) from (15), it is impossible to determine a1 (x), az(x), by, by
uniquely.

The result of Theorem 6 allows us to hope that the addition of information at the third
frequency will provide a single-valued recovery a;(x), as(z), by, bs. In this case, the
obvious necessary condition for such a recovery: a; (), as(z) are not identically zero.

Thus, we formulate the following inverse problem for system (14), (15), where n=2,
N = 3: by functions ¢1 (), wa2(x), w3(x) from (15) we reconstruct the functions o (),
ao () (conductivity of the layers) and the numbers by, b2 (the depth of the layers) from (14).
In this case, of course, we assume that the frequencies 71, 12, n3 from (14) do not coincide.

Example 3. In equation (14), we take o9 = 1,1 = 1, 1o = 4, n3 = 9. We give an
example of functions ¢;(z), i = 1,2, 3, in (15), for which the inverse problem of finding
the depths of the layers (numbers by, bo) and conductivities (functions o (), s (z)) has
a nonunique solution.
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We take the first solution in the following form: (bgl)7 agl)(x), bél), Ozél) (x)), where
bV =1/3,b" = 2/3,

agl)(aj) = A;1sinx + Ajpsin2x + Cjp cosx + Cipcos 2z, 1 =1,2.

We will indicate the numbers A;;, C;; later.
The second solution is taken in the similar form: (bgm, ag2) (z), b(22), af) (z)), where
b =1/4,b5) =1/2,

agl)(m) = Bjisinz + Bjpsin2x + D;j cosx + Dijgcos2x, 1=1,2.

We will indicate the numbers B;;, D;; later.
We introduce the numbers d; = l—bgl) =2/3,dy = 1—bgl) =1/3,d3 = 1—b§2) =
3/4,dy=1— b(22) = 1/2. We introduce the numbers f;;andg;;:
fij = sh(vmid;) sh(\/1 4+ midy),  gij = sh(y/midy) sh(\/4 + mid;).
Consider matrices F' = {fi;}, G = {g;;} and vectors M = {fiu}, N = {gia}, 1 <
1,7 < 3.
Let X = (z1,22,23)T,Y = (y1,v2,y3)T be solutions of linear systems F.X = M,

GY = N. Then the numbers A;;, B;; from the record of the two solutions of the inverse
problem are expressed as follows:

A =Cn =z, Az = Coy = 9, Bi1 = Dy = —u3, By = Dy =1,
Az = Cra = y1, Ao = Cog = ya, Bis = D12 = —ys, Byy = Doy = 1.

The corresponding functions ¢; (z) in (19) are given by the formulas
vi(z) = Hysinz + Q; cosx + L; sin(2x) + R; cos(2z), 1<14i<3.

To determine the numbers H;, L;, we introduce the coefficients u;, v;:

T Trmeh(ym) eh(VItm) 0 VAT mch(yi) ch(vA+ )

Then

H; = u;(fin A + fioAa), Qi = ui(fi1Cu1 + fi2C21),
L; = vi(gi1B11 + gi2Ba1), R; = vi(9s1D11 + gi2Da1).

The calculations yield the following result:

71 = 0.506844122, o = 1.049457908,  x3 = —0.162736559,
y1 = 0.478780482,  yo = 1.097927044,  ys = 0.148940562,

Nonlinear Anal. Model. Control, 24(1):121-137
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Hy =@ =0.119924845, Hs = Q2 = 0.125599487, Hs = Q3 = 0.071750573,
Ly = Ry =0.062963089, Lo = Ry = 0.079216346, L3 = R3 = 0.051521584.
We rewrite the result more compactly by writing down numbers with four valid significant
digits.

Information for solving the inverse problem (functions (15)):

v1(z) = —0.1199sinz — 0.1199 cos z — 0.06296 sin(2x) — 0.06296 cos(2x)
for frequency n — 1,
pa2(z) = —0.1256 sinz — 0.1256 cos x — 0.07922 sin(2x) — 0.07922 cos(2x)
for frequency n — 4,
ps3(z) = —0.07175sinz — 0.07175 cos & — 0.05152 sin(2x) — 0.05152 cos(2x)

for frequency  — 9.
To these functions there correspond two solutions of the inverse problem:

bl = gv
aq(z) ~ 0.5068 sin z + 0.5068 cos x + 0.4788 sin 2z + 0.4788 cos 2,
ag(z) ~ 1.049sin z + 1.049 cos z + 1.098 sin 2z + 1.098 cos 2z

and

1
b = — b = —
1= 2= o
aq(z) = 0.1627sinz + 0.1627 cos z + 0.1489 sin 2z + 0.1489 cos 2z,

ay () ~ sinx 4 cos x + sin 2x + cos 2.

We note one circumstance that is not obvious to the author. In the given example, the
information for solving the inverse problem — functions ¢;(x) — depends on 12 coeffi-
cients. On these twelve numbers, it is necessary to determine 10 values: 2 depths by, bo
and 8 coefficients of trigonometric sums for a (), aa(x). It was assumed that, in such
situation, the solution of the inverse problem will be uniquely determined. But it turned
out that this is not so.

Therefore, the following definition is reasonable. Suppose that in the formulas (14),
(15) the frequency 7 takes 4 values: 11, 12, 13, 14-

Definition 8. The inverse problem # 2 for system (14), (15) for n = 2, N = 4 is the
problem of determining the coefficients a; (z), ao(x) and numbers by, be in (14) with
respect to the functions ¢ (z), 1 < k < 4, in (15). The coefficient oy in (14), (15) is
assumed to be known.

We introduce the matrices

Fm(w):{fij}v 1<Zaj<mv m:2a3747 (31)
where f;; = sh(\/n;00d;) sh(y/w? 4 nio0d;).

https://www.mii.vu.lt/NA



On the possibility of remote detection of conductive layers 133

Theorem 7. Let the frequencies n;, i = 1,2,3,4, be such that det F,,(w) # 0, m =
2,3,4 ifw € [0;00), 1 =b; =d; € (0;1), 5 = 1,2,3,4, and d; # d; when i # j.
Suppose that at least one function oy (), 1 < k < 4, in (15) does not vanish identically.
Then the inverse problem # 2 for system (14), (15) has no more than one solution (that is,

a set oy (x), az(x), by, be), where 0 < by, ba < 1, a1(x), () € f/(loo)(foo, 00).

Proof Supgose the contrary. Let there be two sets bV ,bgl , m(x) (1)( ), b(2) b(2)
), ), which, at four frequencies 7;, give the same solutions to the direct
problems (15)
We first consider the case when among the numbers bgl), bgl), b§2), b(22) are no equal.
Analogously to (22), for the Fourier images of the corresponding functions, the following

relations hold for m = 1, 2, 3, 4:

FZK“ AW (w) = WZK (@) AP (). (32)

j=1 j=1

The functions K" mg (@), A( )( ) correspond to the first solution of the inverse problem
bgl), bgl), 11)(x) agl)( ) and functions K2 )( ), Af)(w) — to the second. Since by
the hypothesis of the theorem at least one of the functions @y (x) does not vanish iden-
tically, it can be found wy, for which (1 (wy), %()wo ), D3 Ewo) P4(wp)) # (0,0,0,0).
Consequently, (A" (wp), A5 (wn)) # (0,0); (AP (wo), AS (wo)) # (0,0).

From (32) there follow relations that can be regarded as a homoz%eneous system of

linear equations with respect to A( )(wo) A 1)(w0), —Agz)(wo) As™ (wo)
2 2
STEN @)AWY (w ZK(Q ~APW) =0, m=1,2,34  (33)
Jj=1 Jj=1

The matrix of system (33) is obtained from matrix (31) by multiplying the rows by
non-zero factors. Since by the hypothesis of the theorem det Fy(wp) # 0, system (33)
has only a trivial solution, which contradicts the previously obtamed relation (A11 (wo),
A(l)(wo)) # (0,0). The case when among the numbers bll), b2 , b(2 b(2 are equal
numbers, is treated similarly.

Theorem 7 is proved. O

4 Multilayered medium

We return to system (14), (15): the medium contains n thin layers, measurements are
known at N frequencies.

Definition 9. The inverse problem #1 for system (14), (15) is called the problem of
restoring the coefficients «;(x), ¢ = 1,2,...,n, from (14) with respect to the functions
er(z), k = 1,2,..., N, from (15). The numbers oy, b;, 7, participating in (14) are
assumed to be known.
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Definition 10. The inverse problem #2 for system (14), (15) is called the problem of
determining the coefficients «;(z) and numbers b; (depths of submergence of layers),
1 =1,2,...,n, from (14) with respect to the functions ¢x(z), 1 < k < N, in (15). In
this case, the coefficient o and frequencies 7, are considered known.

We recall that the functions i (x), a;(t) are connected by equations (16).

Let @, (w), Kpnj(w), A;(w) be the Fourier images of the functions ¢y, (), K, (x),
a;(x), respectively. For Fourier transforms, equations (16) go over into equations

\/%ZK’mj(w)Aj(w) =P,(w), m=1,2,...,N. (34)
j=1

The functions K, ;(w) are defined in (23).
We introduce the matrix

Fonw) ={fri}, 1<k<N,1<i<n, (35)

where fr; = sh(y\/mrood;) sh(y/w? 4+ nrood;). This matrix is analogous to the matrix
in (31) and differs from it by the number of rows and columns.

Theorem 8. Let n = N, and let the frequencies n, and d; = 1 — b; be such that
det Fpp(w) # 0, w € [0;00). Suppose that at least one of the functions @, (x) in (15)
does not vanish identically. Then the inverse problem #1 for system (14), (15) has no more
than one solution (i.e., a set o;(x), 1 =1,2,...,n), where o;(x) € igoo)(—oo, 00).

Proof. In the case under consideration, system (34) has a square matrix of coefficients
{V21K,nj(w)}, 1 < m,j < n. If the determinant of this matrix is not equal to zero, then
the inverse problem #1 has a unique solution. But this matrix is obtained from the matrix
F,n(w) from (35) by multiplying the rows by nonzero factors. Hence, its determinant is
not equal to zero, just like the determinant det F,,, (w) .

Theorem 8 is proved. O

Now we indicate the situation when there is no uniqueness of the solution of the
inverse problem.

Theorem 9. Let N = 2n — 1. Let the frequencies i, k = 1,2, ..., N, be such that there
are arguments wy, wa, ..., wy for whichdet Fyny(wg) #0, k=1,...,,d;=1— bg)n,

i =n+4+1,...,N (the matrix Fyy is defined in (35)). Then there exists more than one
solution of the inverse problem #2, namely, a solution of this type:

l
(1) al(-l)(x) = ZA”“ sin(wgx), bl(-l)7 1=1,...,n,
k=1
l
(i1) al(?)(x) = ZBik sin(wyx), bl(-2)7 i=1,...,n,
k=1
bV, 5

and among the numbers there are no identical.
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Proof. We write system (34) for two supposed solutions:

V2 Y KO (@) Aji = Po(wo) = V21 Y K (wr) B,
j=1 j=1

m=1,2,...,N,k=1,2,...,l. We rewrite these relations in the form
ST RO () A+ Z K@ (wp)(~Bjr) = K2 (wr) Bug. (36)

Letus putit B, = 1. We consider (36) systems of linear equations for the determination
of numbers Aji, 1 < 7 < n, Bjp, 1 <j<n—1,1<k <. The matrix of coefficients
of these systems is obtained from matrices Fy y(wy) by multiplying rows by non-zero
factors. Consequently, systems (36) have a unique solution, which give two solutions of
the inverse problem.

Theorem 9 is proved. O

Let us give a concrete example.

Example 4. The actions indicated in Theorem 9 are carried out forn = 3, N = 5,1 = 2.
Letog =1, wg =1, =1,n0 =4, 13 =9, n, = 16, 55 = 25. We indicate two
solutions of the inverse problem #2:
b1 =0.3, ay(x) = Ajpsinz + Aqosin 2z,
i) by =0.5, OLQ(JL‘) = Aoy sinz + Ags sin 2z,
bz = 0.7, as(x) = Aszp sinx + Asg sin 2x;

b1 = 0.2, aq(z) = By sinx + Big sin 2z,
(i) b =04, ag(x) = Bay sinz + Bag sin 2z,
b3 = 0.6, 043(33) = B3y sinx + Bgss sin 2z,

where (the results are given with four valid significant digits)

Ay ~ 0.06164, Aoy ~0.7440,  Agq ~ 0.5978,
Aps & 0.05742, Aoy ~ 0.7287,  Aso ~ 0.6081,
By1 ~0.005284,  Boy ~0.2962, Bz = 1.0000,
By ~ 0.004785,  Bas ~ 0.2832,  Bss = 1.0000.

Both these solutions correspond to functions ¢;(z), i = 1,2, 3,4, 5, in (14) of the form
("2 (ac) = Cﬂ sinx + Cig sin 2z
(for frequencies n = 1,4, 9, 16, 25, respectively), where

C11 = —0.09075, C2 =~ —0.02183, Cs1 ~ —0.004850,
Cy1 = —0.001177, Cs1 = —0.0003194,
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012 ~ —004606, 022 ~ —0013367 032 ~ —0003403,
Caa = —0.0008992, Cs2 = —0.0002575.

Q

We note an interesting circumstance. In the given example, the information for solving
the inverse problem — functions ¢, (z) — depends on 10 coefficients. For these ten numbers
it is necessary to determine 9 values: 3 depths by, b2, b3 and 6 coefficients of trigonometric
sums for oy (x), aa(x), as(z). A priori, it seemed that the information was superfluous,
and the uniqueness of the solution to the reverse problem must be.

Theorem 9 and Example 4 show that this is not so.

Comment. 1t is possible to give an example of the nonuniqueness of the solution of the
inverse problem #2 when the functions a;(z) € Li(R). But then the functions will be
more difficult to express in quadratures as in the example of nonuniqueness 1, which is
less obvious and more difficult to verify.

Theorem 10. Let N = 2n. Let the frequencies n;, i = 1,2,..., N, be such that
det Frym(w) #0,m =2,3,...,N, ifw € [0;00), 1 = b; =d; € (0;1),i=1,2,...,N,
and d; # d; when i # j. Suppose that at least one function vr(z), 1 <k < N, in(15)
does not vanish identically. Then the inverse problem #2 for system (14), (15) has no
more than one solution (that is, a set o;(x), b, © = 1,2,...,n), where 0 < b; < 1,

a;(z) € fjgoo)(—oo,oo).

Proof. The proof of Theorem 10 repeats word for word the proof of Theorem 7 when the
dimension 2 is replaced by dimension n. O

5 Conclusion

To restore the conductivity of layers «;(z), ¢ = 1,2,...,n, at known depths b;, it is
necessary to have measurements at n. frequencies — functions ¢;(z), i = 1,2,...,n.

In order to restore the conductivity of the layers «;(x), 7 = 1,2, ..., n, and the depths
of submergence of layers b; (i.e., additionally, to determine n numbers), it is necessary to
have measurements at N = 2n frequencies — functions ¢;(x), 4 = 1,2,..., N. A smaller
number N — 1 of functions ¢1(x), wa(x), ..., on—1(z), even if they are given by
hundreds of parameters, are not enough to determine n depths b; and n conductivities
of the layers a; ().
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