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Abstract. In this paper, we study the approximate controllability of nonlocal fractional differential
inclusions involving the Caputo fractional derivative of order ¢ € (1, 2) in a Hilbert space. Utilizing
measure of noncompactness and multivalued fixed point strategy, a new set of sufficient conditions
is obtained to ensure the approximate controllability of nonlocal fractional differential inclusions
when the multivalued maps are convex. Precisely, the results are developed under the assumption
that the corresponding linear system is approximately controllable.
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1 Introduction

In recent years, fractional calculus has been applied in many real processes, and notable
contributions have been made to both theory and applications of fractional differential
equations. Fractional differential equations have been used in various fields such as fluid
flow, viscoelasticity, electrical networks, dynamical processes in porous structures, optics
and signal processing, hydraulics of dams, diffusion problems and so on [13-18]. On
the other hand, fractional evolution inclusions are an important form of differential in-
clusions within a nonlinear mathematical analysis [20]. Compared to fractional evolution
equations, research on the theory of fractional differential inclusions is however only in
its initial stage of development. This is essential since differential models involving the
fractional derivative give a brilliant tool for depiction of memory and genetic proper-
ties, and have recently been demonstrated as significant tools in the modeling of many
physical phenomena. Applied problems requiring definitions of fractional derivatives are
those, which can be physically interpreted for initial conditionscontaining «(0), v’ (0), etc.
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Similar requirements are valid for boundary conditions. Caputo’s fractional derivative
fulfills these requests. Recently, the existence results for different kind of fractional dif-
ferential inclusions have been reported in [6-8,16,21,22].

The notion of controllability is closely related to the theory of optimal control and
minimal realization [14, 15]. In particular, two important concepts such as exact and
approximate controllability are developed in the case of infinite-dimensional systems. It
should be noted that it is not easy to understand the conditions of exact controllability
for infinite-dimensional systems, and hence the approximate controllability becomes an
essential topic for dynamical systems. Therefore, in fact, it is necessary to study the
approximate controllability for nonlinear dynamical control systems [9,23]. Several au-
thors [2, 17] studied the approximate controllability results of various class of nonlinear
systems utilizing compact semigroup, compact sectorial operator under the assumption
that corresponding linear system is approximately controllable. In this work, we attempt
to consider the approximate controllability of fractional nonlocal differential inclusion
using measure of noncompactness instead of assuming compactness of sectorial operator.
Byszewski [5] first considered a differential equation with nonlocal initial conditions and
proved that the corresponding models more precisely describe some physical phenomena
better than the standard initial condition since more data was used in its design. For
example, several physical phenomena in engineering, physics and life sciences can be
described with the help of differential equations subject to nonlocal boundary conditions
[10]. On the other hand, measure of noncompactness is an important tool in the wide
areas of functional analysis, topology, operator theory, for example, metric fixed point
theory, theory of operators in Banach spaces, optimizations, differential equations and so
on[1,11].

Motivated by the previous works, in this paper, we investigate the approximate con-
trollability of the following integro-differential inclusions involving nonlocal conditions
in a separable Banach space (E, ||-||) in the following form:

t s

DI |u(t) — /(t - s)G(s, u(hl(t)),/al (s,7,u(h2(7))) dT) ds]
0 0
€ Au(t) + Bxz(t) + F(t,u(t)) + H(t,u(t)), tel0,T], (1)
u(0) =uo+g(u),  w(0)=u+h(u) €E, 2)

where 1 < ¢ < 2, “D{ denotes the generalized fractional derivative in Caputo sense,
A:D(A) C E — FEisaclosed and linear operator with the dense domain D (A) defined
in a Hilbert space E, the state u(t) takes its values in E, x(t) represents the control
function given in L?([0, T, X), a Banach space of admissible control functions with X
as a Hilbert space, B : X — E is a bounded linear operator, F, H : [0,T] x E — P(E)
are multivalued functions, g,h: E — F,a; : D1 X E —- Fand G : [0,T|xEXE — F
are continuous functions satisfying certain conditions to be mentioned later, where D =
{(t,s) € [0,T] x [0,T]: s < t} and hy,he : [0,T] — [0,T] are continuous functions
such that hy(t), ho(t) < tfort € [0,T].
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2 Preliminaries

In this section, we provide some definitions and lemmas, which are needed to establish
our main results. Throughout this paper, it is assumed that £ and X are Hilbert spaces. Let
C([0,T7]; E) denote the Banach space of all the continuous functions from [0, 7] into E
equipped with the norm ||z(¢)||c = SUPyeo,7] l|z(¢)|| g Let LP((0,T); E) denote the Ba-
nach space of all Bochner-measurable functions from (0, T") to E with the norm ||z||» =
(Jio.) II2(9)[/% ds) /7. Denote P(E) = {Z C E: Z # 0}, PCev(E) = {Z € P(E):
Z is convex}, Pep(E) = {Z € P(E): Y is compact}, Pey cp(E) = Pey(E) N Pep.

A multivalued map H : E — P(F) has convex values if H(u) is convex for all
u € E. H is bounded on bounded set if H(C) = UyccH (u) is bounded in E for any
bounded set C' C E (i.e. sup,cc{sup{|z|: z € H(u)}} < +0o0).

The multivalued map H is upper semicontinuous (u.s.c.) on E if for each ug € E, the
set H (ug) is a nonempty, closed subset of F, and if for each open set N of E containing
H (ug), there exists an open neighborhood M of wg such that H(M) C N. Also, H is
lower semicontinuous (L.s.c.) if H : E — P(E) is a multivalued operator with nonempty
closed values, and if the set {u € E: H(u) N C # 0} is open for any open set C' C E,
H is completely continuous if H(C) is relatively compact for every bounded subset
C C E. If the multivalued function H is completely continuous with nonempty compact
values, then H is u.s.c. if and only if H has a closed graph. The multivalued function H
has a fixed point if there exists u € F such that u € H(u). A multivalued function
H:[0,T] — Pa(F) is called measurable if for each u € E, the function Y : [0,7] - R™
defined by Y(t) = d(u, H(t)) = inf{||u — z||: z € H(t)} is measurable.

Definition 1. (See [4].) The Hausdorff measure of noncompactness x of bounded subset
W of Eis given by x(W) = inf{e > 0: W admits a finite cover by balls of radius < €}.

Definition 2. (See [3].) A sequence {F), },,>1 is called semicompact if

(1) it is integrable bounded;
(ii) the set {F, },,>1 is relatively compact in E for almost all ¢ € [0, 7).

Lemma 1. (See [3].) Let {W,,},>1 be a sequence of subsets of E. Assume that there is
a compact and convex subset W C FE such that for any neighborhood M of W, there is
an N with W, C M for any m > N. Then Nyxq conv(Up>nW,) C W.

Let (E,d) denote a metric space induced from the normed space (E, ||-||). Define
Hy:P(E) x P(E) = RT U {oo} by Hg(Wi,Ws) = max{sup,, cw, d(wi, W),
SUP,,, ew, A(W1,w2)}, where d(wy, Wa) = infy,ew, d(wy,ws) and d(Wi,wp) =
inf,, ew, d(wi,w2). Then (Ppq,a(E), Hy) is a metric space and (P (E), Hy) is a gen-
eralized metric space.

Definition 3. A multivalued map G : E — P (F) is said to be

(i) ~y-Lipschitz if and only if there exists g > 0 such that Hy(G(u1) — G(uz)) <
pud(uy, ug) for every uy, ug € E;
(i1) a contraction if and only if it is u-Lipschitz with p < 1.
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Lemma 2. (See [12].) Let W be a closed convex subset of a Banach space E and
G : W — Pevep(W) be a closed multivalued function, which is x-condensing. Then
G has a fixed point, where x means a nonsingular measure of noncompactness defined on
subsets of W.

Now, we provide some basic definitions and properties of fractional calculus.

Definition 4. The Riemann—Liouville fractional integral operator J of order ¢ > 0 is
defined as
t

JOF(t) = ﬁ /(t ) R (s) ds,
0

where F € L1((0,T), E).

Definition 5. The Riemann-Liouville fractional derivative as D} F'(t) = D™ J," 1 F(t),
m—1< q < m, m €N, where D" = d™/dt™, F € L' ((0,T);E), J;" ? €
W™L((0,T); E). Here the notation W™ 1((0,T); E) stands for the Sobolev space de-
fined as W™ ((0,T); E) = {y € E: 3z € L'((0,T); E): y(t) = X1 dit*/k! +
tm=1/(m —1)!- 2(t), t € (0,T)}. Note that z(t) = y™(t), dr. = y*(0).

Definition 6. The Caputo fractional derivative is given as “DEF(t) = (1/T'(m — a)) x
[y (t—s)ym o= Em(t) dt, m—1 < a < m, where F € C™1((0,T), E)NL'((0,T), E).

Definition 7. The definition of one parameter Mittag—Leffler function is given by £, (z) =
Yoo 2" /T(ak +1), and two parameter function of Mittag—Lefﬂer type is defined
by Eap(z) = Yoo 2/T(ak+B) = 2m)~* [, p*Per/(p* — z)dp, 0 < a, 8,
z € C, where C is a contour, which starts and ends at —oo and encircles the disc
|| < |2|'/? counter clockwise. The Laplace transform of Mittag—Leffler function is
defined by L(t°1E, 5(—p®t®)) = A8 /(A* + p®), ReA > p'/®, p > 0.

Definition 8. (See [19].) Let A : D(A) C E — FE be a closed linear operator. A is

said to be sectorial operator of type (M, 6, u) if there exist 0 < 6 < w/2, M > 0 and
uweER such that the g-resolvent of A exists outside the sector i+ Sp = {p + XA eC,
larg(—A)| < 6}, and [[(A — A) 1| < M/IA = pul, A & =+ So.

Definition 9. (See [19].) Let A be a densely defined operator in E' that satisfies the
conditions:

(i) Forsome 0 < 0 < /2, i+ Sg = {u+ \: A € C, |arg(—\)| < 6};

(i) There is a constant M > 0 such that [|[(A] — A) 1| < M/(|]A—p|), A & pu+ Se.
Then A is the infinitesimal generator of a semigroup 7 (t) satisfying [|7(¢)|| < C. More-

over, T(t) = (2m) 7" [ eMR(\, A) A\, where T is a suitable path for A ¢ 1 + Sp and
rel.

Definition 10. (See [19].) A closed linear operator A : D(A) C E — E said to be a sec-
torial operator of type (M, 6, g, ) if there exist 0 < 6 < 7/2, M > 0 and i € R such that
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the g-resolvent of A exists outside the sector i+Sp = {u+A9: A € C, |arg(—\9)| < 6},
and [|(ATT — A) 1| < M/|A = ul, AT ¢ i+ S

Remark 1. If A is a sectorial operator of type (M, 6, q, 1), then it is easy to see that A is
the infinitesimal generator of a g-resolvent family {S,(¢ )}t>0 in a Banach space, and
Sq(t) = @2n)~t [7 AMANLR(NY, A)dN, K o(t) = (2mi)~! [& AMAIT2R(N, A) d],
R,(t) = (2mi) ! [5 )‘tR A9, A)dA, and I is a suitable path with A? ¢ y + Sp, where
AecC.
Throughout this paper, we assume that S, (t), K,(t) and R,(t) are equicontinuous
(

and there exists a positive constant M such that [|.S,(¢)]|, || K4 (t)]], | Re()] < M for all

t>0.

Lemma 3. Let f be a function that satisfies the uniform Hélder condition with the
exponent 8 € (0, 1], and let A be a sectorial operator of type (M, 0, q, 11). Then the unique
solution of the fractional system D%u(t) = Au(t) + f(¢), t € [0,T], 1 < ¢ < 2, u(0) =
ug € E, u/(0) =uy € E is given by

u(t) = Sq(t)uo + Kq(t)ur + /Rq(t —38)f(s)ds, te]0,T).
0

For any v € F, define the sets as follows:
={ve L'([0,T],E): v(t) € H(t,u(t)) forae.t € [0,T]},
Spu = {f € L"([0,T],E): f(t) € F(t,u(t)) forae.t € [0,T]}.
Consider the infinite-dimensional linear control system in the following form:
Diu(t) = Au(t) + Bx(t), t€[0,T],1<qg<2,
u(0) =uy € E, uw'(0) =u; € F,

where z(t) € L*([0,T],X), A: E— E,B: X — Fand T > 0. It is appropriate at this
point to define the operator I'2 : E — E by

T
rr = /Rq(T — $)BB*R;(T — s)ds,

T

ROATT) = (M +T0)7", A>o0,

where B* represents the adjoint of B, || B|| = Mp and R;(t) is the self adjoint of R,(t).
It is clear that I'{ is a linear bounded operator for 7 = 0.

Lemma 4. (See [17].) The linear system (1)—(2) is approximately controllable if and only
AR TE) = XA+ TE) ™t = 0as A — 0T in the strong operator topology.

Now, the definition of the mild solution of (1)—(2) is presented.
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Definition 11. A continuous function u : [0,7] — FE is called a mild solution for the
fractional control system (1)—~(2) if for each ¢t > 0 and x € L?([0,T7], E), u(t) satisfies
the following integral equation:

u(t) = Sq(t)[uo + g(uw)] + Kq(t) [ur + h(u)]

+ | K, (t— 3)G<s, u(hl(s)),/al (5,7, u(ha(7))) dT) ds

0

+ | Ry(t —s)Bx(s)ds + /Rq(t —s)f(s)ds
0

+ Rq(t - S)p(S) dS, te [Oa T]a 3

S O O~

where f € Sp ., and p € Sy 4.

3 Main results

To prove the results, we need to impose the following conditions on the data of the
system (1)—(2).

(A1) (i) The function G : [0,T] x E x E — F is continuous, compact and there
exists a constant L > 0 such that |G(t1,u1,v1) — G(t2,u2,v2)|| <
LGHtl — t2| + Hu1 — Ug” + HUl — UQ”] for all tl,tz S [O,T} and (Ul,’Ul),
(uz,v2) € B x E, Cy = sup,¢o.7 [|G(2,0,0)].
(i) The map a1 : D x E — FE is a continuous mapping and there exists a pos-
itive constant L,, such that

t

/ [a1(t, s,u1) — ar(t, s, uz)] ds

0

< Loy [lur — ug|

for (t,s) € D, u1,uz € E,and Cy = T'sup( g)ep, llaa(t, s, 0)].
(A2) (i) The map t — H(¢,u) is measurable for each u € F and a.e. t € [0,T],
and v — H (¢, u) is upper semicontinuous for almost all ¢ € [0, T7].
(ii) There exists a functionmy () € L([0,7],R*) and a continuous increas-
ing function Wy : RT — R™T such that ||[H(¢,u)||g := sup{|lp|l: p €
H(t,u)} <myg(t)Wg(||u||g) forae. t € [0,T] and for each u € E.
(iii) There exists a function ai; € L([0,T],R") such that for every bounded
subset W C E, x(H(t,W)) < aq (t)x(W).
(A3) (i) The map t — F(t,u) is measurable for each v € F and ae. t € [0,7],
and u — F'(t,u) is upper semicontinuous for almost all ¢ € [0, 7.
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(ii) There exists a function mz(t) € L'([0,7],RT) and a continuous increas-
ing function Wr : R™ — R™T such that | F(t,u)|| g := sup{||f|: f €
F(t,u)} < mp(t)Wg(||u||g) for ae. t € [0,T] and for each u € E.

(iii) There exists a function iy € L ([0, 7], RT) such that for every bounded
subset W C E, x(F(t,W)) < az(t)x(W).

(A4) The functions g, h : E — FE are continuous, compact, and there exist constants
Ly, L2, Ly, Ly > 0 such that |lg(u)l|p < Ljllullz + L2, for all u € E, and
|h(u)||g < L} |jul|g + L2 forallu € E.

(A5) For A > 0, lim, o0 sup(b/A + ¢/X + dW(rg)/(Arg)) < 1 and 2TM x
(1 + VTMEM?/N)(||ar || + |lezl|z1) < 1, where W (ro) = max{Wg(ro),
Wh(ro)}-

In the following derivation, it will be proved that the fractional control system (1)—(2)
is approximately controllable if for all A > 0, there is a continuous function u(-) € F
defined in (3) and a control function z(¢) such that

z(t) = 2t u) = B*R (T — HRN T )p(ul-)),
where

p(u(-)) = ur — Sg(T) [uo + g(u)] — K¢(T) [ur + h(u)]
T

_ /Kq(T — s)G(s, u(hl(s)),/al (s,7,u(ha(7))) dT> ds
0

0
T

T
—/Rq(T—s)f(s)ds—/Rq(T—s)p(s)ds.
0 0

For convenience, let us introduce some other notations.
£ = max{1, MgM, MM}, M? MgMVT},
b =3¢ (lurll + M (fuoll + Ly + [|ua|| + L}) + TM(LaCa + C1)),
by = 3M (||uo|| + L2 + |Jur || + L} + T(LeCs + Ch)),
1 =38M (L} + L} + TLa(1 + L)),
¢ =3M(Ly+ L}, + TLg(1+ La,)),
dy = 3EMMET (|mpll: + Imallz:),
dy = 3MT (|jmp |z + [l 1)
b =max{b1,b2}, c¢=max{ci,ca}, d = max{dy,ds}.

Theorem 1. If conditions (A1)—(AS) hold, then the set of solution for fractional control
system (1)—(2) is nonempty.
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Proof. For A > 0, the multivalued operator IT : E — 2 is defined by

II(u) = {y € E: y(t) = Sq(t)[uo + g(u)] + Kq(t) [ur + h(u)]

+ /Kq(t - s)G(s, u(hl(s)),/al (s,7,u(ha(7))) dT) ds
0 0

+ [ Ry(t - 5)Ba(s) ds—i—/Rq(t—s)f(s) ds
0

+

— O

Ry(t—s)p(s)ds, f € Spu, p€ SH,u}.
0

The proof of this theorem will be divided into several steps.

Step 1. To prove that the values of IT(u) are closed and convex.

Letuw € B, = {u € E: |Ju|| < r} and {y,, n > 1} be a sequence in II(u) such
that y, — y € E as n — oo. Then there exist sequences {f,, n > 1} in Sp, and
{pn, n = 1} in Sy, such that

Yn(t) = Sq(t) [uo + g(w)] + Kq(t) [ur + h(u)]
/K t—s) <s u(hy(s)), /al(s 7, u(ho (T )))d’]’) ds

+/Rq(t ~¢)B {B Ry(T = &) [(M + ) ug — Sy(T)[uo + g(u)]

— Ko(T)[uy + h(u)]] = B*R;(T —€)

T\~ 1 [
XO/()\I+FS ) Kq(T—S)G<S, u(hl(s)),/al (s,7,u(ha(7))) dT) ds

0

T
—B*R;(T—g)/(AI+FST)’IRq(T—s)fn(s)ds
OT
_B*RZ(T—f)/ ()\I—&—FST)ARq(T—s)pn(s) ds}df
t ’ t
—I—/Rq(t—sfn ds+/th—spn )ds. “4)
0 0

http://www.journals.vu.lt/nonlinear-analysis
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It follows from (A2) and (A3) that ||f,(¢)|| < mrE&)Wr(|u(®)|E), |lon®)| <
a(O)Wg(||u(t)||g) for every n > 1 and a.e. t € [0,T]. This implies that the sets
{fn, n > 1} and {p,, n > 1} are integral bounded. Since {f,(¢), n > 1} C F(t,u(t))
and {p,(t), n > 1} C H(t,u(t)) for ae. t € [0,T], the sets {f,(¢),n > 1} and
{pn(t), n = 1} are relatively compact in E for a.e. t € [0,7]. Therefore, the sets
{fn,n = 1} and {p,, n > 1} are semicompact. Also, without loss of generality, we
can assume that f,, and p, converge weakly to the functions f € L'([0,7T], E) and
p € L'([0,T)], E), respectively. From Mazur’s lemma, for every number j € N, there
are natural number mq(j) > ] and a sequence of positive real numbers \;,,, m =

Jy- - ymo(j), such that -0} j Aj,m = 1. Moreover, the sequence of convex combina-
tions z; = ZZ(’_(J]) Njm fm and w; = Zzo(jj) NjmPm» j = 1, converge strongly to

f e LY[0,T),E) and p € L*([0,T], E) as j — oo, respectively. Therefore, we assume
that z;(t) — f(t) and w;(t) — p(t) fora.e. t € [0,T]. Since F and H take convex and
closed values, we have

€ () {zm(t), m > j} C [0V fin, m > j} C F(t, u(t))

j=1 j>1
forae.t € [0,T],

and

ﬂ {wm >j} C m conv{pm, m = j} C H(t, u(t))

izl j=1
forae..t € [0,7].

Forevery t,s € [0,T] with s € (0,¢] and every n > 1, we have || Ry (t —5)2n (s)]| < M X

mp(s)Wr([lu(s)| ) € L([0,7], R+) 1Ry (t=s)wn (s)I| < Mmu ()W (||u(s) | ) €
Ll([O,T],Rﬂ Taking 7, = > " D Aj,mYm, from equation (4) it follows that

Tn(t) = Sq(t) [uo + g(u)] + Kq(t)[ur + h(u)]

+/th t—s) (5, u(hl(s)),/Sa1(877'7u(h2(7')))d7'> ds

0

-1

[ e 95 L ) - (0 o]

— Ko(T)[u1 + h(u)]] = B* R} (T —€)

-1
xo/(/\I—i—Fs ) Kq(T—s)G<s, u(hl(s)),/al(s,T,u(hg(T)))dT) ds

0
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1

—B*RUT —¢) [ (M +TT) ' Ry(T — s)zn(s) ds

- B"R (T =€)

Ot —y O

(M 4+ TT) " Ry(T — s)wy(s) ds} dé

+ O/Rq(t — 8)zn(s)ds + O/Rq(t —s)wy(s)ds, t€][0,T]. 5)

Since 7,, — y(t), zn(t) = f(t) and w,(t) — p(t) as n — oo, from equation (5) and
Lebesgue’s dominated convergence theorem we get

y(t) = Sq(t) [UO + g(“)] + Kq(t) [Ul + h(“)]

t

+ /Kq(t - s)G(s, u(hl(s)),/al (s,7,u(ha(7))) dT) ds

0 0
t

+ /Rq(t — 5)B{B*R;(T - é‘)[(AI+FOT)*1uT
0
— Sq(T) [ug + g(u)] — K¢(T) [ur + h(u)]] — B*R;(T — &)

T s
7\ —1
xo/(/\I+FS ) Kq(T—s)G<s7 u(hl(s)),/al (5,7, u(ha(7))) dT) ds

0

—B'RUT —¢) [ (M +TT) 'Ry(T — 5)f(s) ds

- BRy(T =€)

Tt~ TT—

(M +TT) " Ry(T = s)p(s) ds} de

—i—0/Rq(t—s)f(s)ds—i—O/Rq(t—s)p(s)ds7

where f € Sg,, and p € Sy . This demonstrates that II(u) is closed. Since Sg,, and
SH ., are convex, therefore the convexity of IT(u) is obvious.

Step 2. To construct a nonincreasing sequence {S,, n > 1} of nonempty, bounded,
closed and convex subsets of E.

By assumption (AS5), we have that for any A > 0, there exists a positive constant
r =ro(A) such that b/ A +cr/A+dW (r)/A < r. Take So = B, = {u € E: |Ju| < r}. It
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is clear that S is a bounded, closed and convex subset of E. We claim that I7(Sy) C S.
To prove this, let w € Sp and y € IT(u). Now it follows from (A1)—(A4) and Holder
inequality that
ly@)|| < M{[lluoll + Lgllull + L5] + (lurll + Ly Jull + L)
L ()] + L, [u(d] + C) + €] + TM5 )
+ Tme| o We(r) + Tlmu || Wa (r)}-

For t € [0, 7], we have

=] < 1B | Ry(T = ) RO\ 1) | [l || + M [[luol + Ly lul| + L]
+ M |lur|| + L} |ul| + L3] + MT [Le (|[u(t)|| + La, |[u(t)]| + C2) + C1]
+ MT|mp| s We(r) + MT||mg | s We (7)]
o MpM
A
MpM?
A
MpM
)

[HUT” + M(HUOH + Lg2] + ||U1H + L%) +TM(LGOQ + Cl)]

[LL+ L+ TLa(1+ Lay)]r

+ [M - Tljmpl|p +TM|mgl| ] W(r)

b c d r
< —+ — R < —.
Soe Tae Tae VS35

Therefore, we get

ly@)|| < M{[lluoll + LY ull + L2] + (Jurll + L} u]) + L3)
+ T [Le(||u(t)|| + C2 + La, |[u(t)]]) + C1]
+ VT Mg|z||p2 + Tl|mp| i We(r) + Tmeg | 2 We (r) }
b ¢ d T
< §+§T+§W(T‘)+§

< s[b+er+dW(r)] +

DN W —
3
w3

<5 <7

|

Therefore, we get I1(Sy) C.Sy. Next, define S,, =conv I1(S,,—1), n>1. Forevery n>1,
it is clear that the set .S,, is nonempty, closed and convex in E. By induction, we have
that the sequence {S,,, n > 1} is decreasing. Since Sy is convex and closed, therefore
we get S; C Sp. Hence S C conv 57 C conv Sy = S7. Assume S,, C Sp,—1. Then it
is obvious S,,+1 C conv S,, C conv S,,—1 = S,,. Furthermore, Sy being bounded, 5,, is
also bounded for every n > 1.
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Step 3. Let V = II(Sy). We claim that V' is equicontinuous. Now, we show that S,
is equicontinuous for every n > 1.

Let u € V, then there exist u € Sy with y € II(u). Therefore, there exist f € Sp,,
and p € Sy, such that

y(t) = Sq(t) [uo + g(w)] + Kq(t) [ur + h(u)]

t

+ /Kq(t - s)G(s, u(hl(s)),/al (5,7, u(ha(1))) dT) ds

0 0
t t

Jr/Rq(ts)Bx(s)derO/Rq(ts)f(s) ds

0
+ | Ry(t—s)p(s)ds, tel0,T].
/

Lett, t + € € [0, T] with € > 0. Then we get
|yt +e) —yt)|
< ||Sq(t +€) = Sg(®)|| [lluoll + Lyllull + L2] ||
+ || Kq(t +€) — Kq(t) [luall + L [Jul| + L7
+eM[Le (|[ut)|| + Lay Ju(®)]| + C2) + C1]

G(s, u(hl(s)), /a1 (S,T,U(hz(’l’))) dT)

0

ds

+ HKq(t%»efs) — Kq(tfs)H
/

t+e t

+ eMWg(r) /mF(s) ds + Wp(r)/HRq(t +€) = Ry(t — 8)||mp(s)ds
t 0

te t
+ e MW (r) /mH(s) ds + WH(T)/HRq(t +€) — Ry(t — s)||mp(s)ds.  (6)
t 0

Utilizing the continuity of S,(¢), K, (t) and R, (¢) in ¢ in the uniform operator topology,
it can be obtained that righthand side of (6) tends to zero independently of u € E, which
gives that U is equicontinuous. Then we can prove that S; is equicontinuous for each
t € [0,T]. Evidenced by the same as above, S,, is equicontinuous for each n > 1.

Step 4. By using the previous results, we make a subset S = NS ,.5,, which is
nonempty in E. Now, it is sufficient to prove that lim,, ., xc(S,) = 0.

Let ¢ > 0 and n > 1 be a fixed natural number. Now, there exists a sequence
{Ym, m = 1} in II(S,,_1) such that xco(Syn) = xcII(Sn-1) < 2xc{yk, k > 1} + e
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For t € [0, T, from the above inequality, we get

XC(Sn) < 2X(W) + ¢, @)
where W = {y,,, m > 1}. Forevery n > 1, S, is equicontinuous. Then we get x (W) =
supyepo, ) X(W (1)) Thus utilizing the nonsingularity of x, inequality (7) becomes

xc(Sn) <2 sup x(W(t)) +e=2 sup x({ym(t), m>1}) +e (8)
te[0,T] t€[0,T]

Since y,, € I1(S,—1), m > 1, there exists u,, € S,,_1 such that y,,, € IT(u,,), m > 1.
Then there exist fp, € SF,y,, and py, € S 4, such that

X{ym(t), m =1}

< X{Sq(®) [uo + g(um)] } + x{Kq(t) [ur + h(um)] }

S

{/th—s (s U, (h1 (), /al(s Tum(hg(r)))d7’> ds}
0
R, (t — s)Bxy, (s Ry(t — s)fm(s)ds }
o] [
{ Ry(t — s)pm(s)ds }a
where

Tm(s) = B'RYT — &) [(M + TT) " ur — So(T) [uo + g(um)]
— Ko(T)[ur + h(um)]| = B*Ry (T =€)

T s

x/()\I—ﬁ—FST)qu(T—s)GG, U, (hl(s)),/al (5,7, um (ha(7))) dT) ds

0 0

S O

—B'RYT =€) | (M +TT) " Ry(T = 5)fm(s) ds

—B*RIT =€) | (A +TT) "' Ry(T = 5)pm(s) ds.

St~ TT—

Since g, h and G are compact, thus we only need to estimate X{f(f R, (t — s)fm(s)ds},
X{fo pm(s)ds} and X{fo — 8)Bx(s)ds}. From (A2) and (A3) we have

x{fm ), m =1} < x{F(tum(t), m =1} < as(t)x{um(t), m > 1}
< az(t)xc(Sn-1) = (1),
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x{pm(@®), m =1} <x{H(t,um(t)), m =1} < ar(t)x{um(t), m > 1}
< a1(t)xc(Sn-1) = 12(),

where 71,7, € L1([0,T],R"). Moreover, for any m > 1, from assumptions (A2)(ii)
and (A3)(ii) we have || f, (¢)|| < mp(&)Wr(r) and ||pm (t)|| < mpg (t)Wg (1) for almost

€ [0,T). Consequently, f,., pm € L'([0,T], E). Therefore, we get az(t)xc(Sn—1),
o1 (t)xc(Sn-1) € L'([0,T], E). Then there is a compact set V. C E, a measurable
set J. C [0,7] with measure less than e and sequences of functions {f¢,}, {05} €
LY([0,T), E) such that {f5,(s), m > 1}, {pm(s), m = 1} C V, forall s € [0,T]
and || fn(s) — ffn(s)H < 27v1(8) + € forevery m > 1 and every s € J. = [0,T] — J,,
lom(s) — p5,(s)|| < 27v2(s) + € for every m > 1 and every s € J. = [0,T] — Je.
Therefore, we can get

/R n(5) — 7. ()] d

NS MT||2’71 S +€HL1 < QMT(”OQHLlXC(Snfl) +€T) (9)

and

/Rq(t - ) [pm(s) - ﬁin(s)jl ds
0

< MT|272(5) + €|, < 2MT (e[| xc(Sn1) + €T), (10)

also, || [, Ry(t—s)fm(s)ds|| < MTW( (r) [, mr(s)ds, || [, Rq(t—s)pm(s)ds| <
M TWy(r f ;. M (s) ds. From (9)-(10) we obtain

x{/Rq(t—S)fm(S)dS}
{/R (s ds, m > }+x{/Rq(t—8)fm(S)dS»m>1}
Je

< 2MT(||052HL1XC(STL71) +€T) +TMWF(T)/7TLF(8) dS,
Je

and similarly, we can get x{fg Ry(t—s)pm(s)ds} < 2MT(HO[1 llzr-xc(Sn—1)+€T)+
TMWg(r) [, mp(s)ds. Since € is arbitrary and that the measure of J, is less than e,

we conclude that for all t € X{fﬂv $)fm(s)ds} < 2MT|as|1 X
Xc(Sn 1) X{fo — 8)pm(s )ds} < 2MTHa1HL1 Xc(Sn_1). Next, we estimate
Xc{fo Bxk( )ds}. Lett € [0,7] and let X{xm, > 1} = . Then for all

B> B, therc exists a finite family {v1,v2,...,v;} C L*([0,7], X) such that for any
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xm € L2([0,T], X), thereis i € {1,2,...,j} with ||z, —villz2(jo,77,x) < B’ Thus, we
conclude that
t t

/Rq(t — 8)Bay(s)ds — /Rq(t — s)Bv;(s) ds

0 0

S MMB / ||.Z‘m($) — ’UZ(S)H ds g MMB\/T”xm — Ui”L?([O,T],X)
0

< MMB\/TB/a

and hence Xo({fg )Bmm( Yds, m > 1}) < MMB\/T~X({xm, m > 1}).
Since Xc{xm, m > } MpM /X - @TM(Jlal[zr + [laz][£1)) - X (Sn-1), which
gives that X{fo (t—s)Bxp(s)ds} < (2MpM?3/N)T32(|lax | +|leal 1) -x(Sn_1)-
Therefore, for all t € [0, 7], we have x{ym(t), m > 1} < 2TM (1 + VTMZM?2/) x
(loallzr + ||zl L) - x(Sn—1). Using the fact that € is arbitrary and from inequality (8),
we obtain

~ VTMZM?
xe(,) <2 (14 YD) (10 + faallne(Soor)

By means of a finite number of steps, we can write

0 < XC(STL)

PP
< (208 (14 T Y el + oalln)) xe(s0). w2

From (A2) and (A3) we obtain lim,,_, o Xc(Sr) = 0.

Step 5. The multivalued function IT|g : S — 2 has a closed graph.
Letu” — winS C E, y" € II(u") and y™ — 3. We show that 7 € I1(u). Indeed,
y™ € II(u™), it gives that there exist f,, € Spy» and p,, € Spr,» such that

y" (1) = Sy [UO+9 )]+ [U1+h( )]
—|— ot —9)G|s, u" a1 (s,7,u"(ha(7))) dT) ds
+ B{B RAT — &) [(M + ) "ur
uo +g - K, (T)[ul +h( )H — B*R, (T - ¢)

X/()\I—FFZ)_KQ(T—S)G(S, 0/a1 s, T,u" )))dr)d

0
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— BRI - ¢)

(M +TT) " Ry(T — ) f(s) ds

~B'Ry(T - )

Oty T

(M +TT) " Ry(T — 5)p"(s) ds} de

+O/Rq(t—s)f"(s) ds—i—O/Rq(t—s)p"(s)ds. (11)

Now, we must show that there exist f € S Fu and p € Sp,, such that

Y(t) = Sq(t)[uo + g(@)] + Kq(t) [ur + h(u)]

+ /Kq(t - s)G(s, ﬂ(hl(s)),/al (s,7,u(h2(7))) dT) ds

0
+ /Rq(t - g)B{B*R;(T — [+ 1) ur
0

= 84(T) [uo + 9(@)] — Ko(T) [ur + h(@)]] — B*RY(T —¢€)

x/()J—i—FST)_qu(T—s)G(s, ﬂ(hl(s)),/al(s,T,ﬂ(hg(T))) dT) ds

0

—B*RUT &) | (M +TT) " Ry(T — 5)F(s) ds

St T

“BRUT - &) [ (M +IT) " Ry(T — 5)p(s) ds} e
+ 0/ R,(t—s)f(s)ds + O/Rq(t —s)p(s)ds. (12)

For every n > 2 and for a.e. t € [0,T], we have ||f"(t)|| < mp&)Wr(r), |[p"®)| <
mp (t)Wx(r), which gives that the sets {f™, n > 1} and {p", n > 1} are integral
bounded. Additionally, conditions (A2), (A3) and convergence of {u"},,>1 imply that
X{fn(t)a n z 1} < X{F(taun(t))a n = 1} < aQ(t)X{un(t)a nz 1} =0, X{pn(t),
n > 1} < x{HEu"(t)),n > 1} < ar(t)x{u"(t), n = 1} = 0. Therefore, the set
{f™ n > 1} and {p", n > 1} are relatively compact for a.e. t € [0,T]. Therefore,
the sequence {f"},>1 and {p™},>1 are semicompact, and then we have that { f"},,>1
and {p"},,>1 are weakly compact in L*([0, 7], E). Without loss of generality, it can be
assumed that f™ and p™ converge weakly to function f and p, respectively. By Mazur’s
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lemma, for every natural number j, there exists a natural number mg(j) > j and a se-
quence of nonnegative real numbers A ;,, m=7,...,mo(j ; such that 3574 =1.
Thus, the sequences of convex combinations z; = ZZ“_(]J GmfT g 21, and w; =
Zm"m Njmp™, j = 1, converge strongly to f € L*([0,T], E) and p € L'([0,T], E) as
j — o0, respectively. So, we may assume that z; — f(t) := f(t) and w;(t) — p(t) =
p(t) forae. t € [0,7].

Let ¢ be such that F'(¢,-) and H (¢, ) are upper semicontinuous. Then, for any neigh-
borhood N; of F(t,-) and neighborhood N> of H (¢, -), there exists a natural number ng
such that for any n > ng, F'(t,u"(t)) € Ni, and H(t,u™(t)) C Na. Since F and H
take convex and compact values, Lemma 1 gives that (), conv(l,,s; F'(t,u"(t))) C
F(t,a(t)), Njs; conv(U,,s; H(t,u™(t)) C H(t,u(t)). “From Mazur’s theorem, there
exist sequences {z, }n>1 of convex combinations of f™ and {w,},>1 of convex com-
binations of p™ such that f(t) € Njs1{zn(t), n =4} C (5, c0nv{f"(t), n > j}
for ae. t € [0,7] and z, converges strongly to f € L*([0,T], E). Also, p(t) €
Njs1 {wn(t), n = j} € (5, c00v{p"(t), n > j} and w, converges strongly to p €
L0, T, B). Then, for ae. ¢ € [0,T], F(t) € oy comv(/*(t),n > j} C
ﬂj>1 conv{F(t,u"(t)), n = j} C F(t,u(t)), and p(t) € ﬂj>1m{pn(t)v nz>j}c
(Vj>q conv{H (t,u"(t)), n > j} C H(t,u(t)). In other words, we have that there exist
f € Sry and p € Sg . Moreover, by the continuity of G, h, g, Sq, K, and T}, from
equation (11) it is concluded that equation (12) holds true. Hence, II | has a closed graph.
As a consequence of above steps, it is concluded that the multivalued IT|g : S — 27 is
closed and y ¢-condensing with nonempty convex compact values. Thus, from Lemma 2
there exists a u € S, which is a fixed point of I, such that v € IT(u). Hence, u(-) is
a mild solution for system (1)—(2). ]

Next, we make some additional assumptions to prove approximate controllability of
the fractional control system.

(A2) G is uniformly bounded.

(A3) The associated fractional linear differential inclusion of (1)—(2) is approximately
controllable.

(A4) RO\ TE) = (M +I'{)~L. Foreacht € [0, T], the operator \R(\I, I'{) — 0
as A — 0 in the strong operator topology.

Theorem 2. Assume that assumptions (A1)—(A7) hold. Then the control problem (1)—(2)
is approximately controllable.

Proof. Let uy(+) be a fixed point of IT. Any fixed point of I7 is a mild solution of (1)—(2)

under the control
zA(t) = B Ry(T — t)R(A, Iy )p(ua(-)),
such that

ux(t) = Sq(t) [uo + g(un)] + Kq(t) [ur + h(uy)]

+ /Kq(t - s)G(s, U (hl(s)),/al (s,7,ux(h2(7))) dT) ds
0

0
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t t

: fa(t) € F(t,ux(t)), forae. t € [0,7]},
,ux(t)), forae. t € [0,7]} and

T
BT e~ [ o
0

We have that I, G and H are umformly bounded on [0, T']. Then there are subsequences

denoted by {G (¢, u*(hy(t fo ar(t, ¢ ur(he(€))) dO) Y, {F (¢, u(t))} and { H (t, u (1))},
which converge weakly to, say, G(s ) F(s) and H(s). Define

w(u) = up — Sg(T) [uo + g(u)] — Ko(T) [ur + h(u)]

T
/Kq ds—/R —3)

R,(T — s)p(s)ds,

O\'ﬂ =)

with f € Sp,, and p € Sp . For t € [0, 77, it follows that

HP(U,\) - w(U)H
< [[Sa(®) [g(ux) — g(w)] || + (| K4 (#) [2(ur) = R(u)] |

S

G(s, u,\(hl(s)),/al (s,7,ux(h2(7))) dT) - G(s)

Face-sipis-woa

/ —9) f)\ dSH +
http://www.journals.vu.lt/nonlinear-analysis
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Using (A1)—(A4) and strongly continuity of S,(t), I, (t) and R,(¢), we have that p(uy) —
w(u) as A — 07 and

Jur(T) = wr | < ARO, T ()| + ARG, T lo(r) = w(w)|
< |IARA I ) w(w) || + [|p(ur) — w(w)]|-

Then uy(T') — ur as A — 0T. Therefore, the nonlocal fractional control system (1)—(2)
is approximately controllable on [0, T']. Hence, the proof of the theorem is completed. [J

4 Conclusion

Very few works are available in the literature, which deal with solvability and approximate
controllability of nonlocal differential inclusion involving fractional derivative utilizing
measure of noncompactness. Evolution inclusions of fractional order are committed to a
quickly developing area of the examination for inclusions and their applications to control
theory. Both linear and nonlinear differential inclusions can describe many phenomena
investigated in hybrid systems with dry friction, processes of controlled heat transfer, ob-
stacle problems and others. This work studied the approximate controllability of nonlocal
neutral differential inclusion of fractional order ¢ € (1,2) utilizing sectorial operator,
multivalued fixed point strategy and measure of noncompactness under the assumption
that the corresponding linear system is approximately controllable. The approximate
controllability of neutral fractional differential inclusion with nonlocal and impulsive
conditions will be investigated in our future work.
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