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Abstract. In this paper, by means of Leggett—Williams and Guo—Krasnosel’skii fixed point theo-
rems, together with height functions of the nonlinearity on different bounded sets, triple positive
solutions are obtained for some fractional differential equations with p—g-order derivatives involved
in multi-point boundary value conditions. The nonlinearity may not only take negative infinity but
also may permit singularities on both the time and the space variables.
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1 Introduction

The purpose of this paper is to obtain the existence result of triple positive solutions for
the following fractional differential equation (FDE for short):
Dg u(t) + f(t,u®) =0, 0<t<1,

w(0) = /(0) = - =uD(0) =0,  Dhyu(l) =Y aDlu),
=1
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where D, represents Riemann—Liouville derivative of order a, n — 1 < a < n (n > 3),
a; >00G=12,....mmecNN0<&E << <En<LpgeR 1<p<L
n—2,0< q<pwith A = T(e)/T(a—p)— (T(a)/T(a—q)) X7, a7 > 0. The
nonlinearity allows to take negative value and be unbounded below, that is, the problems
considered here are so called semipositone problems. In addition, f(¢, ) may be singular
both at £ = 0, 1 and/or u = 0.

Recently, great efforts have been made to investigate FDEs nonlocal problems for
their better effect in describing important phenomena in science, engineering, biology,
economics and so on. Many excellent works can be found in the literature (see [1-4,
6-13, 15-40] and the references therein). In a recent paper, when f permits singularity
on t and is semipositone, Henderson and Luca [9] gave an existence result of at least one
positive solution for fractional differential equation eigenvalue problems subject to the
boundary conditions given in (1). The main tool is the famous Guo—Krasnosel’skii fixed
point theorem. In another paper [10], under the assumption that f is either nonsingular
or singular on ¢, by means of fixed point index theory, they established an existence
result of at least one positive solution for some system of nonlinear ordinary fractional
differential equations with some coupled multi-point boundary conditions. By virtue of
height functions on some special bounded sets, Pu et al. [21] considered existence and
multiplicity of positive solutions for BVP (1) on the premise that the nonlinearity is
semipositone and permits singularity with respect to space variable. Very recently, Zhang
and Zhong [36] obtained an existence result of triple positive solutions for some fractional
differential equations integral boundary value problems.

This paper is a continuation of our paper [36]. We concentrate on investigating triple
positive solutions for semipositone BVP (1) by Leggett—Williams and Guo—Krasnosel’skii
fixed point theorems. Compared with the existing works, this paper admits some new
features. Firstly, the notable difference with the traditional results on triple solutions
(see [1,4,19,37] for instance) lies in that the nonlinearity f possesses singularities with
respect the space variable. At present, there are relatively few results on triple solutions for
integer-order differential equations when Leggett—Williams fixed point theorem is used
under this circumstance, not to mention fractional differential equations. Secondly, not
only the method exploited here is different in essence from that in reference [21], but also
the bounded sets and height functions constructed in this paper are quite different from
those in [21]. Finally, the problem discussed in this paper is different from that in [36].
The nonlinearity permits taking negative infinity. Thus, the problem studied in this paper
is so called semipositone problem.

2 Preliminaries and several lemmas

Two typical Banach spaces E = C[0, 1] and L'(0,1) are involved in this article, where
E = C0,1] and L'(0, 1) represent the spaces of the continuous functions and Lebesgue
integrable functions equipped with the norms |ju|| = maxogi< [u(t)] and |ully =

fol |u(t)| dt, respectively.
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Triple positive solutions for semipositone fractional differential equations with singularities 891

Definition 1. (See [14].) A functional { : P — [0, +00) is called a concave positive
functional on a cone P if

C(te+ (1 —t)y) > tC(z) + (1 —t)C(y) VYa,ye P, 0<t< L.

Lemma 1. (See [9].) Let A # 0. Given y € C(0,1) N L*(0,1), the solution of the
following differential equation

Dy u(t) +y(t) =0, 0<t<l,

2
u(0) =u/(0) =--- = (=2 (0) =0, 0+u Zal 0+u (&), ?
can be written as
1
:/G(t,s)y(s) ds, telo,1],
0
where
—1 m
G( ) G1 t, S ZQ1G2 517 ) )
1 [t —s)e Pl —(t—s)!, 0<s<t<],
Gi(t,s) = 71( ) —p—1 ( )
(a) | to=1(1 — s)oP-1, 0<t<s«1,
1 el —gyer=l _(p — )27l 0K s<t< 1,
Goltys) = —— It 71( 5) o (t—s) ;
Fa—gq) |to797 (1 — s)> P L, 0<t<s< L

Lemma 2. (See [9].) Assume that a; > 0 (G = 1,2,...,m)and A > 0. Then the Green
Sunction G of (2) given by (3) is a continuous function on [0, 1] x [0, 1] and satisfies the
inequalities:

(i) G(t,s) < J(s), forallt,s € [0,1], where J(s) = hi(s) + > ", aiGa(&;, 8) /A,
hi(s) = (1= s)*P7 (1= (1-s)?)/T(e). s € [0,1];
(i) G(t,s) = t*1J(s) forallt,s € [0,1];

(i) G(t,s) < ot ! forall t,s € [0,1], where 0 = 1/T(a) + S0 a; &80
(AL(a — q)).

Lemma 3. (See [21].) Suppose that w(t) € C|0, 1] be the solution of

Dy u(t) +k(t) =0, 0<t<l,

u(0) =w/(0) = =u""P(0) =0, Dfu(l) = aiDf,u(&),

where k € L1(0,1), k(t) > 0. Then w(t) < o||k|[1t* 1, 0 <t < 1.

Nonlinear Anal. Model. Control, 23(6):889-903
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In this paper, let
K={u€E: ult)>t"""ul, te[0,1]}.
Obviously, K is a cone in E. For simplicity, denote

K, ={ueK: |ju] <r}
and
K(¢ a,0) = {u € K: a<((u), |ul <b},

. “)
K(( a,b) ={ue K: a<((u), [lu] <b}.

We make the following assumptions throughout this paper:

(H1) f € C((0,1) x (0,+00), (—00,+00)), there exists a function k¥ € L'(0,1),
k(t) > 0, such that f(t,u) > —k(t) forall t € (0,1), u > 0.

(H2) For any positive numbers 11 < rg, there exists a nonnegative continuous func-
tion 7y, , € L*(0,1) such that

|f(tw)| < Ao (t), 0<t <1, it h <u <,

with

1
/(1 —8)* Py, L (s)ds < Hoo.
0

Lemma 4. (See [14].) Suppose that T : K. — K is completely continuous and there
exist a concave positive functional ¢ with {(u) < ||u]| (v € K) and numbers b > a > 0
(b < ¢) satisfying the following conditions:

() {u€ K(C a,b): C(u) > a} £ 0 and ((Tu) > a ifu € K(C,a,b);
(i) Tu € K. ifu € K((,a,c);
(i) ¢(Tu) > aforallu € K((,a,c) with ||Tu| > b.

Then i(T, K (C,a,c),K.) = 1.

Lemma 5. (See [5].) Let K be a cone in Banach space X, and T : K — K be a com-
pletely continuous operator. Let a, b, c be three positive numbers with a < b < c.

() If||Tul| > ||u|| for u € O(K,) and ||Tu| < ||u|| for u € O(Kp), then
Z(T, Fb \Faa Fb) = 17
@) If |Tul| > |Jull for v € O(K,) and | Tu|| < ||u|| for u € O(Ky), then

i(Ta Kb\Fm F(') =1
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3 Main result

Suppose that 0 < a* < b* < 1. In applications, a* and b* can be chosen according to the
properties of f(t,u). Denote 0* = minyg[q p+] t*~1 Forany r,ry,rs > 0 with r; < 7o,
define the height functions as follows:

P(t,r) = max{ f(t,u): (r—ollkl]1)t* " <u<r}+kd)

( r) =min{ f(t,u): (r—o|[kl[1)t* ' <u<r}+k()
o(t,r,m0) = max{f (t,u): (7‘1 —UHk‘Hl)to‘_l 7“2} + k(t)
) =

Su<
min{ f(t,u): (r1 —o|k[1)t* " <u<ra} + k()

u
(t r1,T2

Theorem 1. Suppose that (H1) and (H2) hold. In addition, there exist five positive num-
bers o|lk|1 < e1 < ea < e3 < eq < e5 with eq > e30* " satisfying

(A1) fol J(8)P(s,e2)ds < ea;

(A2) [y J(s)d(s,e1) ds > e

(A3) fo1 J(s)p
(A4) f J(s) (s es,eq)ds > 0" e

S

$)p(s,e3,e5)ds < es;

Then, BVP (1) has at least three positive solutions Gy, Gz, s with e; — o||k||1 < ||t1]] <
ez, e3 — okl < ||@z| < es, ez — of[k[l1 < |[as]| < es and

in _dg(t) > es — o[k in 3(t) < es.
teﬁig*]uz()/ea ollkl, teﬁg%*]ugg()\Q

Proof. First, consider the following modified approximating BVP (MABVP for short):
D§ u(t) + f(t, xn(u—w)(t)) + k() =0, 0<t<1,
m
u(0) =/ (0) = -+ = u"2(0) =0, D€+(1) = Z%DSJ,U(&),

where

Define operators 7}, (n € NT) as follows:

= /G(t,s) [f(s,xn(u—w)(s)) +k(s)]ds, 0<t<1, neN
0

In the sequel, we will give the proof by the following three steps.

_(I) We show that for any allk|l1 < r1 < ro and sufficiently large n, operators 7T;,
(K., \ K,,) = K is completely continuous.

Nonlinear Anal. Model. Control, 23(6):889-903
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The proof is as the same as the first part of Theorem 6 in [3], we omit it here. Thus,
for sufficiently large n, the same conclusion is valid for 7, : ?65 \ K., — K. Define
C(u) = minggg= p=)u(t) for any u € K. In the following, K ((,es,e4), K(C,es3,e4q),
K ((, es, e5) have the same meaning as those in (4).

(II) We demonstrate that for sufficiently large n, T, has three fixed points. (See Fig. 1
for better comprehension.)

First, we are in position to show that for sufficiently large n,

(T, K(C.e3,€5), Key) = 1. )

Set ug(t) = (e3 4 €4)/2. Then ug € K (C, es, e4), which means that K (C, es, e4) # 0. If
u € K((,es,e4), we have

e < ol ult) < mgs ) = ull <

By the construction of cone K and Lemma 3 we know that 0 < (e3 — o||k|1)t*~ ! <
u(t) —w(t) < ey, t €10,1], and

1 1
(es — o|k[l1)t* " < max{u(t) —w(t), n} <es, n>N = L] +1,
3
which means
(e3 —ollk[1)t* ! < xnlu —w)(t) <es, 0<E<1, m> Ny (6)

It follows from Lemma 2 and (A4) that

((Thu) = min (T,u)(t) > min ta71||TnuH = o*||Tyul|
t€]a",b*] t€la*,b*]

tef0,1

1
=0 e ! G(t,s)[f(s, xn(u—w)(s)) + k(s)] ds
t€(0,1]

1
> 0" max t*7! / J(s)[f (s, Xn(u—w)(s)) + k(s)] ds
0

b
> O'*/J(S)’(Z(S,637€4) ds > es.
o

If u € K((,es,es5), then

/

es < min u(t) < max u(t) = ||ul| <es.
2 tefarb] ) telo.1] () = llull < &5

Hence, e3t®~! < u(t) < es fort € [0, 1]. Similar to (6), one has

(ez —allkl1)t* ™ < xulu—w)(t) <es, 0<t<1,n>Ni. @)

https://www.mii.vu.lt/NA
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Figure 1. Illustration of proof.

This, together with Lemma 2 and (A3), means that

(|IThull = max /G(t,s) [f (s, xn(u—w)(s)) +k(s)] ds

t€[0,1]

J(s)[f (85 Xn(u—w)(s)) + k(s)] ds

J 5 63765)d <€5, n>Nl- (8)

O\H o\

Consequently, T,,u € K,,.
Foru € K(C, es, es5) with | T,,u|| > e, noticing that e; > e3o* ', we have | T,u| >
630*71. Therefore,

C(Thu) = I[nn}) ](Tnu)(t) > 0| Tl > o*eso* ™" = es.
t€la*,b*

Thus, for n > N7, we know from Lemma 4 that (5) holds.

If u € O(K..), then |lu|| = e5 and e3t®~! < e5t* ! < u(t) < es,t € [0,1]. Thus,
(7) holds. By (7), (A3) and Lemma 2, similar to the proof of (8), for any n > Nj, one
gets

Tl = max / G(1,)[7 (5, Xl — w)(s) + K(3)] s

J($)[f (s, xn(u —w)(s)) + k(s)] ds

J(8)P(s,es,e5)ds < es Vu € O(Ke,). 9)

O\H O\H

Nonlinear Anal. Model. Control, 23(6):889-903
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If u € O(K.,), then ||u| = ez and eat®~! < u(t) < ez, t € [0,1]. Thus, we have
0 < (e2 — ollkl|1)t*t < wu(t) —w(t) < ey fort € [0,1] and

1 1
(e2 — o|[k|]1)t* " < max {u(t) —w(t), } <ey, n>Ny= [} +1,
n €2

ie.,
(e2 — ol[kl[1)t* " < xn(u—w)(t) <ez, 0<t<1,n>N,.
By (Al) and Lemma 2, for any n > Ny, one has

1

|Thull = max /G(t,s) [f (s, xn(u—w)(s)) +k(s)] ds

te(0,1]
1
< /J(s)@(&eg) ds <es Vu€ I(Ke,). (10)
0

If u € J(K.,), then e;t*~ ! <wu(t) <ey, t€[0,1]. Thus, we have 0 < (e; —o||k||1) x
t*~ b <u(t) —w(t) < e fort €[0,1] and

1 1
(ex — ok[[1)t* " < max{u(t) —w(t), n} <e;, n>N3= [e} +1,
1

ie.,
(ex —ollk][1)t* ' < xn(u—w)(t) <er, 0<t<1, n>Ns.

By (A2) and Lemma 2, for any n > N3, one gets

1
Tl = max / Gt 9)[F (s, xulu — w)(s)) + k()] ds

—

1
> /J(s)lz(s,el)ds >e; Yu€d(Ke). (11)
0

By (9), (10), (11) and Lemma 5, for any n > N = max{ N7, Ny, N3}, we both have
(5) and the following two equalities:

Z(T'ru Kes \?617 ?65) =1, Z(Tn; K€2 \Fela FE{)) =1L (12)
It is clear, (A1) implies that 7}, has no fixed point on J(K,,). In addition, for u €
K ((,es,e4), we have that (T, u) > es, and for u € K((,es3,e5) with ||T,ul| > eq,

https://www.mii.vu.lt/NA
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we also have that (7, u) > e3. This is to say, T, has no fixed point on K((, e3,€5) \
K((,e3,¢e5). Thus, for n > N, it follows from (5), (12) and the addition property of the
topological degree that

i(Tn7 Kes \ (K(C,e3,e5) UF@z)a FEE))
= Z(Tna FE{, \Fela X@g}) - Z(Tny K€2 \Fela FE{,)
- z(Tna f((c,€3,65), ?es)
= 1.

As a consequence, for n > N, T}, has at least three fixed points uj, € K, \ K.,,
us, € K((, es,e5), uj, € K¢y, \ (K(C,e3,e5) U K,) satisfying e; < |Juj, || < e,
e3 < |us, || < es,ex < |lui,| < es with

. . . *
min u,, (t) > e min us, (t) < es.
tefa*,b*] 277,( ) 3 tela”,b*] 3n( ) 3

(IIT) We prove that BVP (1) has triple positive solutions.
Taking into account the construction of the cone K, one has that, for n > N and
i=1,2,3,
up, () = luf, 671 = ext®™ ! > o||k[[12°7 > w(t), te[0,1], (13)

and

uy, (t) = /G(t,s) [f(s7 Xn (U, — w)(s)) + k(s)} ds, te€]0,1]. (14)
0

It is easy to know from (H2) that {u},: n > N} (i = 1,2,3) are bounded and equicon-
tinuous on [0, 1]. Thus, Arzela—Ascoli theorem implies that there exist a subsequence Ny
of N and corresponding continuous functions u; (¢ = 1,2, 3) such that u},, converges to
uf (i = 1,2, 3) uniformly on [0, 1] as n — oo through Ny. Let n — oo on both sides
of (14), one has

ui(t) = /G(t,s) [f(s,x(uj —w)(s)) + k(s)]ds, te€[0,1],i=1,2,3, (15)
0

and

er < |Juill < ez ez < [Jusl| < es e < [Juill < es (16)

with minge(q- 5+ u3(t) > e3, minge(q- p+j u3(t) < es. It can be easily seen from (13)
that u}(t) > t* il = et > of|kl1t*! = w(t) (i = 1,2,3). Let 4;(t) =
uf(t) — w(t), then we know from (15) that 4;(¢) (i = 1,2, 3) are positive solutions for
BVP (1). This, together with (16) and Lemma 3, implies that e; — o||k||1 < ||d1]] <
ez, e3 — ollklli < [laaof] < esie2 — ollklli < @3] < es and mingepge pe) Ua(t) =
es — o kl1, mingeq- p As(t) < es. O

Nonlinear Anal. Model. Control, 23(6):889-903
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4 An example

Consider the following singular fractional differential equations:

Do Pu(t) + £ (t,u(t)) - 1041%

w(0) = u/(0) = u” (0) = 0, (17)

1 1 4
Dg/fu( 1) = 7D4/3 (4> + 3D4/3 (2) + 4D3/+3u<5)7

where f(t,u(t)) = 0(u(t))/(30/t(1 —¢)?) and

=0, 0<t<l,

u1/3+u_1/5, O<u<l
O(u) = ub +1, 1<u<b,
ul/3 4+ 390626 — 51/3, w > 5.

Clearly, « = 11/3,n =4,p=3/2,q=4/3, m = 3,& = 1/4,& = 1/2, &5 = 4/5,
a1 = 1/2,ay = 2/3, a3 = 1/4. Tt is easy to see that (H1) holds for k(t) = 1/(10*+/%)
and (H2) is valid for v, ., (t) = (1/(30 {/t(1 — £)2))[ra /3 + (rt8/3)=1/5 448 43/ 4
390627 — 5'/3]. After direct calculation, we have o — p — 1 = 7/6, « — q — 1 = 4/3,
T(a) = 4.0122, T(a — p) = 1.0823, T(a — q) = 1.1906, 3| a;£°7 971 = 0.5290,
A =1.9244, 0 = 0.4801, |[k|; = 1.5 1072, o||k||; = 7.202 - 10~°. Take a* = 2/3,
b* = 1,e1 = 1073, e3 = 1/2, e3 = 5, ¢4 = 20, e5 = 10°. Then o* = (2/3)8/3 =
0.3392, o* ! = 2.9481, e4 > o* "'e3. We have
1

/ J(5)3(5, ¢2) s

+

/[ e aisirqml(_lq—)s)wl]

X W max{(u1/3 + u_l/s): (e2 —ollkll1)s* " <u<er}ds

/ 1—87/61—(1—5)3/2) i ey _§)7/6
0/{ o) - -

max{ (u1/3 + u*1/5): 0.4999s%/3 <u< 2*1} ds

8 30\3/5(1 —5)2

1
1 [[0.2492(1 — 5)7/6 —0.2492(1 — 5)8/3 +0.2309(1 — s)7/9]

< 30 81/3(1 _ 8)2/3
0

x [271/3 4 (0.49995%/3) /%] ds

https://www.mii.vu.lt/NA
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1
1 []0.4801(1 — s)™/6 —0.2492(1 — 5)%/3](0.7937 + 1.148758/19) d
% s1/3(1 — 5)2/3 S
0
1 1
1/2 (1 _ 8)2
0.4801 - 0. 7937/Tds—0.2492.0.7937/ 75— ds
0 0
1 1
+0.4801 - 1.1487/ 15/15 0.2492-1.1487/ 513/15 1
0 0

=30 (0 4801 - 0.7937 - 1.1088 — 0.2492 - 0.7937 - 0.6750

+0.4801 - 1.1487 - 6.9506 — 0.2492 - 1.1487 - 6.2040)
1
=0.0782 < - =
< 2

Hence, (A1) is satisfied. By Lemma 2 we have

O/ J(5)D(s, 1) ds

1
_ [[Q=9er 0 - (me) | S e T A T
‘0/ | () e Feend
_ j{(l—svwa—u—sﬁ/%+zz 1 154/3(18)7/6} I
/ () AT (a — q) 30/s(1 - 5)2

x min{ (u'/® +u71/"): 9.2798 - %% . 107" <u < 107°} ds

1
i/ [0.2492(1 — 5)7/6 — 0.2492(1 — 5)%/3 +0.2309 - (1 — 5)7/9]
30 s1/3(1 — 5)2/3

0

x [(9.2798 - s%/3 . 10‘4)1/3+ (10—3)71/5] ds

/ 1 — S 1/2 h 3/5
0. 4801/ EsvEa ds — 0.2492/ 1/3 -10
0

0

0.4801 - 1.1088 — 0.2492 - 0.6750) - 3.9811

30(

1

Nonlinear Anal. Model. Control, 23(6):889-903
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Thus, (A2) is verified. On the other hand,
1

/ J(s)P(s, es,e5)ds

/1{ (=977 1-(1-9) T ag (1=
) (a) AI‘(a — q)
1

X —————(10°/3 4 390626 — 5'/% ) ds
30¢/s(1 — )2

1
[0.4801(1 — 5)7/6 — 0.2492(1 — 5)%/3]

30 . 105
< 30 51/3(1 o 5)2/3 ds - 3.9067 - 10
0

=4.7418 - 10% < 10° = es.

As aresult, (A3) is valid. We also have

/J (s,es,eq4)ds

2/3
1
(1—9)701—(1—9%> X% ag!® 6]~
= + 55— (1= 5)""|Y(s,e3,e4)d
// { I(a) AT(a — q) }
(=970 = (=) | Yo, ag”
>/ { I(a) Al(a—g) )7/6}
2/3
b s 5
x 30m(5 +1)d
> Dz aiff/?’(l _ 5)7/63_1/3(1 _ S)—2/3 ds

30 AT (e — q)
23

1 Zz 1 154/3 /601 _ g)-2/3
2/3

1
1
= 55+ 390626 - 0.2309 /(1 —5)Y2ds
2/3
1
= 55 390626 0.2309 - 0.1283

= 385.7363 > 14.7405 = 0 les.
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This is to say that (A4) is checked. Thus, Theorem 1 guarantees that BVP (17) has

at

least three positive solutions s, 42, @3 satisfying 9.2798 - 107* < |41 < 1/2,

4.9999 < |G| < 10, 0.4999 < |ds]] < 10° with mingepqe po) G2(t) > 4.9999,
mine[q- b+ Uz(t) < 5.
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