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Abstract. In this paper, we study a new class of nonlocal problems for noninstantaneous impulsive
Hilfer-type fractional differential switched inclusions in Banach spaces. First, we introduce a mild
solution formula for this noninstantaneous impulsive inclusion problem. Second, we show the
existence of mild solutions using the Hausdorff measure of noncompactness on the space of
piecewise weighted continuous functions. Finally, an example is provided to illustrate the theory.
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1 Introduction

Fractional differential equations and fractional differential inclusions are important be-
cause of their applications in physics, mechanics, and engineering [6,25]. For existence
results for fractional differential equations and inclusions, we refer the reader to [1, 2,
10, 25, 26, 38] and the references therein. Impulsive differential equations and impul-
sive differential inclusions have applications in physics, biology, engineering, medical

*This work is partially supported by National Natural Science Foundation of China (11661016); Training
Object of High Level and Innovative Talents of Guizhou Province ((2016)4006); Science and Technology
Program of Guizhou Province ([2017]5788-10).

(© Vilnius University, 2018


mailto:sci.jrwang@gzu.edu.cn
mailto:agamal@kfu.edu.sa
mailto:donal.oregan@nuigalway.ie

922 J.R. Wang et al.

fields, industry, and technology [8]. They model processes, which, at certain moments,
change their state rapidly. For results on mild solutions to impulsive differential equa-
tions and inclusions with instantaneous impulses, see [7,9, 30, 32]. However, the action
of instantaneous impulses do not describe certain dynamics of evolution processes in
pharmacotherapy. Considering the hemodynamic equilibrium of a person in the case of
a decompensation (for example, high or low levels of glucose), one can prescribe some
intravenous drugs (insulin), and the introduction of the drugs in the bloodstream and the
consequent absorption for the body are gradual and continuous processes. The impulsive
action starts at any arbitrary fixed point and stays active on a finite time interval and,
as a result, the authors in [18, 36] introduced noninstantaneous impulsive differential
equations.

Abstract nonlocal semilinear initial-value problems was initiated in [11, 12], where
existence and uniqueness of mild solutions for nonlocal differential equations without
impulsive was discussed (Lipschitz-type conditions were considered). In [27], the authors
studied the case where the operator semigroup 7'(t) is compact and the nonlinearity
is single valued. The authors in [3] discuss existence of integral solutions for nonlocal
differential inclusions when X is separable, the operator semigroup is compact, and the
nonlinearity F' is closed valued and lower semicontinuous in its second variable, and,
using the measure of noncompactness, the authors in [39] obtain existence results for mild
solutions for nonlocal problems when the evolution system is not compact. The authors
in [22] considered a nonlocal impulsive differential inclusions governed by a noncompact
semigroup, and recently, in [21], the author established the existence of mild solutions
to impulsive differential inclusion of first order with nonlocal conditions and governed
by a noncompact semigroup when the nonlinearity F' satisfies a condition expressed in
terms of the Hausdorff measure of noncompactness. For other contributions on nonlocal
Cauchy problems, we refer the reader to [4,17,35].

Hilfer [19] proposed a generalization of the Riemann-Liouville fractional deriva-
tive, the Hilfer fractional derivative, which includes the Riemann-Liouville fractional
derivative, and the Caputo fractional derivative. It appears in the theoretical simulation of
dielectric relaxation in glass forming materials [16]. The authors in [14] established the
existence and uniqueness of global solution in the space of weighted continuous functions
for a fractional differential equations involving the Hilfer derivative, the authors in [34]
discussed the existence of solutions to nonlocal initial value problems for differential
equations with the Hilfer fractional derivative, and the authors in [16] obtained some
sufficient conditions to ensure the existence of mild solutions of evolution equation with
the Hilfer fractional derivative. In [37], the authors investigated the approximate control-
lability of Hilfer fractional differential inclusions with nonlocal conditions, the authors in
[13] established the approximate controllability of impulsive Hilfer fractional differential
inclusions, the author in [24] derived an equivalent definition of the Hilfer derivative,
and the authors in [33] studied the controllability of Caputo fractional noninstantaneous
impulsive differential inclusions without compactness in reflexive Banach spaces.

The authors in [31] discussed Caputo-type fractional differential switched systems
with coupled nonlocal initial and impulsive conditions in a Euclidean space, which ex-
tends the classical impulsive switched systems. There are a few papers discussing Hilfer-
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type fractional differential switched inclusions inserting noninstantaneous impulsive and
nonlocal conditions. The aim of the paper is to study the following nonlocal problem for
Hilfer-type fractional noninstantaneous impulsive differential inclusions:

“Pa(t) € Ft,z(t)), aet€ (sitin], i=0,1,...,m,

x(tj) =gi(tiz(t;)), i=1,....m,

z(t) =gi(t,z(t7)), te(tys], i=1,...,m, (1)
Ié;”:c(o*') =20 + g(z),

Isl_fvx(s;") =gi(si,z(t])), i=1,...,m,

where 0 < 0 < L0< B < Ly=a+f8-aB J=1[0b,b>0 D% is the
Hilfer derivative with lower limit at s; of order « and type 3, F is a real Banach space,
0==s50 <t1 <581 <ty < o <ty < 8y < tmyr = b, x(t)), x(t;) are the
right and left limits of x at the point ¢;, respectively, Ijj 7 is the Riemann—Liouville
integral of order 1 — ~ with lower limit at s;, and I_; Tha(st) = lim,_, oF I Tz(t). In

addition, we set z(¢; ) = x(t;). Moreover, F' : J X E —2F —{g}isa multlfunctlon
g:PCi_(J,E) = E, g; : [ti,;s;] x E = E,i=1,2,...,m, and z is a fixed point
of E. The space PC_~(J, E') will be given in the next section.

The paper is organized as follows. In Section 2, we collect some background material
concerning multifunctions and fractional calculus, and we introduce a measure of non-
compactness on the space of piecewise weighted continuous functions. In Section 3, we
establish the existence of mild solutions of (1), and in Section 4, we give an example to
illustrate our theory.

2 Preliminaries

Denote LP(J, E) = {v J — E: v is Bochner integrable} endowed with the norm
[vllrere) = (5 lv@)|IPdt)?, p € [1,00), P,(E) = {B C E: B is nonempty and
bounded}, P.1(F) = {B C E: B is nonempty, convex and closed}, P (F) = {B C E:
B is nonempty, convex and compact}, conv(B) (respectively, conv(B)) be the convex
hull (respectively, convex closed hull in F) of a subset B. Let C(J, E)) be the Banach
space of all £ valued continuous functions from .J to £ with the norm |[z[|¢(s,5) =
sup,c s ||z(t)||. Fora € [0,b) and 0 < 7 < 1, consider the weighted spaces of con-
tinuous functions C.,([a,b], E) = {x € C((a,b], E): (t —a)'z(t) € C([a,b],E)} and
C(la,b], E) = {x € C""([a,b], E): 2™ € C,([a,b], E), n € N}.Now C,([a, b], E)

and C7([a, b], E) are Banach spaces with norms ||9c||c ([a.b].E) = SUPe (a,p) ||(t a)“fx( I

k=n—1
and H$||Cg([a,b],E) =D k=1 [k ||c ([a,b],E) T+ B )HCA,((L,b],E) reSPeCUVely

Let Jy = (sk,thy1)s Jo = [skothra] (k= 0,1,...,m), Ty = (ti, ], T; = [ti, 4]
(i = 1,2,...,m), and consider the Banach space PC;_.(J, E) = {x: (t — s;)! 7z €
C(J,E), hmHs (t — sp)!77a(t) exists, k¥ = 0,1,...,m, 2 € C(T},E), and
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Hmt—mj x(t) exist, i=1,2,...,m} with ||z[|pc, _, (s,p) =max{sup,c7- p_o 1.t —
sk) 2Ol e, suPer imr, . |12(t)[ £} Denote CY_ (J,E) = {z € Ci—4(J, E),
Dl.x € Ci_(J,B)}, CY2 (I E) = {z € C1_(J,E), D2’z € C1_,(J,E)},
PC|_(J,E) = {z € PC1_(J, E), DZ;,.’I:‘JIC € Ci—y(Jx,E),k =0,1,...,m}, and
PCYP (J,E) = {x € PCy_(J, B), D;}’Baxm €C_(Ji, E), k=0,1,...,m}. Let
us recall some facts concerning multifunctions (see [5, 20]).

Definition 1. Let X and Y be two topological spaces. A multifunction ¥ : X — P(Y)\
{0} is said to be upper semicontinuous at zo € X, w.s.c. for short, if for any open V'
containing ¥ (), there exists a neighborhood N (z¢) of xy such that 4(z) C V for all
x € N(xp). We say that ¢ is upper semicontinuous if it is so at every zp € X.

Lemma 1. Let X, Y be two Hausdorff topological spaces and 9 : X — P(Y) \ {0}.

(1) If¥Y is upper semicontinuous with closed values, then the graph of ¢ is closed in
X XY, that is to say, if y, € Y(x,), n 2 1, and (xp, yn) — (x,y) with respect
to the product topology on X X Y, theny € ¥ (x).

(i) If9Y is a closed and locally compact (i.e. for any x € X, there is a neighborhood
N(x) of x such that\ J{¥(z): z € N(x)} is relatively compact in Y') with closed
values, then ¢ is u.s.c.

(i) If 4 is upper semicontinuous and K is compact subset of X, then 4(K) =
H¥(z): x € K} is compactinY'.

We recall some definitions and facts concerning fractional integral and derivatives
[6,19,25].

Definition 2. The Riemann—Liouville fractional integral of order ¢ > 0 with the lower
limit at a for a function f € L”([a,b], E), p € [1,00), is defined as follows: I, f(t) =
(9 * /(&) = fat((t —8)97Y/T(q))f(s)ds, t € [a,b], where the integration is in the
sense of Bochner, I is the Euler gamma function defined by I'(q) = fooo ti—le~t dt,
gq(t) = t971/T'(q) for t > 0, g4(t) = 0 for t < 0, and * denotes the convolution of
functions. For ¢ = 0, we set 1%, f(t) = f(t).

Definition 3. Let ¢ > 0, m be the smallest integer greater than or equal to ¢, and
f € L'([a,b], E) be such that g,,,—q * f € W™ ([a,b], E). The Riemann-Liouville
fractional derivative of order ¢ with the lower limit zero for f is defined by Dg+ flit)y =
(d™/dt™) 1" f(t) = (d™/dt™)(gm—q * f)(t), where Wml(la,b], E) = {f: f(t) =

Ln:_ol etk /k! + I p(t), t € [a,b], ¢ € L'([a,b], E)}, and ¢ = f) and ¢, =
f%0), k=0,1,...,m — 1.

Definition 4. The Hilfer fractional derivative of order 0 < o« < 1 and type 0 < 5 < 1
and with lower limit at a for a function f : [a,b] — F is defined by Dj’f f@®) =
(Ifil_a)D(Iéi_ﬁ)(l_a)f))(t), t € [a,b], provided that the right side is point-wise de-
fined on [a, b]; here D = d/dk.
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Linking Definitions 2 and 4, the operator Dgf can also be written as D:f f) =
Ifil_a)Dngf(t), ¥ = a+ 3 — af, provided that D], f exist (an example is f €
Ci_,(J,E)).

Now we note some properties (the proofs are similar to the scalar case given in [14]).

Lemma2. Leta>0,8>0,and0 < v <1

() 12, is bounded from C,([a,b], E) into Cy([a,b],E), and if v < o, then 12, is
bounded from C.,([a,b], E) into C([a,b], E).

(i) If f € Cy([a,b], E), then I%, f(a™) = limy_,,+ 1% f(t) =0, 7 < c.

Gii) If f € L'([a,b], E), then Iﬁ]ﬁf(t) = Igfﬂf(t) a.e., in particular, if f €
Cy([a,b],E) or f € C([a,b],E), then equality holds for every t € (a,b] or
t € [a,b], respectively.

(v) If f € Cy([a,b], E) and I f(t) € CL([a,b], E), then I, D2, f(t) = f(t) —
(limy o+ L7 f(8)/T(@))(t —a)* ', ¢ € [a,b].

Remark 1. If z € PCy_,(J, E), then for any k = 0,1, ..., m, the following hold:

(i) z is not necessarily defined at sy, but lim; 5, 1 (t — sp)z(t) and (s, ;) exist.
(i) 2(tkt1) = 2(t;,,) and :z:(t;_ﬂ) exists. Moreover, (tg41 — sx)" 7z (t, )] <
||xHPCkw(J,E)~
(iii) If z,, = x in PC1_~(J, E), then z,,(t) = x(¢),t € (ty,sx], k=1,...,m, and
(t — si) 7w (t) — (t — sp) 7 72(t), t € (sk,trr1]. Consequently, z,(t) —
.’E(t), t e (Si,tiJrl], and hence l‘n(ti+1) = x’ﬂ(tijrl) — J](ti+1) = .T(t;+1),
i=0,1,...,m. It follows that 2, (¢t) — z(t) a.e. fort € J.

The function x pc,__ (s,5) : Po(PC1-+(J, E)) — [0,00), defined by

ax  Xc(Ti,p) (Z7), max  Xo(r,p) Z7) }7 ()

i=1,

xXpc,_. (1,5 (Z) = max{

is a measure of noncompactness on PCy_,(J, E), where Z7- = {y* € C(Jy, E):
yr(t) = (t —se) y(t), t € Ji, y(sk) = lim,_, 4 (t — si)'y(t), y € Z}, and
Zig; ={y € C(T, E): y*(t) = y(t), t € T}, y*(ti) = y(th), y € Z}.

Remark 2. Since DZ‘f z = (I f J(rl_a)DZJr:r))(t), it follows from Lemma 2(i) that
C7_(J.E) C C{° (J, E). Similarly, PC]__ (J, E) C PC{’ (J, E).

Lemma3. Let 0 < a < 1,0< < l,y=a+8—af, and h € PCﬁ(lfo‘)(J,E).

1—y
Then the function v : J — E, defined by
rgt? Tt IGh(Y), e (0,t],
u(t) = gl(t,u(t;)), t e (ti,si], 7 = 1,...7m7 (3)

(t=s)7 7!

NEY) gi(si,u(ti_)) + I:‘:rh(t), te (siati-i-l]; = 17 Lo, m,

Nonlinear Anal. Model. Control, 23(6):921-941
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belongs to PC{__ (J, E), Dg, fu(t) exists for any t € (s;,t;41], @ = 0,1,...,m, and
satisfies

®Pu(t) = h(t), te (sitis], i=0,1,...,m,
u(t) = gi(ti,u(ty)), i=1,....m

(t) =gi(t,u(t;)), te(t,s), i=1,...,m, (4)
17 u(0%) = o,

11+ Tu(sf) = gi(siu(t;y)), i=1,...,m,
where xg € E, and g; : [t;, s;] X E — FE is a continuous function forall i =1,2,... m.

Proof. For any t € (0,t;], from (4),

(') 1
t) = —t7 Sh(t). 5
Note D] (= a)?~! = 0. By applying the operator DZ+ to both sides of (5), it follows
from Definition 3 and Lemma 2(iii) that

DY u(t) = DY, I%h(t) = DI)JVIS h(t) = D I' 77 h(t)
— D 17707 = pIU=p(y). 6)

The assumptlon h € PCQ(1 O‘)(J E)soh € Ci—4([0,t1], E) and DI&Iﬁ(l_a)h =
DY h e 01y ([0, 1], E)

Then, it follows from (6) and Lemma 2(i) that v € C’f_w([o7 t1], E), and hence by
Remark 2, u € C™” ([0,t1], E), so D;J‘jrﬂu(t) exists for t € (0, tl]. Moreover, from
Lemma 2(i) Il p= aﬂﬁh € C1_4(]0, t1J E). Thus h and Il AU=)p satisfy the condi-
tions of Lemma 2(iv). By applying 1° o+ ) to both sides of (6) and using the definition

g‘;ﬂu(t), we get

DyPu(t) = 107 DY u(t) = 1 DY ()
1 l1-a

(" m)(0")
QA —a))

Next, since 1—y < 1—y4+a=1—F(1—a), Lemma 2(ii) implies that (Il B(l_a)h)((ﬁ) =0.

Hence (7) reduces to D:jrﬁu( ) = h(t) on (0, #1].
Now we show that IO u(0%) = ug. Applying I 7 to both sides of (5), then

= h(t) — A== e (0, 4] (7

Lo ult) = uo + 137 h(t) = uo + (L7 ‘”h)() t € (0,1].

By taking the limit as ¢ — 0T, we get from Lemma 2(ii) that I, "u(0™) = uq.
For any t € (t;,:],% = 1,...,m, from (4) we have u(t) ((t —s;)"1/T(v)) x
9i(si,u(t;)) + I h(t). By arguing as above, ul(s, s,,] € Cf 70‘)((3“ tivi], E),

https://www.mii.vu.lt/NA
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Bu(t) exists forany t € (s;,ti11], D Bu(t) = h(t), t € (si,ti41), and Isl_j"’u(sj)
gz(sz, u(t;)). This completes the proof. ' '

ool

Remark 3. If 3 = 1, then DO"B =¢ Da where ‘3D§“+ denotes the Caputo fractional
derivative of order a with lower Timit at s and v =1 In this case, (3) becomes
ug + I§ h(t), te(0,t1],
U(t): ( ( )); ﬁ€<tzasl] 2217"'5m7
(Sz, (t;))—f—[u , tE(Si,ti+1], 1=1,...,m,

and (4) becomes

D&iu(t) =h(t), aete€ (sitip1], i=0,1,...,m,
u(ty) =gi(ti,u(t;)), i=1,...,m,

u(t) = ( w(ty)), te(tisl, i=1,...,m,
u(0) =

u(s T)= (s“u(t*)), i=1,...,m.

Based on Lemma 3, we give a concept of mild solutions of problem (1).

Definition 5. A function x € PCy_,(J, E) is called a mild solution of problem (1)
if there isa f € PClﬁfl,;a)(J, E) such that f(t) € F(t,z(t)) ae. fort € Ji, k =
0,1,...,m,and

oy (@0 + 9(@) + wy o (t = 8)* L f(s)ds, ¢ e (0,11],
gi(t,z(t])), te(tis],i=1,....,m,

—Si t a—
%gz(sm () + ey Jo, (= 8)* 71 f(s),
te (Si,ti-i-l]; 1=1,....,m.

We need the following lemmas in Section 3.

Lemma 4. (See [28].) Let C C L*(J,E) be a countable set such that there is
ah € LY (J,E) with f(t) < h(t) for ae. t € J and every f € C. Then the func-

tion t — x{f(t): f € C} belongs to L'(J, E) and satisfies X{fo s)ds: f € C} <
b
2f0 x{f(s): feC}ds.
Lemma 5. (See [15].) Let xc(j,r) be the Hausdorff measure of noncompactness on
C(J,E). f W C C(J, E) is bounded, then for every t € J, x(W(t)) < xc(,5)(W),

where W (t) = {x(t): © € W}. Furthermore, if W is equicontinuous on J, then the map
t = x{x(t): x € W} is continuous on J and x ¢ (5,p)(W) = sup,e y x{z(t): © € W}

Nonlinear Anal. Model. Control, 23(6):921-941
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Lemma 6. (See [29, Thm. 3.1].) Let D be a closed convex subset of a Banach space
X and N : D — P.(D). Assume the graph of N is closed, N maps compact sets into
relatively compact sets and that, for some xy € U, one has

ZCD, Z=conv({zg}UN(Z)), Z =C withC C Z countable
= Z is relatively compact. (8)

Then N has a fixed point.

3 Main results

In this section, we present existence results of mild solutions of (1).

Let p be a real number such that p > 1/q, Sg(.,x(.)) ={z € LP(J,E): 2(t) €
F(t,x(t))ae. fort € Ji, k=0,1,...,m}.and I°3=)(PC,_ (J,E)) = {f: J = E,
thereis a 6 € PC1_4[0,b] such that f(t) = Ifil_a)é(t), 1=12,....m, t € Jg, k=
0,1,...,m}. '

We introduce the following assumptions:

(F1) Let F : J x E — Py (FE) be a multifunction. For every x € PCy_,(J, E),
Si“(»,z(-)) is a nonempty subset of °(!=*)(PC,__ (J, E)), and for almost every ¢ € J,
x — F(t,x) is upper semicontinuous.

Note, as an example, from [23, p. 22, Thm. 1.3.1 or p. 26, Lemma 1.3.3], if F'(., )
is measurable for each x € E (here E is separable) or alternatively F'(., x) is strongly
measurable for each € E (here E is not necessarily separable), then the multifunction
F(.,z) : J — P (F) has ameasurable selection for every € E. If F is separable, then
strongly measurable coincides with measurable. Also from [23, p. 29, Thm. 1.3.5] note
that if F'(.,x) : J — Pe(F) has a strongly measurable selection for every = € E and
ifforae. t € J, F(t,.) : E — P (FE) is upper semicontinuous, then for every strongly
measurable function = : J — E, there exists a strongly measurable selection z : J — E
with z(t) € F(t,z(t)) a.e.

(F) There exist a function ¢ € LP(J,R") and a continuous nondecreasing function
2 :]0,00) — (0,00) such that |F(t,z(t))]] < ga(t)Q(HprClﬂ(J’E)) for (t,x) €
J x PC1_(J,E) and
2(n)

limsup —— = v < 0. ®
n—oo n

(F5) For any natural number n, there is a function ¢, € LP(J,R*) such that

SUD|ia ) po,  (smy<n |1 E(t, z(t)| < on(t) forae. t € Jand

H<Pn||LP(J,R+) .

lim sup 0. (10)

n—00 n

https://www.mii.vu.lt/NA



Hilfer-type fractional differential switched inclusions 929

(F3) There exists a function ¢ € LP(J, R™) such that for any bounded subset D C F
andany k = 0,1,2,...,m, x(F(t,D)) < (t — sx)! " 7c(t)x(D) fora.e. t € Jj and

2nb =
— <1 11
IS[FZIFATS: (@) <1, (11)

where = b~ /P((p — 1)/(pa — 1))P~1/P, and x is the Hausdorff measure of non-
compactness on F.

(Hy)g: PCl,,Y(J7 E) — E is continuous, completely continuous, and

l|lz||—oo ||I||P01,W(J,E)

(H;) g : PCi_(J,E) — E is Lipschitz continuous with the Lipschitz constant &
and maps convergent sequences in PC(J, E) to strongly convergent sequences in F.

(H) Forevery i = 1,2,...,m, g; : [ti,s;] x E — F is uniformly continuous on
bounded sets and for any ¢ € J, g;(,.) maps bounded subsets of E to relatively compact
subsets, and there exists a positive constant h; such that for any x € F,

lgi(t,@)|| < hilti — si—1)' |zll, ¢t € [ti,si), x € E.
We state the first existence result.

Theorem 1. Under assumptions (I), (F2), (F3), (Hy), and (H), problem (1) has a mild
solution provided that

nubl—

T <1, (13)

Upllzrrgey +h+ e
PllLr(JRY) T(y)
where h = Y2\ =" h;.

Proof. In view of (Fy), for every x € PCi_(J, E), 1s non empty, and hence

we can define a multifunction R : PCy_(J,E) — 2,&@ V(JE) as follows: let x €
PCi_+(J, E), afunction y € R(x) if and only if

%%mwm+ﬁMFWﬂ®®tﬂmh

4 ta tz_ ) te tia i | = 1 m,
y(t) = ifs.“;( ) (ti, si), i 14
F(I,Y) gl(sla ( )) + I‘(a) f [ S a lf( )

t e (Si,ti+1],l =1,...,m,
where f € S7, F(a()) Our goal is to prove, using Lemma 6, that R has a fixed point. The
proof will be given 1n several steps. It is easy to show that the values of R are convex.

Step 1. In this step, we claim that there is a natural number n such that R(B,,) C
B,,, where B,, = {z € PC1_(J,E): ||z|pc,_, (s,5) < n}. Suppose the contrary.

Nonlinear Anal. Model. Control, 23(6):921-941
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Then, for any natural number n, there are z,,y, € PCi_(J,E) with y,, € R(zy),

||g;n|\PCIW(J,E) < n, and ||’ynHPC'177(‘],E) > n. Then there exist (f)n>1 € Sl’;,(_ 2n ()
such that

C @0+ glan)) + iy JLE— 9 () ds, L e (0,t1],
gi(t, xn(t*)), te (i, si),i=1,.

Un(t) = (s " (15)
F(l) gz(sumn( ))+Fa)f t_salf()

te (31;t2+1]7 1= 1,.‘.,
From (F3),
’fn || (|517n||Pc1 7(JE)) telJ (16)
Then from Holder’s inequality and (16) we obtain

1
= n(t) < =— + n
S lo @)l < 7755 S [lzoll + [|g(zx)|]

tr=702(||
+ ap P Rlpes )

t—s)*"ty(s)ds
o () (t— )" "p(s)

o

< ﬁ [HZCO” + Hg<$n)m + (I)‘(Og’; Q(n)H(p”LP(JJRJr)’I]. (17)

Ifi=1,2,...,m, then from Remark 1(ii)

swp [y () = suplgi (¢, 20 (87)) | < Al = i)' [l ()
te[ti,si} tE[tini]
< hllenllpe,_ (1p) < hn. (18)
Similarly, fori =1,2,...,m

sup (t— si)l_'yHyn(t)H
te(si,tit1]

lgi(si, an(t )l , 0177
< sup =+ Ln)llllLe sy
te[si,ti_,_l] F(’Y) F(a) ( )

hn b=

< ﬂ + T(a) Q(n)H‘PHLP(J,RJr)n. (19)

From (17), (18), (19) it follows that

n < |lynllpc,_. (1,0

hn

1 .
< iy ool + o] + s 2l + i+ i
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By dividing both sides by n and passing to the limit as n — co, we obtain from (9) and
(12) that 1 < (nub' =7 /T ())|l¢ll e (sr+) + h + h/T(v), which contradicts (13). Thus
there is a natural number ng such that R(B,,,) C By,.

Step 2. Let K = {z € PC_(J,E): z € R(Bp,)}. We claim that the subsets K-
(k=0,1,...,m) and Km_ (t =1,2,...,m) are equicontinuous, where

K = {z Tn = B o2(t) = (t—s0) Ty(), t € T,
— 1; _ 1—v
2(se) = Jim (t = 5)! '2(t), y € R(@), © € By, |

and
K ={y" € O(Ti, E): y*(t) = y(t), t € [ti, si], y" (t:) = y(tF),
y € R(z), v € By, }.

Case 1. Let z € K . Thenthereisax € By, (y € R(z)) and f € S +(.y) Such
that for t € (0,t1], 2(¢t) = 7@ 1/T(Y) (w0 + g(x)) + (1/F( ) x
fo )21 f(s) ds] and 2(0) = lim; o4 t1=7y(t). If t = 0, 6 € (0,¢;], then (see (14))
hm(;HOJr 2(0) = lims_oy 6177y () = 2(0).

Let £, t + & be two points in (0,¢1]. Then ||z(t + &) — z(8)|| < /= I;, where
o= ((t+6)"7/T()l ft” t+ 6 — ) f(s)ds|, and I, = (1/T(a)) x
o[t +8) 77t +8 = )2~ =177 (t — 5)°7 ] f(s) ds].

Tt follows that lim; o Iy < lims_o((£ + 6)1=72(ng) /T(a)) [IT(t + 6 — s)*~1 x
©(s) ds = 0 (independently of x).

For I5, note that for almost s € [0, t],

|| [(t +O)ITVE A+ =) Tt — s)afl]f(s)H
< 2no)|(t+0)" 7t +6— )+t (- 5)*He(s) ae.

Since ¢ € LP(J, X) and [, [(t + )17 (t + 8 — 5)° 1 — 177 (t — 5)° ip(s) ds exists,
then by the Lebesgue dominated convergence theorem we derive that lims_,o o = 0
(independently of z).

Case 2. Lety € K, i = 1,...,m. Then y(t) = g;(t,xz(t;)), t € (t;, 5], 1

L...,m. Leti € {1,2,...,m} be fixedand t, t + J € (t;, s;]. Since ||z[|pc,_,, 5
Ny, it follows from the uniform continuity of g; on bounded sets that

N

tin ot + )~ y(o)]| = lim [l (1 8.2(07)) — gu(t.2(55))]| = 0

(independently of ). Whent = t;,i =1,...,m, let§ > 0 be such that t; + § € (;, s;]
and A > O such that ¢; < A < ¢; + & < s;. Then we have ||y*(¢; + 6) — y* ()| =
lim, .+ [ly(t: +6) —y(A)[| = 0.
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Case 3. Letz € K|,k =1,...,m. Then there isa x € By, and f € SQ(. 2()
such that for ¢ € (sg, try1],

t

— S ~y—1
2(t) = (t —sp)' 7 [(tr(:))gk(sk,x(t;)) + ﬁ /(t s)a L f(s) ds]
_ Gk (Sks x(t,:)) (t — sk)l_'y
L'(v) T(a)

] (t =5 f(s)ds,

Sk

and z(sy) = limy_, (t — s)'772(¢). Letk € {1,...,m} be fixed. If t = s, and § > 0,
then

. RT B 1—
51_1>%1+Z(Sk +4) = 51_1)1(1)1+(5k +9 —sk) Ty(sk +9)

= 1 — 1—y =
tilgkgr(t sk)” Ty(sk) = 2z(sk).

Next, let t,t + & € (sk, tx+1], 8 > 0. Then we have

Hz(t +0) — z(t)H

t+48 t
N (t+5)177 — s a—1 $)ds — tli’y — s a—1 s)ds
o / (40 =) ) ds = 1 / (t = 5" f(5)ds).

Arguing as in Case 1, we conclude that

- t+6 1y
g%% /(t+575)0"1f(s) ds — ;(a) /(t—s)o"lf(s) ds|| = 0.

Step 3. The graph of the multivalued function R g, :Bpn, — 2Bn0 is closed. Con-
sider a sequence {zy },>1 in By, with z,, — = in B, and let y,, € R(x,) withy,, = y
in PC1_(J, E'). We need to show that y € R(x). Recalling the definition of R, for any
n > 1,thereisa f, € Sﬁ,(.)xn(.)) such that (15) holds.

In view of (16), || fn(t)]] < mow(t) for every n > 1 and for ae. ¢ € J. Then
{fn: n = 1} is bounded in LP(J, E). Because p > 1, L?(J, E) is reflexive, and hence
we can assume, without loss of generality, that (f,) converges weakly to a function
f € LP(J,E). From Mazur’s lemma, for every natural number j, there is a natural
number ko(j) > j and a sequence of nonnegative real numbers \; ., k = ko(j), ..., J,
such that Z'Zi ;Ajk = 1 and the sequence of convex combinations z; = Z:OZ i Ajk s

j = 1, converges strongly to f in L(J, E) as j — oo.
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Take 7, (t) = 33" A i . Then

%(% +g(zn)) + ﬁ fot(t — ) 1z, (s)ds, te(0,t],
gi(t,xn(t;)), te(tisi,i=1,...,m,

—s; y—1 _ t a—
%Q’L(Shmn(tz ))J’_ﬁf%(t_s) lzn(s) dSa
te (Siati—&-l]a 1= 1,...,m.

Y,(t) =

From Remark 1(ii), the continuity of g, the uniform continuity of g; on bounded sets,
and the Lebesgue dominated convergence theorem we have that g,,(¢) — v(t) and

-1 t o
£ (0 + 9(a)) + iy i (E—9)° 1 f(s) s, te (0,41,
gi(t,z(t])), te(tis),i=1,...,m,

—s; y—1 _ t o
%gi(sivw(ti ) + ey S, (E = 9)* 7 f(s) ds,
te (Si7ti+1]a 1=1,...,m.

Since y,, — ¥, then y = v. Now for a.e. t, F'(¢,.) is upper semicontinuous with closed
convex values, so from [5, Chap. 1, Sect.4] it follows that f € S;i(' () SO R is closed.

Step 4. The implication (8) holds with zy = 0.

Let Z C By, Z = conv({zo}UR(Z)), Z = C with C C Z countable. We claim that
Z is relatively compact in PC1_.(J, E). Since C'is countable and C' C Z = conv({z¢}U
R(Z)), we can find a countable set H = {y,: n > 1} C R(Z) with C C conv({zg} U
H). Now for any n > 1, there exists ¢, € Z C B,, with y, € R(z,), so there
exists f, € S?’(-,m(-)) such that (15) holds. From the definition of xpc, . (s,5)(Z) (2)
one obtains

xpc,_(1,e)(Z) = Xpc,_. (5,8)(Z) = xXpo,_, (1,5)(C)
= xpcy_,(1,6)(C) < xpey_ (g, (conv({zo} U H))

N

=Xrc,_. (,5) (H)

= max{_max  xoem(Hip) max Xeare(Hir)}-

Since ZII and Z 7y are equicontinuous, then from Lemma 5 the last inequality be-
comes

xXpc,_,(1,5)(Z) < max{i:(?lﬁ’f,m ?éa]%c x{yi(t): n>1},

max max x{yn(t): n > 1} (20)

. )
1=1,..., m teT; }
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where,
t1=ry(t), te (0,t],
limy o t!Vy(t), t=0,
‘() gi(t,xn(t;)), te€ (tisi],i=1,...,m,

y =

" yn(t5), t=t;
(t—s) 7 Yy(t), te€ (siytip1),i=1,...,m,
limy ., (t—s)7 1y(t), t=s,i=1,...,m.

That is,

1— t a—
ﬁ(xo—"_g(l‘"))—i_%fo(t_s) 1fn(5) dS, te (O,tl],
limy ot~ 7y(t), =0,
gilt,xn(t7)), te(tisi], i=1,...,m,

—s)t Y a—
5910, o (1)) + L3 [ (¢ — 5)* L fu(s) ds,
t € (sistip1], @
lim, , +(t—s;)" ty(t), t=s;,i=1,...,m.

Then using the properties of the measure of noncompactness, one has

Xy (@o + g(zn)): n > 1}
?((J)x{fg(t— $)° 1 fuls )ds n>1}, te (0,4,
x{limy o+ 1Ty (t): n =1}, t=0,
x{gi(t,zn(t;)): n =21}, te (ti, si), i=1,...,m,

)
Y{yi(t): n>1} < Xgi(ts, zn(t; ) n 21}, t=t;, i=1,...,m,
)=

b ' 21
X{gl(slazn(t_ n 1}
+Us— rg(l)y XL (=) fu(s)ds: n > 13,
te(szatz—i-l],lfl,..., m,
x{limys, (t — ) Yyn(t): n > 1},
t=s;,,1=1,...,m.
From (Hy) it follows that x{(zo + g(xn))/T(7): 7> 1} = 0, and hence
* : 2 = 1—v . 2
Xy (0): > 1} = {t1—1>%1+t Yn(t): 1}
1
=X\ 5~ @+ 9g(Tn :n)l}zo_ (22)
{5 o+ o)
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Moreover, since x,,(t; ) — z(t; ), the set {azn - ): m > 1} is bounded for every i =
1,2,...,m. Then from (H) we getfori =1,...,m,

X{gi(txn(t7)): n =1} =0, te (t,s), (23)
and
X{gi(ti,xn(ti_)): n > 1} = X{gi(si,mn(t;)): n > 1} =0. (24)
Similarly, fori =1,2,...,m
X{y:;(sz 1} x{ lim (t — ;)7 1y(t) n > 1}

t~>s

1
zx{wgi(si,xn(t;)): n}l} =0. 25)

Then, if t € Jy, using Lemma 4, we obtain that

t
b

{unn>1y < T [E= 9 e n = 1bas 00

0

Observe that from (F3), for a.e. t € Jy, we have

X{fat): n 21} <X{F(tza(t): n =1}
=c(t)x{t" zp(t): k> 1

so it follows from (26) that

(t)l v {(Ek k)l}

<9<
} <<sxpo, ,0m)(2),

< 2nbt=
rtréz}xx{yn >1} < chl,w(J,E)(Z)WHCHLP(J,Wy
Similarly, we can show that forany k = 1,2, ..., m,
a0 21} < 22" g
rtrés}xx yn z X XPCl_.Y(J,E)( )WHC L (JRT)>

which yields with (20)—(25) and (11) that

2nbl =
xXpc,_,(1,E)(Z) < XPCl,W(J,E)(Z)WH§HLP(.],]R+) < xpc(Z).

Thus xpc,_. (7,5)(Z) = 0, s0 Z is relatively compact.

Step 5. R maps compact sets into relatively compact sets.

Let B be a compact subset of B,,,. Let (y,), n > 1, be a sequence in R(B). Then
there is a sequence (z,), n > 1, in B such that y, € R(z,) (so there exists f, €
SF( o) such that, for t € J, (15) holds). We need to show that the set Z = {y,,: n > 1}
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is relatively compact in PC;_.(J, E). Note that, since B is compact in PC_,(J, E),
then from (F3) we get for a.e. t € Jy,

X{fo): n =1} <x{F(t2,(t): k> 1} <s)x{t" Tzp(t): k> 1}
<s(t)xpe,_, (1,1 (B) = 0.
Arguing as in the previous step, we see that Z is relatively compact, and hence R(B) is

relatively compact.
Now apply Lemma 6. Then thereisaz € PCi_,(J,E) and f € wa(__;,;(,)) such that

Loy (@0 + 9(@) + 15y Jo (= 5)° 7 f(s)ds, ¢ € (0,1],
gi(t,l‘(ti_)), te (ti,si], 1=1,...,m,

(t—s3)"~

1
Ty i (Sua?(tl_)) + ﬁ fsti (t—s)*Lf(s)ds,
te (sitiv1], i=1,...,m.

z(t) =

Next, in view of (F}), there is a § € PCq_,(J, E) such that f(t) = Ifﬁl_a)é(t),
t€ Juk=0,1,2,...,m. It follows that D’{'~) f(t) = D= 170~ 5(1) = 6(1),
te Jg, k=0,1,2,...,m. Thus f € PClﬁflla)(J7 E), and frlom Lerr;ma 3 the function

~
x is a solution of (1). O

Remark 4. 1If, in (12), we assume lLimsup), o |9(2)|/l|2llpc,_ (1m) = 0 is
replaced by lim, | o0 [|9(z) ||/ |7l e, _, 7,y = O, then, in (9), we could replace lim sup,, _, ., 2(n)/n =
v < oo with liminf,, o, 2(n)/n =v < co.

Next, we present the following affine results.

Theorem 2. Under assumptions (F1), (Fy), (F3), (Hy), and (H), problem (1) has a mild
solution provided that

h
h+ e < 1. 27)
Proof. The proof is similar to Theorem 1. The only difference is to show that there is
a natural number n such that R(B,) C B, under (F;). Suppose the contrary holds.
Then, for any natural number n, there are ,,,y, € PCi_(J,E) with y,, € R(zy),
znllpc, . 7,6) < nand ||ynllpc, ,(s,m) > 1, and y, is defined by (15).
From Hoélder’s inequality we obtain that

1

tl—'Y - t < - + .
S 7 gm0l < gy Mool + lotn) ]
b _ _1\@-D/p
+ m”‘ﬁnHLp(J,Rﬂba 1/p (pl; — 1)
1 pl—
= W [HxOH + ||g($n)H] + nr(a) ”(p”HLP(J,RJr)- (28)
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Similarly, we get fori = 1,2, ..., m that

. . - 1—y
sup (£ 51 g0 € sup 1oCutnlE DL

lenllzegmeyn
te[si,ti+1] te[si,ti+1] F(’Y) F(a) k (JR )
hn bl_7
S v nllLe 2

It follows from (18), (28), and (29) that

n < H?JnHPCl L(J,E)

< “330“ + Hg Tn) H] —|—77b1 Htpn||Lp(JR+) + hn 4+ — fin .
( ) [(a) T(v)

By dividing both side by n and passing to the limit as n — oo, we get 1 < h + h/T'(7),
which contradicts (27). This completes the proof. O

Theorem 3. Under assumptions (F), (F3), (F3), (Hy), and (H), problem (1) has a mild
solution provided that

k h
—— 4+ h 4+ —— 1. 30
ry) TR < G0

Proof. Like Theorem 2, we only need to note that

1
1—
t:{gi’l]t lyn @I < () [llzoll + kan’|P01_7(J,E) +[|9(0)]]]

1= o b1 (—1)/p
+F<ﬂ””“%%ﬂb1”(mﬁﬂ>

= kool + kn + g O] + 12— enllisre
F( ) I'(a)
From this inequality, (18), and (29) one obtains

n < |ynllpc,_,(1.0)

< (ol + kn -+ 9] + 1o lonlzsase) + i+ oo

r(y) IN()) I'(v)
Dividing both side by n and passing to the limit as n — oo, we get 1 < k/T'(y) + h +
h/T (), which contradicts (30). The proof is complete. O

4 An example

LetJ = [0,3],80 =0,t1=1,81 =2,ta =3, = 1/4,62 1/8,and7:a+ﬂ—a,8:
11/32.
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Consider F : [0,3] x E — Pe(F) defined by

{0}, t=o0,
t=/167  te(0,1],

F(t,z) =94 , (31)
27, te(1,2],

(t—2)"1%Z, te (23],

where Z is a convex compact subset of E. Note that 1 — vy = 21/32. For any z € Z,
consider §, : J — F defined by
(&),
FA5 2|, e (0,1],
5.(t) = £llzll, te(1,2],
R =2 TRs, e (23]
r(3)

It is clear that, for any z € Z, 0,(t) € PCi_(J,E). If f € SZQ o(y and z €
PCy_,(J,E), then

[ 0)z), e (0,1,

where zg € Z. Note that

({5 1-a),_ (L WA
ol ™02 = ol
Iﬂ(l—a)a (t) _ te (07 1]
o+ 20 - r() B(l—a) _7/32 F(?—S r(25) s
Fos llzoll 55~ (¢ = 2) 77732 = Zs 1ol i (¢ — )77,
te (2,3
= f(t).

Then (F}) is satisfied. In order to show that (F5)* holds for any natural number n, we
let
t=165, ¢t (0,1],

on(t) = t?0, te(1,2],
(t—2)"Y8, te (23],
where 0 = max{||z||: z € Z}.
Clearly ¢, € LP(J,R") and SUD |4l b, oy < IF (G 2(@))]| < pn(t) for ace.

t € J, and (10) is satisfied.
Next, let g1 : [t1, 81] X E — E be given by

gi(t, ) = (t1 — s0)' T K(x), (32)
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where K : D(K) = E — E is a linear bounded completely continuous operator. Then
(H) is satisfied, and note h = || K||. Let g : PC1_(J, E) — E be given by

g(z) = a1 K (z(tr)), (33)

where ¢; is areal number. For any x,y € PC1_(J, E), ||g(x)—g(y)|| < || K|||c1]]|z—y]|-
Moreover, if ,, — x in PC(J, E), then x,,(t1) — x(t1), and the complete continuity
of K implies that K (x,(t1)) — K(z(t1)) in £, and hence g(z,,) — g(z). Then (H)
holds, and note k = || K|| |c1].
Now consider (1), where F', g;, and g are given in (31)—(33). Then from Theorem 3,
problem (1) has a mild solution, provided that || K||(Jc1|/T'(v) + 1+ 1/T'(y)) < 1.
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