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Abstract. This paper is devoted to study the existence of center-stable manifolds for some planar
fractional differential equations of Caputo type with relaxation factor. After giving some necessary
estimation for Mittag—Leffler functions, some existence results for center-stable manifolds are
established under the mild conditions by virtue of a suitable Lyapunov—Perron operator. Moreover,
an explicit example is given to illustrate the above result. Finally, high-dimensional case is
considered.
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1 Introduction

Fractional calculus (FC) has a long history almost as well as the one of standard integer
calculus. Thereafter, fractional differential equations (FDEs) have been recognized as one
of the best tools to be applied in interdisciplinary field such as viscoelastic materials and
electromagnetic problems; see [3,4,7,12,13,16, 18, 19,25-29] and references therein. In
particular, existence and stability results for some FDEs involving two different Caputo
derivatives have been studied extensively, one can refer to [1,2,5,8-10, 14,15, 17, 20—
22,24]. Very recently, an interesting local stable manifold theorem near a hyperbolic
equilibrium point for planar fractional differential equations is given in [6], where the
fixed point of Lyapunov—Perron operator describes the set of all solutions near the fixed
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point tend to zero is called stable manifold of hyperbolic fixed point. However, stable
manifolds results for FDEs of different type are still not enough.

Let X (R4, R) be the Banach space of all continuous functions from R into R with
the norm ||v|| 0o = sup,eg, [v(t)|. Motivated by [6,21,22], Wang et al. [23] consider local
stable manifold of the following planar fractional damped equations:

Dea(t) + ADJx(t) = f(z(t),t), a€(1,2), 8€(0,1), t>0,

z(0) =z = (zl,xQ)T, 2(0)=7 = (xg,x4)T,

ey

where °D; denotes the Caputo fractional derivative of order v with the lower limit zero
(see [12]), A = (>E)1 /\02) A1 > 0, A2 < 0), f(z,t) = (fi(z,t), f2(z,t))T. However,
the related issues for the case of 5 € {0, 1} has not been discussed. In the present paper,
we consider local stable manifold of the following nonautonomous fractional Cauchy
problems:

‘Dyx(t) — Ax(t) = f(=(t),t), a€(1,2),t>0,

2(0) =z = (z1,22) 7T, 2'(0) =7 = (x3,24)7, @
where f € X(R? x R, ,R?) is a local Lipschitz function:
[f(z.8) = fy. 0| < Lp(r)w(t)l|lz —yll
for fJz]], llyll < r, where set |lz]| = [|(z1,z2) = max{|z.],|z2[}, f(0,8) =0,

lim, 0 lf(r) = 0, and @ € X (Ry, (0,00)) satisfies b := sup;, [y (8 —s)7! x
w(s)ds < co.

Here we would like to emphasize that the methods used to deal with (2) are much
different from (1). Concerning on (2), we cannot apply a known formula on Mittag—
Leffler functions to simplify the form of solution to (2). In order to obtain the existence of
the stability of the solution, we simply our problem and set 2(0) = x = (0, z2)". Evenin
this special case, we also have to overcome expatiatory computation from the estimation
on the possible integral of Mittag—Leffler functions, more precisely, we have to study the
asymptotic behavior of Mittag—Leffler functions E,,, E, o, and E,, ,, for a € (1,2).

By [21, Lemma 2.1], taking Laplace transform of Caputo fractional derivative and
inverse Laplace transforms of the functions, the solution ¢(-, z, ) of (2) is given by

o(t,2,T) = By (t*A)z + Eq 2 (t*A)tT
+ /(t —8)* 1 Eya ((t—95)*A) f(¢(s,2,T),s) ds. 3)
0

By reviewing (3) we can know that when ¢ — oo, the solution ¢(-,z,T) of (2) is
stable for Ay < 0. However, when ¢t — oo, the solution ¢(-, z, Z) of (2) is not stable for
A1 > 0.

By a center-stable manifold of (2) we mean the set of all small x and & for which the
solution of (2) is bounded on R, when the time variable tends infinite.
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To achieve our aim, we adopt the same idea in [6] and construct a suitable Lyapunov—
Perron operator

F=(F,B): Xo®,R?) = Xoo(Ry,R?) @)
as follows:
Fi(n)(t) = —/\ggfa)/atE (t*\1) /exp l/a )f1(n(s),s) ds
0

+ /(t — s)“_lEa’a((t — s)a)\l)fl (n(s), s) ds,
0
FQ(T/)(t) =FE, (ta)\Q)-T2 + Ea72 (ta)\2>t$c4
+ /(t - S)ailEa,a((t - s)a>‘2)f2 (77(5)7 S) ds.

0

Then we need show that the center-stable manifold of (2) can be characterized as a fixed
point of the above Lyapunov—Perron operator F' and the fixed point is bounded.

This paper is organized as follows. In Section 2, we give some fundamental estimation
related to Mittag—Leffler functions. In Section 3, we give the main result of this paper
about center-stable manifolds. An example is given to demonstrate the application of our
main result. In the final section, we extend the previous stable manifold result for planar
fractional order relaxation differential equations involving the order @ € (0, 1) to high-
dimensional case.

2 A sequence of integral estimation related to Mittag—Leffler func-
tions

The following explicit estimation of Mittag—Leffler functions is useful in the sequel,
which has been reported in one of our submitted paper. To give some results for the
asymptotic behavior of Mittag—Leffler functions E,, E, 2, and E, , for o € (1,2), we
recall the following.

Lemma 1. (See [11].) Let ¢ € (0,2) and v € R be arbitrary. Then, for p = [v/g), the
following asymptotic expansions hold:

() Erp(z) = éz(l_“)/” exp(zl/g) —->r F(U oo+ O( ) as z — oo.

.. 5 Lk _
(i1) Ea,v(z):_ £=1m+0(|2| 1- p) as z — —oQ.

By inserting & = a, f = 1, and z = ¢\ we give the first asymptotic expansions for
Mittag—Leffler functions E,, which extend to our case.
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Lemma 2. For any A\ > 0, « € (1,2), and p = [1/a], the following asymptotic
expansions hold:

t*ka

(1) Ea()\ta) = éexp()\l/at) — 2:1 m + O(t_a(1+ﬁ)) ast — 0.
t—ka

(11) E(x(—Ata) = — 22:1 m + O(t_a(l-ﬂa)) ast — oo.
Remark 1. Lemma 2(i) presents the relationship between Mittag—Leffler functions and

exponential function when the parameter A > 0. Lemma 2(ii) shows that Mittag—Leffler
functions can be formulated by power series when the parameter A < 0.

By inserting 0 = «, v = 2 or v = @, and z = t*\ we give asymptotic expansions for
Mittag—Leffler functions E,, 2 and E, .

Lemma 3. Forany A > 0, a € (1,2) with p = 1, the following asymptotic expansions
hold:

l—a

(i) tEq 2 (/\to‘) = é)\_l/a exp()\l/at) — m + O(tl_Qa) ast — oc.

(i) ¢Eq2(~AY) = i

N(—a) + O(tliza) ast — oo.

Remark 2. Lemma 3(i) presents explicit formula to compute tE, 2(At*) by virtue of
exponential function and power series when the parameter A > 0. Lemma 3(ii) shows
that t E, 2(—At®) can be formulated by power series when the parameter A < 0.

Lemma 4. Forany A\ > 0, o € (1,2) with p = 1, the following asymptotic expansions
hold:

(i) ta_lEa,a (/\to‘) = é)\(l_“)/o‘ exp(/\l/o‘t) - % + O(t_l_“) ast — oc.
(ii) to‘_lEa,a (—)\t“) = % + O(t‘l_a) ast — oo.

Remark 3. Lemma 4(i) presents explicit formula to compute t*~'E,, ,(A\t®) by virtue
of exponential function and power series when the parameter A > 0. Lemma 4(ii) shows
that t*~1E,, o, (—At®) can be formulated by power series when the parameter A < 0.

We give the estimation for Mittag—Leffler functions.
Lemma 5. For A > 0, we define

Eu.o(A
M(a, \) = max{EwH(A), A=/ap (), Baa)
«

+ A<1—a>/aEa,2(A)}.

Then, for any function g € X (R, R), the following statements hold for all t € [0, 1]:
@) [ fo(t = )27 Eaa(=(t = 5)*A)g(s) ds| < M(a, 1)]|g|oc.
(ii) |)\(2’0‘)/QEO¢72 (t*N\)¢ ftoo exp(f)\l/as)g(s) ds| < M(a, N)||g]]oo-

(iii) |f0t [(t—s)* ' Eqa((t—s)*A) — A2-a)/eg, , (taA)teXp(—Al/as)]g(s) ds| <
M (a, A)||glloc-
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Proof. (i) Using fot(t —8)* By o((t — 5)*N)ds = t*Ey o11(A\t®) and the fact that
Mittag—Leffler functions are increasing functions on [0, c0), we have

t
/(t —8)* ' Ega(—(t—5)*N)g(s)ds

0

St Eaat1 (Mgl < Ea,at1(A)llgllee < M (e, A)llglloo-

(i1) Like above, we have

,\(2_"‘)/°‘Ea72(to‘)\)t/exp(—/\l/as)g(s) ds
t

o0
AT B4 () [ exp(-21/75) dslg]
0
<AV 5 (Wllglloo < M, M)lgloo-
(iii) Similarly, we derive
t
/ [(t—5)" "Eaa(t—s)*A) — \2-ep (to‘)\)texp(—)\l/“s)]g(s) ds
0

1
< [ataEa,m FACTOB L (A (AT exp (=AY ) + Al/“)] 9]l

Eq oA -
< [a” A E, () llglloe < M (e ) glloc-

The proof is complete. O

Remark 4. Lemma 5 presents some explicit integral bound estimation by using the
asymptotic behavior of Mittag—Leffler functions, which will be used to derive the stable
manifold for the proposed fractional systems.

By Lemmas 3 and 4 we can define finite constants:

Al/at) tlfot
A) = sup 201 15, H () - S
ma (a, A) sup 2(AtY) \ag T @ —a)|
9 1 tlfa
A) =supt?® HNtEqy o (=A%) — ———
mQ(Oé, ) i;ll) 0172( ) )\F(2_Oé> ’

Cexp(Wer) 1

a—1 a
Y7 By o (M%) NCE=CTEY

ma(a, \) = supt®*!

)

i>1
1
my(a,\) = supt* T " E, 4, (=A%) — —|.
t>1 At

Now we can prove the following lemma.
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Lemma 6. For \ > 0, we define

N(Oé, )\a bw) = maX{Ea,a+l()\) + max{m?)(a’ A), m4(a7 A)} + bﬂ

o A
2)\(1—2&)/(1

1 oy 4 2ATTTT
+ exp()\ )-I— T2 —a)

) + 2m1(a,)\)/\(1_°‘)/“}.

Then, for any function g € Xoo(Ry,R) with ||gllo := sup,>q |g9(t)/@(t)| < oo, the
following statements hold for all t > 1:
@) | 2t~ 5 B (~(t = 5)°A)g(5) ds] < N Abo)(lgllo + 1))
(i) [AE— /O‘Ea’ (toA)t [ exp(—=AYs)g(s) ds| < N(a, A, be)||g]loo-
Gii) | [ [(t=5)" " Baa ((t—5)"X) =X~/ By o (t°N)t exp(—AY*s)]g(s) ds| <
N(a, A be) (gl + llgll=)-
Proof. (i) Note that ftt_l(t —8)* 1B, o((t — 5)*N)ds = Ey a+1(\). So we have

t

/ (t—8)* 1By q (f(t — s)”‘)\)g(s) ds

t—1

t

< /(tf ) B (( — £)°A)|9(3)| ds < EaasrWllglloc.

t—1

On the other hand, we get

/(t - S)O‘*lE%a(—(t _ S)Q/\)g(s) ds
0

<o) [ iy [ HE 0
0 0

t—1
¢ mateNlgle | 1[0 o, e Dol belole
o A t—s w(s « A
0

Consequently, we get

t

/(t — s)aflEa a(f(t - s)o‘)\)g(s) ds

ma(a,3) be
( w0+ "1 g4 2 g

N(e, A be) (llgllo + llgll=)-
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(ii) Similarly, we get

A=/ g (190t / exp(—A'/"s)g(s) ds

t

oo

< é)\(l_“)/a /exp()\l/o‘(t —5))|g(s)|ds
t

1 oo
+ A2-a)/a (ml(a, A+ M) /G‘Xp(_)‘l/as)g(s) ds
t

< 1 )\(1—204)/(1
<

N T A )\(l—a)/a <N A b .
ax T Ta—a) TN lgl (e X baz) g

(iii) Like above, we get

|(t = )" Eao((t = 5)*X) = AP~/ E, 5 (t*A)texp(—A1/“s)|

ms(a, A) 1 NZ=a)/e exp(—AL/es)
< ;A
G5t T ag—s TN a1
tl—a

+ m)\@—@)/a exp(—)\l/as)

fort —s > 1andt > 1, but since s > 0, it is enough to suppose ¢ — s > 1 because then
t>1+s > 1. So we derive

[(t—5)* " Ega((t—s)"A) — A\E=)/ep (to‘)\)texp(f)\l/as)]g(s) ds

0
T ma(a, Vg (s)] 7 lo(s)
<0/(t_8)a+1d8+o/k(t_s)d8

v/ [ exp(=AYs
(o G [ERERE gy

0

t—1
1
tl—a)\(2—a)/a _)\1/0( d -
s / exp(~\1/s) dslg]
0
m3(0é7 )\) (1—a) /o )\(1—2a)/o¢ bw
<|— s A)A Tro — oy |19l T = l1glle-
0 s, + Ty | Il + 2l

https://www.mii.vu.lt/NA
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On the other hand,

/ [(t—8)* " Eaa((t—s)*A) — \@—ep (ta)\)texp(—)\l/as)]g(s) ds

t—1

t
Eoo(N) + / A=/ o (1N ) texp (AT s) ds] 9]ls0-

t—1

<

Furthermore, we obtain

t
/ A(Q*O‘)/QEQ_Q (to‘)\)t exp(f)\l/as) ds

t—1

¢ ¢
1
< a)\(l_"‘)/o‘ / exp(/\l/“(t —5)) ds + m (o, MA@Zma)/a / exp(—AY%s) ds
—1 -1

t t

t
1 — « «
+m/)\(2 )/ exp(—)\l/ s) ds

t—1
/\(1—2a)/a

1
< 1/« (1-a)/«a .
\a/\exp()\ )—l—ml(a,/\))\ + T2 a)

Consequently, we get

/ [(t— )" "Eaa(t—s)*A) — A\E=/ep (to‘)\)texp(—)\l/as)]g(s) ds
0

A 1
< {mm) + Baat1(A) + — exp(AY?) + 2my (o, )AIT)/@

«
2)\(1—2@)/0{
P
< N(@, A 0%) (llglloo + ll9lle)-

be
st + 22l

The proof is finished. O

3 Existence of stable manifolds theorem

By Lemmas 5 and 6 the operator F'in (4) is well defined. In what follows, we state and
prove some fundamental properties of F', which are used later to prove the existence of
stable manifolds.

Nonlinear Anal. Model. Control, 23(5):642-663
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Define 2(a, A\, A2, @) = (1 + ||@||oo)0 and o := max{2M (a, A1), 2N (c, A1, b ),
M(a, —A2), N(a, = A2, b ) }, where M and N are the functions defined as in Lemmas 5
and 6.

Proposition 1. For any 1,7 € X (R, R?), it holds

[F(m) = F@)|, < 2(c, M, A2, @)l (max([[nllsc, [llso) ) 17 = illos— (5)

and
1
1F)|l., < ll=ll+ (Ea,2(—/\2) +ma(a, —A2) + AF@‘@) |24
+ Q(av)‘lﬂ)‘2>w)lf(H77HOO)H77HOOﬂ (6)

where ||1]| o = max(||71|co, [72/|o0)-

Proof. Note that

|FL(n) (1) — Fu()(1)]
/ ) B ((F— 5)% A1)
0
ATV B s (Mt exp (=M "9)) (1 (n(s), s) — f1(7(s), ) ds

o}

_Af‘“)/“Ea,z(Alt‘*)t/eXp(—Ai/”‘S)(fl(’l(s) s) = filils

t

>
A
V
\_/
~—
(ol
V2l

By Lemmas 5 and 6 we have

sup | F1(n)(t) — Fu(7)(t))|
te[0,1]

< 2M (e, M)l (max ([l oos [171]l00) ) [ o [l = ] oo
sup [Fy(n)(t) — F1(7)(t)]
t>1
< 2N (e, A1, be ) (max ([19]loos [17lloo) ) (1 + [[]lo0) 17 = ] co-

So

sup [FL(n)(t) = F1(i)(t)| < 2(a, A, A2, @)Ly (max([[1l]oc, [171llo0)) 11 = lloc-

On the other hand, note that

|Fa(n) — Fa(n

/ Y B o ((t = 5)A) (f2(1(), 5) — fo((5),5)) ds|.

https://www.mii.vu.lt/NA
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By using Lemmas 5 and 6 we have

sup | Fa(n)(t) — F2()(t))|
te[0,1]

< M(a, =)l (max(([n]loo, 19ll00)) 1w lloo 17 = oo,
sup |F2(n)(t) — Fa(0)(1)|

< N(a, =22, be) g (max([[ 7]l oo, 191 00)) (1 + @00 ) 17 = 7] -
So

sup [Fa(n)(t) = Fa(@)(t)] < 2(c, A, Aoy @)L (max(([1]]oos (11l 00)) 17 = ] oo-

Consequently, we can get conclusion (5). Next, it is obvious that F (0)(¢t) = 0, we derive
|[F20) ()] < |a] + [ tEa 2 (t72) 4]

1
< - - .
< el + (Ea,z( A2) +ma(a, —A2) + @ a)>|x4|

Hence, we get conclusion (6). The proof is completed. O

Before stating and proving the stable invariant manifold result, we show the following
technical lemma.

Lemma 7. For any function g € Xoo(Ry,R) and \ > 0, it holds

fé)(p - S)Q_lEa,a((p —5)*A)g(s)ds

lim

p—oo PEa2(Ap*)
= A(zfa)/a/exp(f/\l/o‘s)g(s) ds.
0

Proof. According to Lemma 2(i), we obtain lim,,_, o, exp(AY/*p)/(pEa.2(Ap®)) =aAl/®.
Next, since for p > 1,

p

[ 0= 9% (- 9°X)9(5) ds| < s Vgl
p—1
then
p
. (p - S)O‘_lEoz’a((p - S)Q)‘) _
plg{)lo PN ap) g(s)ds =0.

p—1

Nonlinear Anal. Model. Control, 23(5):642-663



652 S. Peng et al.

Next, we have

—1
N =97 Baa((p = 9)7)) = 2N/ exp(W/(p — 5))
lim / : . g(s)ds
s, xp(\/p)
0
o(s)|_, mala Nlg(s)
. 1 q(s ms(a, A)|g(s
<1 ds = 0.
poo exp(A\/ap) ((ts))\ + (p—s)ott ) 8
0
So we get
"= ) B0~ )N 1o F
) D—38)" "Eyallp—5)*A _AbTele 1/a
phﬁrrolo/ xp(AL/op) g(s)ds = T/exp(—/\ s)g(s)ds.
0 0
Finally,
S0 = 9" Bao (0~ 9N s oyia [
plgr;o eV = /exp(—)\ s)g(s) ds.
0
The proof is completed. O

LetV C U C R? and W C RR? be open neighborhoods of zero. Define a center-stable
manifold

WSV xW,U)={zeV,zeW: ¢(t,z,T) € U Vt > 0}.

Proposition 2. (z,7) € We(V x W,U) if and only if ¢(-,x,T) is a fixed point of F
along with ¢(t,x,T) € U forall t > 0.

Proof. If (x,7) € W (V x W, U), then by (3) we get

¢1 (t, I,f) = E(%Q (ta)\l)txg
+ /(t —8)* ' Eau((t—8)*M) f1(o(s,2,7), s) ds
0
and

po(t,x,T) = Eq (ta>\2)372 + Eqp2 (ta)\Q)t$4
¢

+ /(t — )" ' Eau((t—8)*X2) f2((s, 2,7), 5) ds.
0

By the above results we know that ¢5 (-, 2, T) = Fa(¢2(-, z,T)).

https://www.mii.vu.lt/NA
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Furthermore, we arrive at

Jo(t = 5)° 7 Eaa((t = $)*M) f1($(s, 2, T), 5) ds

= i
=T A% Eo 2 (Nt
= —)\g%a)/a/exp( )f1 ((b(s,x,f), s) ds
0
due to Lemma 7. Hence,
¢1(t, 2, T) = —A&Q_O‘)/atE (t*\1) /exp )\1/0‘ fi(o(s,2,T),s)ds
0

+ [ (t=8)*"Eaa((t—5)"N\) f1(o(s,2,T),5) ds

o—_ .

= F1 ((bl(',ﬂf,f)).

So ¢(t,x,T) is a fixed point of F'. Clearly, ¢(t,z,%) € U for all ¢ > 0.
On the other hand, let n € X (R, ,R?) N X} (R, R?), (n(0),1'(0)) € V x W be
a fixed point of F' such that n(¢) € U for all ¢ > 0. Then

m(t) = —)\nga)/atEa,g (ta)\l) /eXp(—)\i/as)fl (77(3), s) ds

0
t

+ /(t - S)O‘*lEa,a ((t - s)a)\l)fl (77(5)7 5) ds,
Ea (t )IQ + E(, Q(t )\2)fl‘4

+ / 0‘ 1Ea7a((t — s)ax\g)fQ (77(8), 5) ds.

Defining
_)\§2—o¢)/o¢ /exp(—)\}/as) 1 (n(s), s) ds,
0
we get
1(t) = Eq (t*A)z + Eq 2 (t*A)tT
+ /(t - 5)a71Ea,oz((t - S)aA)f((b(s, l’,f), 5) ds
0
with 7(0) = (0,22)™ and 1/ (0) = (3, 74)T, which is a bounded solution of (2). O

Nonlinear Anal. Model. Control, 23(5):642-663
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Now we are ready to state and prove the main result on stable manifolds.

Theorem 1. Take R* > 0 such that ¢ = 1y (R*)2(, A1, Ao, @) < 1 and set

. (1-0)R*
1+ Ea,2(_>\2) + mQ(OZ, _)‘2) + m ’
R = AgQia)/alf(R*)R* /exp(—)&/as)w(s) ds.
0

Then, for any @ = (x1,22,74) € (—7,7)3, there exists a unique h(Z) € (—R**, R**)
such that (z,h(%)) € W(V x W,U) withV = (—r,r)%, W = (—r,r) x (=R**, R**),
and U = (—R*, R*)%. Furthermore, h : (—r,7)3 — (—R**, R**) satisfies the following
propetrties:

(i) h(0) =0.

(ii) h is Lipschitz continuous:

_ _ R**
|h(1') - h(y)| < m

“raa)

for any:z’ - (99,%4),@ = (y7y4) € (77/.7 ?,,)3_
Proof. Define Br-(0) = {n € Xoo(Ry,R?): ||n]lcc < R*}. By Proposition 1 we have
+

[F(n) = F(i)

=yl + ( Bna(=2) + mafo, 3o

o S2(a, A1, A2, @)l (1)1 = Ao = ol — Al oo,
and

[FEm, < <1+Ea72(_)\2)+m2(a7 _AQH,\F(;_Q))T

+ Q(c, M, A, @)l (R*)R* = R*

for any & € (—r,r)3 and n,7) € Bg+(0). We find ||F(n)||oc < 7*,i€., F : Bg«(0) —
Bpg-+(0). The Banach fixed-point theorem uniquely determines 7z by nz = F(nz) with

Iz lleo < R*. We set
h(Z) = 7}\(12—00/04 /exp(f)\}/as)fl (7753(5), s) ds. 7
0
Then

|n(z)| < /\52_a)/alf(R*)R* /exp(f/\i/as)w(s) ds = R™.
0
Furthermore, Proposition 2 implies (Z, h(Z)) € W (V x W, U). Clearly, (i) holds.
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Next, we have F' = Fj, in particular, n; = Fz(nz). Then, for any & = (z,24),7 =
(y,y4) € (—r,7)3, it follows from Proposition 1 and definition of Fj that

1nz = ngllse < ollnz — gl + llz = yll

1
+ (Ea,z(Az) +ma(a, —A2) + )\1“(2—a)> |74 — yal

since Fi(n) — Fy(n) = F5_5(0) for any n € X (R4, R?). This yields that

Ins = mglloe < [nx gl t (EM(Az) + (e, o)

l1—0

Hence,
,',,**
“h < — _ _ _
0) = 1) € s = vl + (Baal=Aa) + mae —2a)
b Ve
/\F(Q — Oé) 4 Yal|,
which gives (ii). The proof is completed. O

To end this section, we give an example for which we can compute explicitly its stable
manifold.

Example 1. Consider the following fractional damped equations motivated by
D a(t) —mi(t) = ¢
D2y (t) + o (t) = 0,
2(0) =z = (0,22)", 2/ (0) =% = (w3, 24)".

Set o = 3/2 and w(t) = 1/(1 + t)?/5. Next, we have

t

t—1

1 5
/ w(s)ds < /(t —5)T /105725 s < B< 5 3) = 4.16891 := b,
0

10°5

for t > 1, where B is the beta function. By (3) the solution ¢(t,z,T) is given by (see
Fig. 1)
t Bals,,7)
- 3/2 1/2 3/292(8,2, T
G1(t, 2, T) = B9 o(t*)tay +/(t75) I2B39.3/0(t — 5)* st,
0

(252 (f, I,T) = E3/2 (7t3/2)$2 + E3/272 (7t3/2)tx4.
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Figure 1. The solution ¢ and ¢2.
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Figure 2. 72, 24 € [0, 1], 33 = —1.4722z5 — 1.373724.

Hence, the Lyapunov—Perron operator F' has the form

¢2(87$,f)

L+ )25 %

FL(€)(t) = — By o (t9/2)t / exp(—s)
0

t
¢2(s,7,T
+ /(t - 5)1/2E3/2,3/2(t - 5)3/2(12(_|_5)2/5) ds,
0

Fy(§)(t) = E3)2 (—753/2)132 + E320 (—t3/2)tx4.

By (7) we derive h(Z) = —1.472229 — 1.3737x4.

Consequently, Proposition 2 and Theorem 1 imply that the local center-stable mani-
fold around the origin is given by {(0, x2, —1.4722x9 — 1.3737x4, x4) }, where xo, x4 are
small enough (see Fig. 2).
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4 High-dimensional case

In this section, we extend the result for planar fractional differential equations in [6] to
high-dimensional case:

°‘Df, x(t) = Ax(t) + f(z(t)), ae(0,1),

T (®)
.T(O) =T = ($1,$2,...,$ )

where A = diag(A1, A2, ..., An) with Ay, Ao, ... ;A > 0and A\rgq, Apyo, ..., Ay < 0.

Suppose f : R — Ris a Lipschitz function: || f(x)— f(y)| < l¢(r)

with f(0) = 0, lim,_, {(r) = 0. The solution of (8) is formulated by

o(t,z) = Eq(t*A)z + $)* ' Ega((t — s)*A) f(¢(s, z)) ds.

o\@»
~

Fori=1,2,...,r,set

wi(t,x) = to’)\ xz + )T 1Ea7a ((t — s)a/\i)fi (Lp(s, x)) ds.

o\&

Forj:T‘—|—17T+2’...7n,i+j:naset

it x) = to‘/\ x] + )4 1Ea7a ((t — s)a)\j)fj (<p(s, x)) ds.

c>\W

Consider the Lyapunov—Perron operator 7' : X (R4, R™) — X (R4, R™).
Forve=1,2,...,r,

o0

<T£)i<t>=<—xi/“1 / N pi(e(s)) d )Ea@m)

0

+ [ (t=5)* " Eqa(Ni(t —5)*) fi(€(s)) ds

o

Forj=r+1,r4+2,....n

(T;0) = Ea(t°\,)a; + [ (6= )" B (6= 5°X,) £ (€() ds.

Denote C(a, A1, ..., An) = max{2K (a, \;),2M (o, \;), K (o, —Aj), M(a, —=Aj) },
where K, M are defined in [6, pp. 161-162].
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Theorem 2. Forz;,%; € R, 5,5 € Xoo(Ry,R™), there exists the following correspond-
ing result:

IT€ — Té|
<ok = @kl + Clas Ary - Aa)ly (max([[Elloos €]l ) IE &l (9
In particular,
IT€ N0 < 2kl + Clas Ay An)p (18]l ) €]l oo
where |z — 2| = max{|z; — &)}, k=r+1,74+2,...,n
Proof. Recall [[€]lnc = supe [€(8)]| = max((i&y [ €21l [€n]). One can derive

t

/ (F(()) = F(2())) (t = 85 F o (Mt — )°)

0

(T€); — (TE)] <

AV B, (At™)e ™ 9) ds

oo

N B () [N (1 (600) - A(E) ds|

0

+

Next, we can use [6, Lemmas 5, 6] to estimate the following formulas:

¢
/ ((t=8)* " Eaa(Xi(t —5)*) — )\g/aan ()\ita)e_’\g/as)g(s) ds
0
and -
Ai/a_lEa (Ait%) /e_’\z/asg(s) ds|.
0

Thus, using the above facts, we derive that

Sup (T€)i(t) — (T€)i(t)] < 2K (e, M)y (max([|€]loc, [1€]loc) ) 1€ = Elloc
sup (T€)s(t) = (TE)i(t)| < 2M (a, X)l g (max([[€] ooy [1€]loo) ) 1€ = Elloo-
This yields that

sup [(T€)i(t) = (TE)i(t)] < Cla, Ary - Al (max([[€] ooy [1€]loo) ) 1€ = &l oo

On the other hand,
(T€);(t)—(TE);(1)

= EaltX) (a5 5) + [ (15" B (6-5)"0) (15 (605) = 5 £(5))) .
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Noticing the fact sup;> Eo(—AtY) = 1 (A > 0), we have

sup |(T€);(t) — (T€);(t)|

t>0

< g =251+ Clas My Ay (max([[€]lsos 1€l ) ) 1€ = &l oc-

This reduces to
IT¢ = Té)loo < |2k — @] + Clo, A, -, An) g (max([[€]loo, 1€]100) ) 1€ = €lloo-

Note that T'(0) = 0, (T€),(0) = E,(0)x; = 0, and due to (9), we can get z; = 0.
Moreover, ||T¢||loo < |zk] + Cla, A1, o, An)lr([I€]loo) 1€l The proof is com-
pleted. O

Theorem 3. Denote W*(U) = {x € U: p(t,z) € U, liny_,o ¢(t,z) = 0}

() Ifx € We(U), then v is the fixed point of T

(i) If&(t) is a fixed point of T', then £(t) is a solution of (8) with £;(0) = x;. Further-
more, suppose additionally that ||€|| s < r*, where satisfied that Lz (r*)C(c, A1,
/\27---7/\71) <1

Then lim;_, o &(t) = 0.

Proof. (i) Since z € W*(U), limy_, o0 (¢, z) = 0. That is,

K sltr2)
= i [meeng (xc+ o Bl )] o
0

According to A > 0, lim;_, o0 Eo () = 00, so we can get

t

o= tim [t syt Era il = 9) il )

u—00 E,(t*)\;) S’
0

Linking with [6, Lemma 8], when A > 0,

. [ 1 EBaa(Mu—29)*) _ 7 /e
_ a1 Hoa — \1l/a-1 A Ys
ulgr;o (u—s) BN g(s)ds = A /e g(s)ds.
0 0

Then (Tp);(t) = @;(t,x), and it is clearly (T'p);(t) = ¢;(t,x). So the proof of (i)
is completed.
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(ii) Since £(t) is a fixed point of T, we can get

(T€:)(t) = &(1)

- (A;/Q_l/eA:/asfi(g(s)) ds> Ea (t*),)

0
t

+ /(t —8)* 'Eya (/\i(t — s)a)fl- (f(s)) ds
0
Now we set z;; = —Ag/a_l I e*Ai/ani(f(s)) ds. On the other hand,
(T&)(t) = &(t) = Eq(t“N\j)z; + /(t —8)* ' Equ((t—8)*A)) f(€(s)) ds.
0

It is easy to get {;(0) = z;, and thus we get

£(t) = Ea(t°A)z + / Y B o ((t— 5)°A) £(£(5)) ds,

which is a solution of (8).

We can define lim;_, . sup ||£(¢)|| = a € [0, 7*], there exists a sequence t,,, such that
lim,, o0 sup ||€(t,) || = @ as lim,, o0 t,, = 00. In other words, for all € > 0, there exists
T(e) > 0whent > T, ||€(t)||cc < a+e.

We note that [ ;(a+¢)C(a, A1, Az, ..., Ap) =¢ < 1. According to [6, Lemmas 3, 6, 7],

t

/ (t— )% Eaa((t = 5)°0) £ (€(5)) ds

T(e)

< C(a,)\l,)\%...,)\n),

we can get

tgrgo sup |§j(t)| < max |fj( | hm sup

T(e
/ _ a+1
0

N / (t = ) Bao((t — )X £;(£(5)) ds

T(e)

< (a+Ol(a+ 0@ M das .., An) = qla+e).

For any function £ € C, (R™), we can get

(o
Jim sup / ((t = )2 Baa((t = 9)7N) = A7 Ea (194)e ™) £i(€(s) ds
0
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T(e)
m(OZv)\) 1/01 1 Al/“(t s) 1/a—1 Aoy _\leg
7)‘ A\ a— o
+ %e Ai 5)\3/ 1) |f1 (g(s)) ds} =0.

Note the fact limy o sup [(T€)i(t)| = limy_,oo sup |(T€):(t)|, where £(t) = &(t)
(t > T(e)), and £(t) = (t/ T())E(T(e)) (¢ € (0. T(e). A

In view of lim;_, o, sup |&(t)| = lim;_,o0o sup |(T€);(t)|. Let £ be corresponding to
= (&1,22,...,2n) and set T = 0. By using

ITElloe < Cla Ary -, Xl (1l ) [€lloe = (@t €)ly(at €)C(a, Ars . An)
we derive that tlim sup |€;(t)| < (a+ €)g and
— 00

Jim sup [€(t))) = masx( Jim sup [&1(8)], lim sup |¢2(¢)]) = a.

Finally, we can get a < ¢(a + €), which implies that (1 — g)a < 0 as e — 0. Due to the
condition g < 1, we derive that @ = 0. So the proof is completed. O
Define B« (0) = {£ € Xoo(RT,R"): [[{|loo < 7*}
Theorem 4. Let r* > 0, which satisfies Lf(r*)C(co, A1, A2, ..., ) < 1, and set r =
(

(1 — q)r*. Then, for for all z), € [—r,r|, there exists s1(xy), S2(xk), - S,,(a:k) €
[—r*, r*] such that (s1(xg), s2(xk)y- .y Sr(Tk), Tri1, .- Tn) € W3 (B, ( )), where
st [=r,r] = [—r*,r*] and satisfies the following properties.
() $;(0) = 0.
(i) s is a Lipschitz continuous function, it means that, for xy, &y € [—r, 1], we have
. 1 N
’si(mk)—si(xk)’ < |z — 2k

1-— lf(’l“*)C(Oé, /\1,/\2, .. 7/\n)

Proof. (i) Let & € W#(B,«(0)) be the solution. Then ¢ is a fixed point of 7. Now,
we show that T : B« (0) — B« (0), let £,£ € B,(0), x5 = Zj. By using elementary
computation we have

IT€ = Té)loo < Clav, Ay, Ay (max([€]loc, 1€]150)) 1€ = Elloe = allé = €,

and | T¢]|oe < |k + Cla, A1y, A)lp(r*)r* < 7+ gr*. Due to r*(1 — q) = r,
|IT¢||0o < 7*. By using the contraction mapping theorem there exists a unique fixed point
& € B,«(0). According to the definition of T', we can know 7'(0) = 0,(0,0,...,0) €
W*(B,-(0)), 4(0) = 0,5 =1,2,...7.

(i) Ttis easy to see that || 7€ — T€||lso = ||€ — €loe < |2k — 21| + ql|€ — €]|o. Thus,
1€ —&lloe < 1/(1—4q) » which yields that |s;(z) — si(Zr)] < [[§ = €lle <
1/(1 — q)|zr — @] The proof is completed. O
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