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Abstract. In this paper, we constructed a traveling wave solutions expressed by three types of
functions: hyperbolic, trigonometric, and rational. We used a fractional subequation method for
some space-time fractional nonlinear partial differential equations (FNPDE), which are considered
as models for different phenomena in natural and social sciences fields like engineering, physics,
geology, etc. This method is very effective and easy to investigate exact traveling wave solutions to
FNPDE with the aid of the modified Riemann—Liouville derivative.
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1 Introduction

Over the last decades, the field of fractional calculus has thrived in pure mathematics as
well as in scientific applications, and its utility has become more and more conspicuous.
Rating the fractional calculus as a young science would be completely wrong. In fact,
the ancestry of fractional calculus can be outputted from Leibniz’s letter to 1’Hopital,
see [25] in which the meaning of fractional derivatives, especially the case of the one-half
order, was first discussed with some remarks about its possibility. The last reference of
fractional calculus during the lifetime of Leibniz can be found in [26]. With the death
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of Leibniz in 1716, the topic of fractional derivatives did not end, and many famous
mathematicians have worked on this topic and related questions. A list of mathematicians,
who have provided important contributions up to the middle of last century, includes
Laplace, Fourier, Abel, Liouville, Riemann, Griinwald, Letnikov, Lévy, Marchaud, and
Riesz [21,22].

The fractional differential equation may be considered as a straightforward develop-
ment of the classical differential equation. Thus, the studies related to them have received
considerable attention in more recently years. Fractional differential equations [2] have
been considered as powerful mathematical tools for factual and more accurate description
of different phenomena. They appear in various areas, including mathematical chemistry
[9, 18], viscoelasticity [27], biology [22], electrochemistry, physics [12], semiconductors,
seismology, scattering theory, heat conduction, fluid flow, metallurgy, population dynam-
ics, optimal control theory, mathematical economics, and chemical reaction. As the em-
ployment of fractional partial differential equations (FPDEs) is increasing in many social
and scientific fields [23, 38], the main challenge we confront is to obtain solutions for
them. Unfortunately, for most of these FPDEs, no one able to achieve analytic solutions
for such problems. There are an extraordinary number of demonstrating and fractional-
order differential equations, which have been illuminated numerically utilizing different
methods, see [1-4,7, 8].

Moreover, several analytical techniques are presented to solve the fractional differen-
tial equation such as an iterative Laplace transform method [32, 33], adaptive observer
[39], and a new analytical technique (NAT) [35]. On the other hand, very few techniques
for the analytical solution of FNPDEs have been presented. For example, the fractional
variational iteration method [10, 37], the Adomian decomposition method [8, 28], the
homotopy perturbation method [11, 15], the finite element method [14], the (G'/G)-
expansion method [31, 36]. Fractional differential-algebraic equations is solved in [6]
using waveform relaxation method. A spectral decomposition [3] based on Fourier and
Laplace transforms is introduced to solve time-fractional diffusion equation. Analytical
soliton solutions are listed by Navickas et al. [24] for solving nonlinear fractional-order
differential equations. Time-fractional diffusion equation is solved using spectral decom-
position method with Fourier and Laplace transforms [3]. Fourier series expansion [29]
is used to construct semianalytical solutions for time-fractional telegraph equations. For
Riesz fractional advection-dispersion equation, the authors in [34] used the Laplace and
Fourier transforms to treat the time and space variables. While, nonlinear time-fractional
differential equations are solves using the three-time-splitting scheme [5].

Here, we applied a fractional subequation method [40,41] for finding new solutions
of some FPDEs like the space-time fractional Cahn—Hilliard equation [19], the space-
time fractional fifth-order Sawda—Kotera equation [20, 30], and the space-time fractional
modified equal-width (EW) equation [13]. We use a fractional subequation method to
introduce another solutions for the mentioned problems in the sense of the modified
Riemann-Liouville derivative defined by Jumarie [16, 17], which is a fractional version
of the known (G’ /G) method. This method is based on the fractional ODE

D*G(€) + ADEG(€) + pG(€) = 0, (1)
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where DG (&) is the modified Riemann-Liouville derivative of order @ for G(§) with
respect to £.

This paper is organized as follows. After this introduction, some basic properties of
Jumarie’s modified Riemann-Liouville derivative are given in Section 2. In Section 3, the
main steps of a fractional subequation method are given. In Section 4, we construct the
solutions of some FNPDEs by a fractional subequation method. Finally, In Section 5, the
conclusions are illustrated.

2 Jumarie’s modified Riemann-Liouville derivative and general
expression for (DgG/G)

Jumarie’s modified Riemann—Liouville derivative of order « is defined by the following
expression:

T 4 St =€) (f(€) — f(0))dE, TO<a<1,

(f(n)(t))(a—n), n<a<n+1 n>1.

Dy f(t) =

We list some important properties for the modified Riemann—Liouville derivative as fol-
lows:

ayr F(l + T) r—a
DT = ool
D (f(t)g(t)) = g(t)Dy f(t) + f(t)Dig(t),
Dy flgt)] = f1[9(®)] Dg(t) = DS flat)] (' (1) " ©)

The general solution of Eq. (2) is given as

A + VA Cisinh §U+C2 cosh @n A>0
2 2 C1 cosh @7}+Cz sinh @n’ ’

H' . VA iy
(n) — A + v—A —Cjsin 2A7]+C2 cos 2A7] A<0
H(ﬂ) 2 2 C' cos V;AnJrCz sin V;An ’ ’
Ay Gy _
2 + C1+4Can? A -

where A = A2 — 4, Cy, Cy are arbitrary constants. Since D?G(g) = D?H(ﬁ) —
H'(n)Dgn = H'(n), we obtain

g VA _ca . VA ca
VA C7 sinh m{ +C'5 cosh m{

A
24 ¥4 A>0
pecle | | Ot e o e ’
«
. —A « —A o
N I T Mk s LA ki S Y
—A . —A ca ’
2 2l (14a) C1cosmn+02smm§

A CoI(14-a) _
-2t 012F(21+a)+02§”‘ ) A=0.
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3 Description of a fractional subequation method

In this section, we list the main steps of the fractional subequation method for finding
the exact solutions of FNPDEs. Suppose that a FNPDE, say in the independent variables
t,x1,Ta, ..., Ty, 1S given by

« « (a7 « @
P(ul,...,uk,Dt U, ..., Dy uk,Dmul,...,Dmluk,Dmnul,...,
2 2c 2c 2a
Dy aug, Di%uy, ..., D; uk,Dzlul,...) =0, @
where u; = w;(t,21,%2,...,%,),% = 1,...,k, are unknown functions, P is a polynomial

in u;, and their various partial derivatives include fractional derivatives.

Step 1. Suppose that U;(§) = u;(t, 1, x2,...,Tn), & = ct + ka1 + koxo + -+ +
knxn 4 &o. Use the previous transformation, then Eq. (4) can be turned into the following
fractional ordinary differential equation with respect to the variable &:

Q(Ul, coy U, DU, . .., c* DUy, k?D‘gUl, ey k:?Dg‘Uk, kﬁD?Ul, ceey
ki DiaUg,** DUy, . .., c** DUy, ki*D{*Uy,...) = 0. (5)

Step 2. Suppose that the solution of Eq. (5) can be expressed by a polynomial in
DgG(€)/G(€) as follows:

m; DaeG )
Ui(f):Zaj,i(é(;f)) S i=1,2 0k ©)
=0

where G = G(&) satisfies Eq. (1), and a; ;,i =0,1,...,m,j = 1,2,..., k, are constants
to be determined later with a; ,, # 0. The positive integer m can be determined by con-
sidering the homogeneous balance between the highest-order derivatives and nonlinear
terms appearing in Eq. (5).

Step 3. Substituting Eq. (6) into Eq. (5) and using Eq. (1), collecting all terms with
the same order of D¢ G/(§)/G(§) together, the left-hand side of Eq. (5) is converted into
another polynomial in DgG(§)/G(§). Equating each coefficient of this polynomial to
zero yields a set of algebraic equations for a;;, 4 = 0,1,...,m, 7 = 1,2,..., k. Solving
the equation system in Step 3 and using Eq. (3), we can construct a variety of exact
solutions for Eq. (4).

4 Applications

In this section, we will construct solutions for some nonlinear FNPDEs, namely the space-
time fractional Cahn—Hilliard equation, the space-time fractional fifth-order Sawda—
Kotera equation, and the space-time fractional modified equal-width equation by applying
the fractional subequation method in which FNPDESs are very important in mathematical
physics and have been paid attention by many researchers.
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4.1 The space-time fractional Cahn-Hilliard equation

Consider the space-time fractional Cahn—Hilliard equation of the form
D¢u—yD%u— 6u(D2)* — (3u® — 1) D2*u + D2*u = 0, %)

where 0 < « < 1, v is a real constant that represent the different diffusion power, and
u is a function of (x,t). For the case corresponding to o = 1, this equation is related
with a number of interesting physical phenomena like the spinodal decomposition, phase
separation, and phase ordering dynamics. On the other hand, it becomes important in
material sciences. However, we notice that this equation is very difficult to be solved and
several articles investigated it [19]. Now we will apply the described method above to
Eq. (7). Let
u(z,t) =Ui(§), &=ct+ka+ &,

where ¢, k, & are all constants with k£ # 0. Then using the second equality in Eq. (2),
Eq. (7) can be turned into the following fractional ordinary differential equation with
respect to the variable &:

(64 « «@ « « 042 o4 « « (o4
*DEU —yk* DU — 6U (k*Dg)” — K**(3U* — 1) DZ*U + k**D{*U = 0. (8)

Suppose that the solution of Eq. (8) can be expressed by
L (DG
Ui(€) = a-,i(f), j=1,2,... .k ©9)

where G = G(§) satisfies Eq. (1). By balancing the order between the highest-order
derivative term and nonlinear term in Eq. (8) we can obtain m = 1. So, we have
DgG(g)

G(&)

Substituting Eq. (10) into Eq. (8) and collecting all the terms with the same power of
DgG(€)/G(€) together, equating each coefficient to zero, yield a set of algebraic equa-
tions. Solving these equations by mathematica programm yields

U)=ao+a; (10)

ko -1/

ke -1/«
Case 2. ag =0, a1 = V2k°, c:< 5 ) .

Substituting the result above into Eq. (9) and combining with Eq. (3), we can obtain the
following solutions to Eq. (7).
When A > 0,

of A /A Cisinh W\/éa)ga + C5 cosh W\/éa)fa
ui(z,t) = TV2k -5t = . e . (D
01 cosh mga + 02 sinh mga
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Figure 1. The variation of the solitary wave profile u; defined by (11) of Eq. (7) corresponding to the values
A=2,aa=0.7,7v=0.02, p = 0.2.

Figure 2. The solitary wave solution uz defined by (12) of Eq. (7) for the parameters A = 0.5, o = 0.7,
v=0.02, 0 =0.2.

When A < 0,
vV—-A
(1 +«)
—(C sin LQF(;fa)ﬁa + C5 cos —2FV(;+AQ) fo‘)

V=4 i V=4 ¢a
C1 cos staia T C5 sin 21"(1+a)£

A
us(x,t) = FV2 <—§ +

X

12)

When A =0,

u3(x,t):q:\/§ko‘<—%+ CZF(l'i‘CV) >’

C12T(1 + a) + O™

where & = ct + kx + &p.

These solutions were represented graphically in Figs. 1, 2.
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4.2 The space-time fractional fifth-order Sawda—Kotera equation
Consider the space-time fractional fifth-order Sawda—Kotera equation [20,30] of the form
D{u+ D2%u + 45u* D2 4+ 15D D%y + 15uD3u = 0, (13)

where 0 < « < 1, and u are the functions of (z,t). As example (1), we will apply the
above described method to Eq. (13). Let

u(z,t) = Ui(§), &= ct+kr+&,

where ¢, k, & are all constants with & # 0. Then by means of the second equality in
Eq. (2), Eq. (13) can be turned into the following fractional ordinary differential equation
with respect to the variable &:

*DgU + k°* DU + 45k* U DgU
+ 15k DE DU + 15k>*U DU = 0. (14)

Suppose that the solution of Eq. (14) can be expressed by

e DgG(
Zaj't( £ E))a j:172a"'7k7

where G = G(§) satisfies Eq. (1). By balancing the order between the highest-order
derivative term and nonlinear term in Eq. (14) we can obtain m = 2. So, we have

«@ «@ 2
Dec() +as (DE G(£)> . (15)

G(§) G(§)
Substituting Eq. (15) into Eq. (14) and collecting all the terms with the same power

of DgG(€)/G(€) together, equating each coefficient to zero, yield a set of algebraic
equations. Solving these equations by mathematica programm yields

U(§) = a0+ a1

1 BkGaNAZ 1
_ £90c0)9/2 4 2ANAT  Liaane g
%o 30/\2\/ e gt (W),

ar = —2k>*)\, as = —2 k3.
Substituting the result above into Eq. (15) and combining with Eq. (3), we can obtain the

following solutions to Eq. (13).
When A > 0,

1 5KGNAZ 1
f) =+ 1£90ca)9/2 4 2 A ET 2 p2a )2
w(@,?) 30)\2\/ Oc k2o ) gh (8
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\/> C) sinh 5 Ha)f"‘ + Cy cosh 5 \ga)fa)

kQa)\(
2 2 C cosh 2p(1+ § + Czsinh 2T ( 1+a) £

_ 2k2“< 5 \F Cy sinh 376" + Ca cosh 59 §“> . (16)
2 2 C} cosh 21“&& £@ + Oy sinh QFan £o
When A < 0,
uz(x,t)
(1+a) Cy cos 21@ 1+ Cosin @)fa
_ 9p2a <)‘ + QFM ~Cisin W\/Ta)g + C cos 2“\/?”‘)6(1)2. (17)
(I1+a) ¢ cos QF‘{:Q 1+ Caysin \/:a)f

When A =0,

1 SkSaA5AZ ]
’U/S(-'I;, t) 30)\2 \/j:20 a)\9/2 W — ngO‘ ()\2 + 8/1/)

A Col'(1+ «) )
—2k%N[ =2
< * C12T(1 + a) 4+ Cyé™

A Col'(1 4 @) 2
—2k%( -2 18
( 2+012F(1+a)+02€°‘> ’ (%)

where & = ct + kx + &.
These solutions were represented by the graphs, which shown in Figs. 3-5.

0336
0334
033 ™,

0330

-20 -10 0 10 20

Figure 3. The solitary wave solution u1 defined by (16) of Eq. (13) with singularity corresponding to the values
A=2,a=1,u=0.2.

Nonlinear Anal. Model. Control, 23(5):710-723



718 M.A. Abdelkawy et al.
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—40 =20 0 20 40
Figure 4. The solitary wave solution u2 defined by (17) of Eq. (13) with singularity corresponding to the values
A=15,aa=1,pu=0.3.

‘./

¥
//\ \

-10 0 10 20 30

Figure 5. The periodic travelling wave solution u3 defined by (18) of Eq. (13) for a set of parameters A = 1.2,
a=1,pu=0.28.

4.3 The space-time fractional modified equal-width (EW) equation

Consider the space-time fractional modified EW equation [13] of the form
D&y + eD%u® — §D3%u = 0, (19)

where 0 < o < 1, ¢ > 0, and w is a function of (x,t). For the case corresponding to
a = 1, this equation becomes the modified equal-width wave equation based upon the
equal-width wave equation, which was suggested by Morrison et al. and used as a model
partial differential equation for the simulation of one-dimensional wave propagation in
nonlinear media with dispersion processes. This equation is related to the modified regu-
larized long wave MRLW equation and modified Korteweg—de Vries (MKdV) equation to
govern a large number of important physical phenomena such as the nonlinear transverse
waves in shallow water, ion-acoustic and magnetohydrodynamic waves in plasma, and
phonon packets in nonlinear crystals. Now, also we will apply the above described method

https://www.mii.vu.lt/NA
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to Eq. (19). Let
u(z,t) =Ui(§), &§=ct+ka+&,

where ¢, k, £y are all constants with k # 0. Then by use of the second equality in Eq. (2),
Eq. (19) can be turned into the following fractional ordinary differential equation with
respect to the variable &:

*DEU + 3ek®U? DU + —6c*k**UDEU = 0. (20)

Suppose that the solution of Eq. (20) can be expressed by

n DY
Ut(g): aj,'i( £ ) ’ J:172a"'7k7
2 i\ o

where G = G(§) satisfies Eq. (1). By balancing the order between the highest-order
derivative term and nonlinear term in Eq. (20), we can obtain m = 1. So, we have

DgG(§)
G(&)
Substituting Eq. (21) into Eq. (20) and collecting all the terms with the same power

of DgG(§)/G(€) together, equating each coefficient to zero, yield a set of algebraic
equations. Solving these equations by mathematica programm yields.

U)=ao+a (21)

-1 1/4\/3004/251/4)\ —92 1/4\/36(1/251/4
Case 1. ap = i( (;)3/4(52A)1/4 ) ay = i( )(52A)1/4 )
1/2 ie e
k=27 — ;
(5 5A>
_1\3/4 a/251/4 < o\1/4 o/251/4
Case 2. aozzt( DYEV3e % >\, a; = i(=2) V3e % ,
(2)3/4(2 A)1/4 (£2A)1/4

. 1/«
k21/2a(15 > "
eVIoA

Substituting the result above into Eq. (20) and combining with Eq. (3), we can obtain the
following solutions to Eq. (19):

Case 1. When A > 0,

(—D)V/AVBeo/251/4) | i(=2)1/4/Bee/251/4
A e

<_>‘ @ Cy sinh mﬁa + C5 cosh w€a> -
2 2 Cl cosh W\/éa)fa + 02 sinh W\/éa)é_a

up(x,t) ==+
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Figure 6. The periodic travelling wave solution w1
defined by (22) of Eq. (19) for a different set of by (23) of Eq. (19) for a different set of parameters

Figure 7. The travelling wave solution ug defined

parameters A = 1.2, o = 1, u = 0.8. A=08a=1v=02,u=0.1.

When A < 0,
(z,t) = i(—1)1/4\/§ca/251/4)\ i(—2)1/4y/3eo/251/4
)= (2)3/4(e2A)1/4 (2 A1/
x <_§_|_ V-A —018111#/?(1)5 +CZCOSW\/TQ)§ ) o)
°(L+a) ¢ cos

/= V=24 ¢a
2F(1+a yn+ Cysin Tatas
When A =0,

(_1)1/4\/5604/261/4)\ i(_2)1/4\/§ca/261/4
uz(z,t) =+
(2)3/4(2A)1/4 (e2A)1/4
v _é n CQF(l + a)
2 Cr2l(1 + a) + O™

where & = ct + kx + &, and k = 21/2(ie /(e /5 A)) /.
Solutions w1, ug were represented by the graphs, which shown in Figs. 6, 7.
Case 2. When A > 0, we have

N i(_1)1/4\/§ca/261/4>\ i(_2)1/4\/§ca/251/4
a(,t) = (2)3/4(2 A)1/4 (2A)1/4

_VA VA _ca
x (‘- | YA Cisinh ) 7 + G cosh 2m+a>5 ) (24)
2 2 Cl cosh mg + CQ sinh m&

When A < 0,
_1)1/4\/§ca/251/4>\ i(_2)1/4\/§ca/251/4
(2)3/4(c2A)1/4 - (2A)1/4
(s B e ey
2M(1+a) ¢ cos —2FV(1_fa) 1+ Cysin —2FV(1_fa)§a

us(z,t) =+

https://www.mii.vu.lt/NA



Application of fractional subequation method to nonlinear evolution equations 721

ufx,f)
it

Figure 8. The solitary wave solution u4 defined Figure 9. The periodic travelling wave solution us
by (24) of Eq. (19) for a different set of parameters defined by (25) of Eq. (19) for a different set of
A=12,a=1,u=0.8. parameters A = 0.8, « = 1,7 = 0.2, u = 0.1.

When A = 0,
(_1)1/4\/§ca/251/4>\ i(—2)1/4\/§Ca/2§1/4
(2)3/4(2A)1/4 (2 A)1/4

» 7é+ Col'(1+ @)
2 Ci2N(14 o)+ Cxé> )’

ug(x,t) =+

where ¢ = ct + kx + &, and k = 2/2%(—ig/(eV/5 A)) /@,
Solutions w4, us were represented by the graphs, which shown in Figs. §, 9.

5 Conclusion

In this paper, we have focused on some of the most important space-time FPDEs by
a fractional subequation method, we used it to construct new solutions to the space-time
fractional Cahn-Hilliard equation, the space-time fractional fifth-order Sawda—Kotera
equation, and the space-time fractional modified equal-width equation. After applying this
method we notice that it is reliable and effective method since, it introduce several new
solutions. We think that this method can also be applied to other generalized FNPDE:s.
In our future studies, we are going to solve FNPDEs by this approach and develop it to
introduce new and different solutions for FNPDE:s.
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