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Abstract. In this paper, we consider the fractional Kirchhoff equations with electromagnetic
fields and critical nonlinearity. By means of the concentration—compactness principle in fractional
Sobolev space and the Kajikiya’s new version of the symmetric mountain pass lemma, we obtain
the existence of infinitely many solutions, which tend to zero for suitable positive parameters.
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1 Introduction

The main purpose of this paper is to study the existence and multiplicity of solutions for
the p-fractional Kirchhoff equations with electromagnetic fields and critical nonlinearity

M([u]i”A)(—A);’Au = alul? "2u + Bk(x)|u|t"%u, = eRY, (1)

where € > 0 is a positive parameter, N > ps, 0 < s < 1,
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600 S. Liang, J. Zhang

where p? = pN/(N —ps) is the critical Sobolev exponent, A € C(RY, R") is a magnetic
potential, k(z) € L"(RY) with r = p*/(p — q), o and 3 are real parameters.

Nonlocal operators can be seen as the infinitesimal generators of Lévy stable diffusion
processes [2]. Moreover, they allow us to develop a generalization of quantum mechanics
and also to describe the motion of a chain or an array of particles that are connected
by elastic springs as well as unusual diffusion processes in turbulent fluid motions and
material transports in fractured media (for more details, see, for example, [2, 11, 12] and
the references therein). Indeed, the literature on nonlocal fractional operators and on their
applications is quite large, see, for example, the recent monograph [10], the extensive
paper [8], and the references cited there.

The important reason for studying problem (1) lies in the new feature of the Kirchhoff
problems. More precisely, in 1883, Kirchhoff proposed the following model

L
8%u po  F ou? &%u
p8t2<A+2L/‘ax o =0 @
0

Ox?

as a generalization of the well-known d’Alembert’s wave equation for free vibrations
of elastic strings. Here L is the length of the string, h is the area of the cross section,
FE is the Young modulus of the material, p is the mass density, and pg is the initial
tension. Essentially, Kirchhoff’s model takes into account the changes in length of the
string produced by transverse vibrations. Recently, Fiscella and Valdinoci in [17] first
deduced a stationary fractional Kirchhoff model, which considered the nonlocal aspect of
the tension arising from nonlocal measurements of the fractional length of the string, see
the Appendix of [17] for more details. Moreover, the authors in [17] studied the following
Kirchhoff type problem involving critical exponent:

M ([u]?)(=A)u = Af(z,u) + lu> 24 in 02,

S
u=0 inRYV\ 0, )
where (2 is an open bounded domains in R”. By using the mountain pass theorem and the
concentration—compactness principle together with a truncation technique, they obtained
the existence of nonnegative solutions for problem (3). For more recent results, we refer
the readers to [1,4,6,24,32] and references therein.
If the magnetic field A = 0, the operator (—A); 4 can be reduced to the p-fractional
Laplacian operator (—A)s, which is defined as

ol e 1 |u(@) — u(y) P2 (u(@) — u(y))
(_A)pu(x) T ehlz%) / |.’E _ y|N+ps dy
RM\ B, (z)

along any u € C§°(RY), where B.(z) denotes the ball of R centered at z € R" and
radius € > 0. There are also some interesting results obtained by using some different
approaches under various hypotheses on the potential and the nonlinearity. In [18], the
authors obtained the existence and multiplicity results by using Morse theory. In [38], the
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Infinitely many solutions for the p-fractional Kirchhoff equations 601

authors investigated the existence of solutions for Kirchhoff-type problem involving the
fractional p-Laplacian via variational methods, where the nonlinearity is subcritical, and
the Kirchhoff function is nondegenerate. In [31], the authors studied a nonlocal equation
involving the fractional p-Laplacian

(—A)su+ V(2)|ulP~u = f(z,u) + A\h  inR".

When the nonlinearity f is assumed to have exponential growth, by using a fixed point
method, the authors established an existence result on weak solutions. By using the
mountain pass theorem and Ekeland’s variational principle, the authors in [40] studied
the multiplicity of solutions to a nonhomogeneous Kirchhoff-type problem driven by
the fractional p-Laplacian, where the nonlinearity is convex-concave, and the Kirchhoff
function is degenerate. Using the same methods as in [40], Pucci et al. in [28] obtained the
existence of multiple solutions for the nonhomogeneous fractional p-Laplacian equations
of Schrodinger—Kirchhoff type in the whole space. Indeed, there is a wide literature
concerning the study of multiplicity results for critical Kirchhoff problems under a non-
degenerate setting, see, for example, [3,7,8, 14, 15,21-23, 26,27, 30, 33, 35, 43] for the
recent advances in this direction.

When A # 0 and p = 2, Xiang [37] first studied the following Schrodinger—Kirchhoff-
type equation involving the fractional p-Laplacian and the magnetic operator

M ([u]2 4)(=A)%u + V(x)u = f(z,|u)u inRY, )

where the right-hand term in (4) satisfies the subcritical growth. By using variational
methods, they obtained several existence results for problem (4). Following similar meth-
ods, for M(t) = a + bt with a € RJ and p = 2, Wang and Xiang in [34] proved
the existence of two solutions and infinitely many solutions for fractional Schrodinger—
Choquard—Kirchhoff-type equations with external magnetic operator and critical expo-
nent in the sense of the Hardy—Littlewood—Sobolev inequality. In [41], the authors first
considered the following fractional Schrédinger equations:

(=AY u+V(xu= f(z,[u|)u+ K(z)[u*2u inRY, 5)

the existence of ground state solution (mountain pass solution) u., which tends to the
trivial solution as € — 0, is obtained by using variational methods. Moreover, they proved
the existence of infinitely many solutions and sign-changing solutions for problem (5)
under some additional assumptions. But for the case p # 2, to our best knowledge, there
is no results about p-fractional Schrodinger—Kirchhoff equations with electromagnetic
fields.

In this paper, we consider infinitely many solutions for the p-fractional Schrodinger—
Kirchhoff equations with electromagnetic fields and critical nonlinearity. Here we use
the fractional version of Lions’ second concentration—compactness principle and concen-
tration—compactness principle at infinity to prove that the Palais—Smale condition (PS).
holds. Some difficulties arise when dealing with this problem because of the appearance
of the magnetic field and the critical frequency and of the nonlocal nature of the frac-
tional Laplacian. Therefore, we need to develop new techniques to overcome difficulties
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induced by these new features. As far as we know, this is the first time that the fractional
version of the concentration—compactness principle and variational methods have been
combined to get the multiplicity of solutions for the p-fractional Schrédinger—Kirchhoff
equations with electromagnetic fields and critical nonlinearity.

The paper is organized as follows. In Section 2, we will introduce the working space
and give some necessary definitions and properties, which will be used in the sequel. In
Section 3, we will use the fractional version of Lions’ second concentration—compactness
principle and concentration—compactness principle at infinity to prove the (PS). condi-
tion. In Section 4, using symmetric mountain pass lemma together with some delicate
estimates, we will prove the main result.

2 Preliminaries

For the convenience of the reader, we recall in this part some definitions and basic prop-
erties of fractional Sobolev spaces. For a deeper treatment of the (magnetic) fractional
Sobolev spaces and their applications to fractional Laplacian problems of elliptic type,
we refer to [25,37,41] and the references therein.

For any s € (0, 1), the fractional Sobolev space W 3" (R¥, C) is defined by

WiP(RN,C) = {u € LP(RY,C): [u]s,4 < oo},
where [u]s, 4 denotes the so-called Gagliardo seminorm, that is,

i(x— /p
B lu(z) — el @ A(E+)/P)y () |P 1
[u]s,.4 = (// o g dedy |
N

R2

and W3 (R¥, C) is endowed with the norm

1/
lullwsr@yey = ([ulf 4 + llullf.) ™.

If A = 0, then W3 (RY, C) reduces to the well-known space W*?(R¥, C). Furthermore,
the space D" (RY) is defined as

D5P(RN,C) = {u € LP* (RN, C): [u]s4 < o0}
and endowed with the norm [u], 4. We have the following diamagnetic inequality:
Lemma 1. For every u € D5P(RY, C), we get |u| € D*P(RN). More precisely,
Uu”s < [u]s,a-
Proof. The assertion follows directly from the pointwise diamagnetic inequality
()|~ fuw)]| < [ufa) — DA gy

fora.e. z,y € RY, see [13, Lemma 3.1, Remark 3.2].
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We recall the following embedding theorem, the proof of which is similar to [13,
Lemma 3.5] and [25].

Proposition 1. Let A € C(RYN,RY). Then the embedding
D%P(RY,C) — L+ (RN,C),  W3P(RM,C) — LY(RY,C)
is continuous for any 0 € [p, p%]. Moreover, the embedding

W5P (RN,C) —— LY (RV,C)

loc
is compact for any 0 € [p, p%).

For our problem, we first assume that the Kirchhoff function M : RS’ — R* and the
weight function k() satisfy the following assumptions:

(A1) M € C(R{,RY) satisfies infteRg M (t) = mg > 0, where my is a constant.

(A2) There exists 0 € [1, N/(N — ps)) such that M (t) := 0 [; M(7)dr > M(t)t
forany t € RS’.

(A3) 0 < k(x) € L"(RY), where r = p/(p} — q).

A typical example for M is M (t) = mo+b1t? 1 with€ > 1, mg € R, and b; € Rar.
When M is of this type, the Kirchhoff problem is said to be nondegenerate if mgy > 0,
while it is called degenerate if my = 0.

The energy functional .J : D% (RY, C) — R associated with problem (1)

1~ .
Jw) = M (u4) Z% / |ufP* dz — g/k(x)|u|qu
RN RN

is well defined. Under the assumptions, it is easy to check that, as shown in [29, 36],
J € CYD5P(RY,C),R) and its critical points are weak solutions of problem (1).
Now we first give the definition of weak solutions for problem (1).

Definition 1. We say that u € D3”(RY, C) is a weak solution of problem (1) if

L2 4 Bk(z)|u|??u)v dz,

M ([u]? 4.) Re L(u,v) = Re/ (ol
RN
where
1 (e —9
L(u,v):// P y|N+ps(\“($)—e(” DAEH/P)y () [P
R2N
X

(u(m) — ei(wfy)A((Hy)/p)u(y))

X (U(JJ) — ei(l'_y)A((l"’ry)/P)U(y)) ) dz dy

and v € D3P(RM, C).
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In the sequel, we will omit the term weak when referring to solutions that satisfy the
conditions of Definition 1. Our main result of this paper is stated as follows.

Theorem 1. Let (A1)—(A3) and 1 < q < p hold. Then:

(1) For all a > 0, there exists By > 0 such that if 0 < 8 < By, then (1) has a se-
quence of solutions {uy },, with J(u,) < 0, J(u,) — 0 and lim,,_, o u,, — 0.

(ii) For all B > 0, there exists cg > 0 such that if 0 < a < «, then (1) has a se-
quence of solutions {un }, with J(uy) < 0, J(u,) — 0 and lim,_, o u, — 0.

Remark 1. Unlike solutions with concentration phenomena constructed in some earlier
works without the magnetic field. We obtain the existence of infinitely many solutions for
the p-fractional Kirchhoff equations with electromagnetic fields and critical nonlinearity,
and our nontrivial solutions are closed to the trivial solution.

Remark 2. It should be mentioned that our result also extends the result in [5,17,19,35]
in which the authors considered the case A = 0 and p = 2. To our best knowledge, it
seems that there is no result on the existence of solutions for the p-fractional Kirchhoff
equations with electromagnetic fields and critical nonlinearity.

Remark 3. The proof of Theorem 1 is mainly based on the application of the symmetric
mountain pass lemma introduced by Kajikiya in [19]. For this, we need a truncation
argument, which allow us to control from below functional J. Furthermore, as usual in
elliptic problems involving critical nonlinearities, the main difficulties is to prove the (PS),
condition, because of the appearance of the magnetic field and the critical nonlinearity,
and of the nonlocal nature of the fractional Laplacian. To overcome this difficulty, we fix
parameters « and /3 under a suitable threshold strongly depending on assumptions (A1)
and (A2).

3 The Palais—Smale condition

In this section, we recall the concentration—compactness principle in the setting of the
fractional p-Laplacian, see [39, Def. 2.1, Thms. 2.1 and 2.2] and [16].

Definition 2. Let M (R) denote the finite nonnegative Borel measure space on R™. For
any 1 € M(RV), u(RY) = ||u|| holds. We say that ;1 — u *-weakly in M(RY) if
(ftnym) — (1, m) holds for all n € Co(RY) as n — oo.

Proposition 2. Let {u,}, C D*?(RY) with upper bound C > 0 for all n > 1 and
suppose that
U, — u weakly in D*P (RN),

|un(l) - un(y)|p

N A A (N
|z — y|N+pS dy = u *-weakly in M(R )’

LN v *-weakly in M(RN)-
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Then

p
/W |m£dWQ)w%ﬂLumM<m,

jer

P> wid.,, v(RY) < SPCP

jerI

605

where I is at most countable, sequences {1;};, {v;}; C Ry, {z;}; C RN, 8, is the

Dirac mass centered at Zj, ,u is a nonatomic measure. Furthermore
N —p* N\P:/P —p* x .
v(RY) < STPPL (RN <SR e

here S > 0 is the best constant of D*?(RN) < LPs (RY).

Proposition 3. Let {u,}, C D*?(RY) be a bounded sequence such that

_ P —
/ W dy — p  *-weakly in M(RN),

LN v k-weakly in M(RN)’

and define

un @) = wn )

Moo 1= hm lim sup o — [N rs

R—00 nooco
{z€RN: |z|>R} RN

Up |Ps do.

Voo := lim limsup |
R—00 n—soo

{zeRN: |z|>R}

Then the quantities i1, and Vs, are well defined and satisfy

limsup/ Wdydx—/du—i—um,

n—oo ‘«I

hmsup/|un|ps dr = / dv + veo.

n—oo

Moreover,
p/p;;
Svee™ < oo

Next, we perform a careful analysis of the behavior of the minimizing sequences
with the aid of the concentration—compactness principle in fractional Sobolev space stated

above, which allows us to recover compactness below some critical threshold.
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Lemma 2. Let (A1)—(A3), 1 < g < pand c < 0 hold. Then:

(i) There exists C > 0 such that, for alln € N, ||u,| < C;
(ii) For each o > 0, there exists B, > 0 such that if 0 < 8 < B, then J satisfies
(PS)c;
(iii) For each 3 > 0, there exists o, > 0 such that if 0 < a < «, then J satisfies
(PS)..
Proof. We first prove that {u,}, is bounded in D%P(RY,C). Let {uy,}, be a (PS).-
sequence in D% (RY, C). Then

e 0 (Junl) = Iwn) = SN ([unl20) = 5 [
RN

Pedg — é/k(x)|un|qu,
Q]RN

(JL(un),v) =Re {M([un]gA)L(um v) — / (aful?* 2w + Bk(x)|u]?2u)o dm}
RN
= o(1)|unll-
Therefore,
0> c+ on(lunl]) = J(un) — ]%<J’(un),un>

S

] 1 11
= M (]S ) = M ([l ) a1 - ﬁ(q _ p) / (o) 7o
L L 1 1 . a/p}
(1)9 h Pl‘) ([unl? 4) ]2 o 5((] - p;*) Hk;(x)Hr<R[ |, |75 da:)
i -B(=-= ~a/
> (55 3zt = 5 = 5 Il S~
= (ple - plz)mouun”p — ﬂ((ll — pl’§> Hk(;g)”rs—q/pHuan'

Since 6 € [1, N/(N — ps)) and q < p, it follows that {u,, },, is bounded in D" (R", C).
Hence, by diamagnetic inequality, {|u,|}, is bounded in D*?(RY, C). Then, for some
subsequence, there is ug € E such that u, — wug in D3P (RN, C). We claim that, as

n — oo,
/|un|p: dz — / |uo
RN RN

In order to prove this claim, we invoke Prokhorov’s theorem (see [9, Thm. 8.6.2]) to
conclude that there exist i1, v € M(RY) such that

/ [[un ()] — |un (y)II”
RN -

.
Ps da.

dy — p (x-weak-sense of measures),

y|NFps

Ps —~p (x-weak-sense of measures),

‘un
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where p and v are a nonnegatlve bounded measures on R*. It follows from Proposition 2
that either u, — w in L} (RN) or v = |ulPs + > jer0xz;v; as n — oo, where [ is
a countable set, {v;}; C [O ), {z;}; C RN

Take ¢ € C5°(RY) such that 0 < ¢ < 1; ¢ = 1 in B(zy,p), ¢(z) = 0 in
RN\ B(zj,2p). For any p > 0, define ¢, = ¢((z — z;)/p), where j € I. It follows
that {u,, ¢, },, is bounded in D3?(RY, C) since {u,, }, is bounded in D%?(RY, C). Then
(J'(un), unp) — 0, which implies

up () — t@E=NAE+9) /Py (4)|P »
() [ = QIR

o =y

R2N

+Re {M ([un]? 1) L(tn, unp) }

—a / funl?: 6, d + B / k(@) un| 20, dz + on (L), ©)
RN RN

where
1 i(x— x -2
L(up, und,) = // W(Wﬂ(@ _ ol@—y)A(( +y)/p)un(y)|p
]R2N

X (un () = DA D (y) )y, (2) (0, (2) — 8, () ) d dy.
It is easy to verify that

|[un(@)] = Jun(W)|[PPp(y)
/ oyt dedy > [ gy
RN

as n — oo and

/¢pmr%uH$ﬁ)

as p — 0. Note that the Holder inequality implies
| Re{ M ([un]] 4) L(un, und,)}|

<0 [ lale) = DN D) o) ~ 0@t o,

4 |z — y|NFps
un () — @ DAE+D)/P)y (4))|P (p=1)/p
C(/ |:ny‘N+25 dxdy)
[un ()P|p(2) = 6,(y)|P Y
<// |x—y|N+pS dx dy
[ (2) |6 (x) — G,(y) P Y/
(/ |x—y\N+P5 dx dy . @)
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In a way similar to the proof of Lemma 3.4 in [42], we have

p—>0n~>oo |x—y|N+PS

In the following, we just give a sketch of the proof for reader’s convenience.
On the one hand, we notice that

RY x RY = ((RV \ B(24,2p)) U B(4,2p)) x ((RV\ B(x;,2p)) U B(4,2p))
= ((RN\ B(zi,2p)) x (RV\ B(z,2p))) U (B(z;,2p) x RY)
U ((RY \ B(4,2p)) x B(z:,2p)).

Then we have

[ enled166te) 000 o,

ERITEE
R2N
|un(2)[P|dp(2) — Gp(y)I”
- J/ ooy
B(z;,2p) xRN

|un (@)[P|¢p(x) = Gp(y)|”

y |z —y|Nes

(RN\B(w,2p))x B(x:,2p)

. p/P;
< Cp™P8 / ’un(x)’pdx + CK_N( / |un (z) Pe dx)

B(xz;,Kp) RN\B(z;,Kp)

<Cp7P / ’un(x)’pdx—FC'K_N.

B(zi,Kp)

Note that u,, — w in E and u,, — w in L} (RY), p <t < pZ, which implies

Cp~P® / |un(a:)|p dz +CKN - CcpPs / |u(x)‘pda:+CK7N
B(z;,Kp) B(z;,Kp)
as n — oo. Then the Holder inequality yields
Cp™P¢ / ’u(m)‘p de + CK—N
B(z;,Kp)

. p/P;
z)|’ dx) +CK N 5 oK
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as p — 0. Furthermore, we have

)P P
limsuplimsup/ [un(@)I716,(z) = 6,(y)l dxdy

p—0 n—00 |33 - |N+25
R2N

)P P
= lim limsuplimsup// [un (@ | |¢p |) %o ()| dxdy

00 p—0 n—o0 N+2s

=0.

This proves (8). By assumption (A3), we arrive at

p—0n—oo p—0n—o0
RN Bap ()

lim lim [ k(z)|up|?¢,dz = lim lim / k(z)|un|?¢, dx

< lim lim ||k(x)|

p—0n—00 L7(Bap(z;)) ”“"”Lf’? (B2p(x5))

= 0. 9

By using the diamagnetic inequality and (6), we have

ol ) [ oL@ o,

o=y

R2N

+ Re{M ([un]] 4) L(un, undp)}

» |y, () — ei(rfy)A((:Hy)/p)un(y)‘pgf,p(y)
< M ([unl? 4) / Ty da dy

R2N

R M (fun]? 4) Ly, 1,0, )

—a/|un

Since ¢, has compact support, letting n — oo in (10), we can deduce from (7)—(9) that

g, dz+ / 2)lunl?6p A + 0n (1), (10)

mON({xJ }) avj.

Combining this fact with Proposition 2, we obtain
(i) v; =0, o0r
(i) v; = (moa~1S)N/(Ps),

which implies that I is finite. The claim is thereby proved. O

To obtain the possible concentration of mass at infinity, we similarly define a cut off
function ¢r € C§°(RY) such that ¢ (x) = Oon |z| < Rand ¢g(z) = Lon |z| > R+1.
We can verify that {u,¢r}, is bounded in D5P(RY, C), hence (J'(uy),un¢pr) — 0

Nonlinear Anal. Model. Control, 23(4):599-618
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as n. — oo, which implies

— eil@—y)A((z+y)/p)y, p
M([Un]gA)/ [un(z) = @ |z — y|Ntps n(9)P¢r(y )d:cdy

R2N

+ Re{M([un]f ) L(un, undr)}
—a/\un|p8¢3dx+6/ x)|un g () da. 11

It is easy to verify that

— p

R—oo n—oo x — |N+p8
and
/P
lun(2)|P|¢r(2) — Pr(Y)P !
|{M([U7l]g,A)L(una un¢R (/ = |V dz dy .
Note that

lim sup lim sup dx dy

R—oo n—oo

/ [un (2)P|pr(7) — OR(Y)IP

o =y

= lim sup lim sup dz dy.

R—oc0 n—oo

/ |un(@)[P|(1 = ¢r(z)) = (1 = dr(Y))I”

o — g7

In a way similar to the proof of Lemma 3.4 in [42], we have

lim sup lim sup // [un(@)IP1( = r(x)) = (1 = Sr(y)I” dxdy = 0.

R—oco n—oo |fE - y|N+pS
R2N

By the Holder inequality and the definition of S,

[ @lunftonds
. q/p; = /(o5 —a) (pt—9)/p3
< [t [Ps dx) / |k(z) PeliPsmd d:v)

{lz|>2R} {lz|>2R}

. It —) (pi—a/p
<S—Q/Ps [Un]q / ’k‘(l‘) Ps/(Ps—a da?)

5P
{|z|>2R}
- (p:—a)/p:
< §—a/ps un'%{/( / |k(x) o/ (pi—a) dx) 7
{lz|>2R}
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which implies

lim hmbup/k(x)\un|q<p3dx

R—o00 nooo

o —a) (Pr—q)/p}
< C lim / ‘k(aj)|ps ped dx) =0.
R—o0
{lz|>2R}
Therefore, by letting R — oo and n — oo in (11), we have

mONoo QlVog . (12)

By Proposition 2, and (12), we conclude that either
(iil) Yoo = 0or
(V) Voo = (moa=1S)N/(Ps),

Next, we claim that (ii) and (iv) cannot occur if a and 3 are chosen properly. To this
end, from the Holder inequality we have

1> m i o~ L]
1 1 1 ) qa/p:
oo )M == =) ||k v q
(o5~ = )Motz Dtk s = 65 = 2k, ([ 1uol” ac)
RN
> <1 _ 1>mo[u0} < - > k()| S=/Plyg) Y/
po P r
1 1 1
>\ =Bl = — = ||k up||2..
(5 5) = 8(5 = 2 Ik ol
Thus, it follows that
. < cpl/(r=a) (13)

If (iv) occurs, we obtain by (13) that

0>c= lim lim {J(un) — pl*<J/(Un),<PR>:|

R—ocon—o0 P

1 1 1 1
> (])9 - pg)moﬂoo - ﬁ( - *> Hk(m)HrHUOHZ;

> (1 — i)moﬂoo — 5<1 — > ||]€ ||Tc/3q/(p*q)

po  p; q P
> (1 _ 1)m0a—N/<ps) SN/ws) _ g/ (p-a).
po i
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However, since 6 € [1, N/(N — ps)), ¢ < p, if @ > 0 is given, we can take small 3,
such that for every 0 < 8 < [, the term on the right-hand side above is greater than
zero, which is a contradiction. Similarly, if 5 > 0 is given, we can choose small «, such
that for every 0 < & < «, the term on the right-hand side above is greater than zero.
Similarly, we can prove that (ii) cannot occur. Hence,

/ |up |P5 da — /|u0|p: dz asn — oo.
RN RN

On the other hand, since k € L"(R"), we have

[ @) (unl? = ) do < @] e -

RN

p*/q—>0, n — +00.

By the weak lower semicontinuity of the norm, conditon (A1), and the Brézis—Lieb
lemma, we have

o)l = (T (tn), 1)
= M ([wn]? ) [unl? 4 / i

> mo([ualf 4 — [UO]sA)+M([u0]sA)[u0]s,A

—a/|u0|p dx—ﬁ/k )| ugl9 da

> mollun — uo|[” +o(1 )IluOII-

P dxfﬁ/ x)|up,|? de

Here we use the fact that J'(ug) = 0. Thus we have proved that {u,, },, strongly converges
to ug in D3P (RY, C). Hence, the proof is complete. O

4 Main results

To prove the multiplicity result stated in Theorem 1, we will use some topological re-
sults introduced by Krasnoselskii in [20]. For the sake of completeness and for reader’s
convenience, we recall here some basic notions on the Krasnoselskii’s genus. Let X be
a Banach space, and let us denote by ¥ the class of all closed subsets A C X \ {0} that
are symmetric with respect to the origin, that is, © € A implies —u € A.

Definition 3. Let A € Y. The Krasnoselskii’s genus v(A) of A is defined as being the
least positive integer n such that there is an odd mapping ¢ € C(A, RY) such that ¢(z) #
0 for any « € A. If n does not exist, we set v(A) = cc. Furthermore, we set y(f)) = 0.

In the sequel, we will recall only the properties of the genus that will be used through-
out this work. More information on this subject may be found in the references [19,20,29].
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Proposition 4. Let A and B be closed symmetric subsets of X which do not contain the
origin. Then the following hold:

(i) If there exists an odd continuous mapping from A to B, then y(A) < ~v(B);
(ii) If there is an odd homeomorphism from A to B, then v(A) = v(B);
(i) If7(B) < o0, then +(A\ B) > (A) — 4(B);
(iv) n-dimensional sphere S™ has a genus of n + 1 by the Borsuk—Ulam theorem;
(V) If Ais compact, then v(A) < +oo and there exists § > 0 such that Ns(A) C X
and y(Ns(A)) = v(A) with Ns(A) = {x € X: dist(z, A) < d}.

We conclude this section recalling the symmetric mountain pass lemma introduced by
Kajikiya in [19]. The proof of Theorem 1 is based on the application of the following
result.

Lemma 3. Let E be an infinite-dimensional space and J € C'(E,R) and suppose the
following conditions hold:

(1) J(u) is even, bounded from below, J(0) = 0 and J(u) satisfies the local Palais—
Smale condition, i.e., for some ¢ > 0, in the case when every sequence {uy}n
in E satisfying lim,, o0 J(u,) = ¢ < € and limy, o ||J'(un)||gr = 0 has a
convergent subsequence;

(J2) Foreachn € N, there exists an A, € ¥, such that sup,,c » J(u) < 0.

Then either (i) or (ii) below holds:

(i) There exists a sequence {up }, such that J' (u,) = 0, J(u,) < 0 and {u,}
converges to zero.

(i) There exist two sequences {uy }n, and {vy }n, such that J'(u,) = 0, J(u,) < 0,
Up £ 0, limy ooty = 0, J'(vn) = 0, J(v,) < 0, im0 J(vp,) = 0, and
{vn }n converges to a nonzero limit.

To obtain infinitely many solutions, we need some technical lemmas. Let J(u) be the
functional defined as above, 1 < ¢ < 2, « > 0, and 5 > 0. Then

I = N 0) = & [l o= 2 [ k@l s

p ’ Ds
RN

RN

1 @ « 153

> — M ([u]? ,)[u]? ——/upb‘dm—f/k;m ul?dx
pg ([ ]S,A)[ ]S,A szN| | qRN ( )| |

1 « x 8

> p Ps _ = ‘I*

> il p/ [l do = 2 k@), el

2 imO[U]P o g(sfl[u]p )(pz)/p - é”k(I)Hr(Sil[u]p )q/P
pe s, A p: s,A q s,A

*

> C1[ulf 4 — aCaoluly®y — BC[u]? 4.
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Define
h(t) = Cltp — OéCgtpS — 503#1.

Then it is easy to see that, for the given o > 0, we can choose 8* > 0 so small that if
0 < B < B*, there exists 0 < ¢y < t; such that h(t) < 0for 0 < ¢t < to; h(t) > 0 for
to <t <ty;h(t) <Ofort > t.

Similarly, for the given 8 > 0, we can choose o* > 0 so small that if 0 < a < a*,
there exists 0 < ¢§ < tJ such that h(t) < 0for 0 < t < ¢f; h(t) > Ofor tf <t < t;
h(t) < 0fort > t.

Clearly, h(tg) = 0 = h(t1). Following the same idea as in [5], we consider the

truncated functional
s da — 7/ x)|u|? dz,

- 1~

T = SM( ) = vl / u
p

where 9(u) = 7(||ul|), and 7 : RT — [0,1] is a nonincreasing C* function such that

T(t) = 1ift <tp and 7(¢) = 0if ¢ > ¢;1. Obviously, J(u) is even. Thus, from Lemma 2

we obtain the following lemma.

Lemmad4. Letc < 0and1 < q < p. Then:

() J € C* and J is bounded from below.
(i) If J(u) < O, then ||u|| < to and J(u) = J(u).
(iii) For each o > 0, there exists 3* = min{ B, 8} > 0 such that if 0 < 5 < B*,
then J satisfies (PS)c.

(iv) For each 8 > 0, there exists &* = min{cu,a*} > 0 such that if 0 < o < &%,
then J satisfies (PS)..

Proof. Obviously, (i) and (ii) are immediate. To prove (iii) and (iv), observe that all (PS).-
sequences for J with ¢ < 0 must be bounded, similar to the proof of Lemma 2, there exists
a strong convergent subsequence in D" (RY, C). O

Remark 4. Denote K, = {u € D5"(RN,C): J'(u) = 0, J(u) = c}. If o, B are as in
(iii) or (iv) above, then it follows from (PS). that K. (c < 0) is compact.
Lemma 5. Denote J, := {u € D5P(RN,C): J'(u) = 0, J(u) < c}. Givenn € N,
there exists €, < 0 such that

y(J) == y({u € DF*(RY,C): J(u) < en}) =n

Proof. Let X,, be a n-dimensional subspace of D" (R, C). For any u € X,,, u # 0,
write v = r,w with w € X,,, ||lw|| = 1, and then r,, = |Ju||. From condition (A3) it
is easy to see that, for every w € X,, with |Jw|| = 1, there exists d,, > 0 such that
fRN z)|w|?dx > d,. Thus, for 0 < r,, < o, by the continuity of M, we have

T = SN () = S [ 1up? dx—f/k )l da

p
RN
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Therefore, we can choose ,, € (0,%0) so small that .J(u) < €, < 0. Let
Sy, = {u € Xy u|| = ’I”n}.
Then S,, N X,, C Jen, Hence, by Proposition 4,
v(T) = (S, N Xn) =n.
As desired. O

According to Lemma 4, we denote ¥, = {A € X: v(A) > n}, and let

= inf sup J(u). 14
¢ = inf Zlelg (u) (14)

Then
—o<c, <6, <0 (15)

because J¢ € ¥ and I is bounded from below.

Lemma 6. Let o, 3 be as in (iii) or (iv) of Lemma 4. Then all c,, (given by (14)) are
critical values of J, and c,, — 0.

Proof. Since ¥,,+1 C X, itis clear that ¢, < c,4+1. By (15), we have ¢,, < 0. Hence,
there is a ¢ < 0 such that ¢,, — ¢ < 0. Moreover, since that all ¢,, are critical values
of J (see [29]), we claim that ¢ = 0. If ¢ < 0, then by Remark 4, K; = {u €
D5P(RN,C): J'(u) = 0, J(u) = &} is compact, and K € ¥, then y(Kz) = ng < 400,
and there exists 6 > 0 such that y(Kz) = v(Ns(Kz)) = ng, here N5(K;) = {z €
D5P(RN,C): ||z — K¢|| < 6}. By the deformation lemma (see [36]), there exist € > 0
(¢ + € < 0) and an odd homeomorphism 7 : D37 (RY, C) — D%?(RY, C) such that

n(Jete\ Ns(Kz)) C J°°.

Since ¢, is increasing and converges to ¢, there exists n € N such that ¢, > ¢ — € and
Cntne < € Choose A € ¥, 1y, such that sup,c 4 J(u) < ¢+ ¢, thatis A C J°t¢. By
the properties of v, we have

YA\ Ns(Ke)) = v(A) —v(Ns(Ke)) =n,  v(n(A\ Ns(Ke)) ) = n.
Hence, we have (A \ N5(K;)) € X,,. Consequently,

sup Ju)>cp >c—e,
u€n(A\Ns(Kz))

a contradiction, hence ¢,, — 0. O

Nonlinear Anal. Model. Control, 23(4):599-618



616 S. Liang, J. Zhang

Proof of Theorem 1. By Lemma 4(i), J(u) = J(u) if J(u) < 0. By Lemmas 4-6, one
can see that all the assumptions of Lemma 3 are satisfied. This completes the proof. [
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