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Abstract. In this paper, the compactness of the set of L trajectories of the control system described
by the Urysohn-type integral equation is studied. The control functions are chosen from the closed
ball of the space Lo with radius r and centered at the origin. Existence of an optimal trajectory of
the optimal control problem with lower semicontinuous payoff functional is discussed.
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1 Introduction

The mathematical models of many processes in mechanics, physics, economy, biology are
described via nonlinear integral equations (see, e.g., [2,6,7,18,23] and references therein).
W. Heisenberg in his well-known Physics and Philosophy writes: “The final equation of
motion for matter will probably be some quantized nonlinear wave equation. .. This wave
equation will probably be equivalent to rather complicated sets of integral equations...”
(see [10, p. 68]). It should be noted that the theory of integral equations is considered
one of the origins of contemporary functional analysis (see, e.g., [11, p. 2, Chap. 1]).
Some processes described by the integral equations quite often include a parameters,
which characterize the control efforts or describe the model uncertainties. Many of control
efforts and some of uncertainties have limited resources and as usual they are exhausted
by consumption, say as fuel, energy, finance etc. These kinds of efforts in general are
characterized by an integral constraint on the control functions (see, e.g., [8,9, 17, 19]).
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Control systems described by the integral equations with geometric constraints on
the controls are discussed in [1, 3,4, 22] (see also the references in these papers). The
properties of the set of trajectories of the control systems with integral constraints on
the control functions and described by different type integral equations are considered
in [13, 14]. In [12, 15] and [16], the methods for approximate construction of the set of
trajectories are discussed. Note that in aforementioned papers, it is accepted that the tra-
jectories of the considered equations are continuous function. In this paper, the functions
from the space Lo are chosen as a trajectory of the Urysohn-type integral equation. Note
that Ly solution concept is very useful tool for investigation various problems arising in
theory and applications (see [5,20,21] and references therein). In the presented paper, the
compactness of the set of trajectories is established, which is applied to prove existence
theorem for optimal control problem with semicontinuous payoff functional. The distance
between the trajectories generated by admissible control functions is evaluated.

The paper is organized as follows: In Section 2, the basic conditions, which satisfy
the system’s equation, are given. In Section 3, it is proved that every admissible control
function generates unique trajectory (Proposition 3). In Section 4, it is shown that the set
of trajectories is a bounded subset of the space Lo (Proposition 4). The distance evaluation
between the trajectories is given in Section 5 (Proposition 5). In Section 6, it is proved that
the set of trajectories is a compact subset of the space Lo (Theorem 1), and the existence
of optimal trajectories in given optimal control problem, where the payoff of the control
is a lower semicontinuous functional, is discussed (Proposition 6).

2 Preliminaries

Consider control system described by the Urysohn-type integral equation

2(€) = f(& (€)) +A/ [K1(& 5,2(5)) + K2 (&, 5,2(s))u(s)] ds, M

(9]

where © € R" is the state vector, u € R™ is the control vector, £ € 2, A € R, 2 C R”
is a Lebesgue measurable set such that (£2) < oo, p(f2) is the Lebesgue measure of the
set {2.

Let r > 0 be given number,

Uy = {u) € Lo(@:R™): Ju()], <),

where Ly (£2;R™) is the space of Lebesgue measurable functions u(-): 2 — R™ such
that [|u(-)|[2 < +o0, [[u(-)ll2 = (f,, [[u(s)]|*ds)*/2, ||| denotes the Euclidean norm.

U, is called the set of admissible control functions, and every u(-) € U, is said to be
an admissible control function.

It is assumed that the functions and a number A € R given in system (1) satisfy the
following conditions:

(A) The function f(-,z) : 2 — R™ is Lebesgue measurable for every fixed © € R",
f(-,0) € La(62;R™), and there exists Ig(-) € Loo(§2;R) such that for almost all
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(a.a.) £ € 2, the inequality

(& 21) — F(& m2)|| <lo(€)]|1 — 22|

425

is satisfied for every 1 € R™ and o € R"™, where L. (§2;R™) is the space
of Lebesgue measurable functions u(+) : 2 — R™ such that ||u(-)||s < +00,

le()||oo = inf{e > 0: |ju(s)|| < ¢ for almost all s € §2};

(B) The function K (+,-, ) : £2 x 2 — R™ is Lebesgue measurable for every fixed
x € R, K1(+,-,0) € La(£2 x £2;R™), and there exists l1(-,-) € La(£2 x 2;R)

such that for a.a. (£, s) € {2 x 2, the inequality

| K1(& s, 21) — K1(&, s, 22)|| < (&, 8) |z — a2

is satisfied for every 1 € R™ and z5 € R";

(C) The function Ks(-, -, z) : £2 x 2 — R™ ™ is Lebesgue measurable for every

fixed z € R", Ks(-,-,0) € Lo(2 x 2;R™*™), and there exists lo(-,

Loo (82 x £2;R) such that for a.a. (£, s) € §2 x {2, the inequality

[ K2(&,5,m1) — Ko (&, s,20)|| < 12(&, )|z — a2

is satisfied for every 1 € R™ and z5 € R";

.)e

(D) Theinequality 6[h3+A\2h3+\2r 2h2 w($2)] < 1is satisfied, where hg = ||1o(*)|cos

hy = ll( )l = (Jg [ 1€ 8)2ds d€)2, by = [[la(+, )| oo-

Let us define a trajectory of system (1) generated by an admissible control function
u(-) € Uy. A function z(-) € Lo(£2;R™) satisfying the integral equation (1) for a.a.
& € (2 is said to be a trajectory of system (1) generated by the admissible control
function u(-) € U,. The set of trajectories of system (1) generated by all admissible
control functions u(-) € U, is denoted by X, and is called briefly the set of trajectories

of system (1).

Now we will formulate some auxiliary propositions, which will be used in following

arguments.
Proposition 1. The inequalities
176 )| < hollz]| + [ £€.0)]].
K1, 5,2)|| < U(&, s)ll2ll + || K1(€, 5,0)]],
| K2(&, 5, 2)|| < hollz|| + || K2(¢, 5,0)||
are satisfied for every x € R™ and a.a. (£, s) € £2 x {2.

The proof of the proposition follows from conditions (A), (B) and (C).

Proposition 2. For every ay,as,...,a, € R, the following inequality is satisfied:

(a1 +as+...+a,)? <nfal +a3+-+a).

Nonlinear Anal. Model. Control, 23(3):423-436
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3 Existence and uniqueness of trajectory

Denote

- [0 ae,

0

2 @)
ki://||Ki(§,s,O)’| dsd¢, i—1,2.
2 N

Proposition 3. Every admissible control function u(-) € U, generates unique trajectory
of system (1).

Proof. Let us choose an arbitrary u,(-) € U,.. Define a map z(-) — F(z(-))|(-), z(:) €
Lo (£2; R™), setting

F(:c())|(£) = f(ﬁ,m(f)) + )\/ [Kl ({,s,m(s)) + Ko (f,s,x(s))u*(s)] ds. (3

2

According to conditions (A), (B) and (C), the function f(-,z) is measurable for every
fixed z € R", for a.a. £ € {2, the function f(¢, ) is continuous, the functions K;(-, -, x)
(1 = 1, 2) are measurable for every fixed z € R", for a.a. (£,s) € {2 x {2, the functions
K;(,s,-,) (i = 1,2) are continuous. Then we obtain that for every z(-) € Lo(£2;R"™),
the function § — F(z(-))[(€), £ € 12, is Lebesgue measurable (see [24, p. 71]).

Now we will prove that the inclusion F'(x(-))|(:) € L2(§2;R™) is satisfied for every
x(+) € La(£2; R™). Taking into consideration that u.(-) € U, from Proposition 1, (3) and
Holder’s inequality it follows that

1E (O @l
< holl2(©)| + [ £, 0) + A/ [1(& )|z ()] + [ (&, 5, 0)[[] ds
0]

A [ Trallo(o)]+ (e, 5. 0) ] (5} s

2

< tallo©)] + 76,0+ A / e, ) ( / o) ds)
+>\u(0)1/2(!|K1(§,s,0)/2d5> +)\h2r<([||x )| ds)
AT(JHKQ@,S,O)H%S)
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1/2
= ols(©)] + 160 +2( [ e as) atl,
101
1/2
+)\u((2)1/2(/{|K1(§,s,0)||2ds>
! ) 1/2
+Ah2er(.)H2+Ar(/|]K2(§,s,0)|| ds> )
2

for a.a. £ € (2. (4) and Proposition 2 imply

IE GNP < 8l + e 0 +3* [ niesas- [0
1)

220 [ [Ki(e s 0 s+ 3203 o)
0

+)\2r2/]|K2(§,s,0)H2ds]
0

for a.a. £ € (2, and hence

/w* I ag
<6[h2/”x ol dg+/||f§0|\ a3 [ [ o2 asae 0]
2

2

X2 //HK1 €,5,0)[2 dsde + A2n2r2 ()| ()|

0 N
+ 222 ||K2(§,5,0)||2dsd§}
/]

The last inequality and (2) yield

[F@O)Ol, < VORI, + £+ XhdaC)]
+ X232 () e ()| + N (ks + X2ka] P (5)
Since z(-) € L2(§2;R™), then we have from (5) that || F(z(:))|(-)]]2 < +oc and

consequently F'(z(-))|(-) € La(£2;R™).
Now let us prove that the map F'(z(-))|() : L2(£2;R™) — Lo(£2; R™) is contractive.

Nonlinear Anal. Model. Control, 23(3):423-436
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Let us choose arbitrary 1 (-) € La(£2; R™) and 25(-) € La(£2;R™). Since u.(-) €U,,
then from conditions (A), (B), (C) and Holder’s inequality it follows that

[F (1)) [(€) = F(z2())] ()|
< hOle(f) — $2(§)H + )\/ll(f,s)Hml(s) - xg(s)H ds

2

+ )\/hQHxl(s) - $2(3)H
o)

u.(s)|| ds

2

1/2 , 1/
Shonl(é)—m(f)H—!—)\(le(ﬁ,s) ds) (!Hxl(s)—xg(s)u ds)
, 1/2
+)\h2r<!Hx1(s)—x2(s)H ds)

1/2
— hol|er () — 2a(6)]| + A( / zl<f,s>2ds) ler() — 220
0
+ )\hQTHCCl() — ‘TQ()H2

fora.a. £ € (2.
Proposition 2 yields

2

| F(z1())|(€) = F(22()) [ (9]
<3| R2||za(6) — wa(O)| + /\2/l1(§, o2 ds-||er () — 220
2

N () - )]

fora.a. ¢ € 2.
Integrating the last inequality, we get

I (1) [() = F(20))|O)]]2
<3 h%”xl(-)—xz(.)||;—|—/\2|’a:1(-)—xg(.)Hi//ll(f,s)Qdeg
02 0N

+ A3 pu(Q) |21 () — xz(')H;}

= 3[R2 + 2212 + N2R2r2u(02)] |1 () — 22()|[5s
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and hence
ACAONIORSACAONIO]
< VB[RZ+ X283+ N3 ()] o1 () — 22 ()], )
From inequality (6) and condition (D) it follows that the map F'(x(-))|(:) :
Lo (2;R™) — La($2;R™) is contractive. Since Lo(£2;R™) is complete metric space,

then according to the Banach fixed-point theorem, it has a unique fixed point z.(-) €
Lo (£2; R™), which is unique trajectory of the equation

(&) = f(f,x*(g)) + )\/ [Kl (f,s,x*(s)) + K> (f,s,x*(s))u*(s)] ds. 0
2

4 Boundedness of the set of trajectories

Denote

o = ( 6[f+ + A2 p()kr + N1k, )})1/2, @)

1 — 6[hZ + X2h2 + N2h3r2u(f2

where f,, k1 and ko are defined by relation (2).
The following proposition specifies boundedness of the set of trajectories of sys-
tem (1) in the space Lo (£2; R™).

Proposition 4. For every x(-) € X, the inequality |z(-)||2 < k. holds, where k. > 0 is
defined by relation (7).

Proof. Let us choose an arbitrary z(-) € X,. Then there exists an admissible control
function u(-) € U, such that

x(§) = f(f,x(g)) + )\/ [Kl (§,s,x(s)) + Ky (E,s,x(s))u(s)] ds (8)

0

fora.a. £ € (2.
Similarly to (4), from (8), Proposition 1 and Holder’s inequality we have that

1/2
2| < hol|lz(©)] + || £(&.0)] + A(/h(@s)st) z()]],
2
1/2
—I—)\M(Q)1/2(/||K1(§,S,O)H2ds) T Mhar|l20)],
2

) 1/2
—I—Ar(/HKg(f,s,O)H ds) ©)
2

Nonlinear Anal. Model. Control, 23(3):423-436
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for a.a. £ € {2. From (9) and Proposition 2 we obtain that

e < 6[h3||x<5>||2 e

+A2u<9)/HKl(f,s,O)HstHW/HKg(f,s,mHst
2 2
3 [ 7 ds Ol + X032 o) ]
(93

for a.a. £ € f2. Integrating the last inequality, we have from (2) that

2|2 < 6[fx + N2u(2)k1 + A2k
+6[h3 + Nht + Nh3ru(@)] () (10)

According to condition (D), we have that 6[h3 + A2h3 + A2h3r?u(£2)] < 1. Finally,
from (7) and (10) we get that ||z(-)||2 < k.. Since z(-) € X, is arbitrarily chosen, the
proof of the proposition is completed. [

5 Distance between trajectories

The following proposition gives us an evaluation between trajectories of system (1) gen-
erated by different admissible control functions. Denote

SA2R2E21(02) + 5A2k 1/2

1 —5[h3 + A2h2 + X2h3r2p

Proposition 5. Let 21 (-) € X, and x2(-) € X, be the trajectories of system (1) generated
by the admissible control functions u1(-) € U, and us(-) € U,, respectively. Then

us(+) = ur(4)]],-

l2() =21 ()], < s

Proof. Since z1(-) € X, and 25(-) € X, are the trajectories of system (1) generated by
the admissible control functions w1 (-) € U, and us(+) € U,, respectively, we have

z1(8) = f(& 21(8)) + A/ [K1(&,s,m1(s)) + K2 (& s, m1(s))ur(s)] ds,  (12)

0

x2(€) = f(f,xg(f)) + /\/ [Kl (§,S,$2(S)) + Ko (§,s,x2(s))u2(8)] ds (13)
o)
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for a.a. £ € 2. Since uy(-) € Uy, ua(:) € U,, then (12), (13), conditions (A), (B), (C),
Holder’s inequality and Proposition 1 imply

[ z2(€) — 21(6)|
<1 f (& w2(8)) = f(&21(9)]]

—|—/\/HK1(§,S,$2(3)) —Kl(f,s,xl(s))nds
1?)

+)\/HK2(§,5,I2(5)) —Kg(g,s,xl(s))n ||u2(s)||ds
9]

+)\/|‘K2(§,s,m1(s))|| |uz(s) — ui(s)||ds
o)

< honz(ﬁ) - 331(5)“ + )\/11(&3)H$2(3) - fﬂl(S)H ds

£2

+ Ah2/||a:2(s) a1 (3)]) [Jua(s)]| ds
2

+ A/ [ha|lz1 ()] + [| K&, 5, 0)[] [Juz(s) — wa(s)]] ds

2

1/2
< hol|z2(€) — z1(&)|| + A(/ll(£a3)2 dS) |[z2(-) =21 ()],
7
gl () = a1 (], + Al O] aa) = )

2

+ A(/ ||K2(§,s,0)||2ds>1/ lua(:) = ()]
0

for a.a. £ € (2. The last inequality, Proposition 2 and Proposition 4 yield

22(€) — 21(6)|°
<5[llea®) - 1@ + 2 [ (e.s2 as- ) - )
2

A0 a0 = () + A3 a0 — )

*”/M%@&mwmwwo—mwﬂ a4
Q
for a.a. £ € (2, where k, is defined by relation (7).

Nonlinear Anal. Model. Control, 23(3):423-436
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Integrating inequality (14), we have from (2) that
[22() = 2103
<5 [B[lea() = w1 (|5 + A2h3[wa() — 2 ()]
+ AR5 (2) |2 () — 21 ()| + N2 R3R2(2) ua () = ua ()]
+ N2k |Juz(-) — ui (4)]2]- (15)
From condition (D), (11) and (15) we conclude that
Hx2(') - x1(')”2
1/2
< (r=spg o oy ) —m0l,
= Yullua () = wa ()], =

6 Compactness of the set of trajectories and existence of optimal
trajectories

Theorem 1. The set of trajectories X, of system (1) is a compact subset of the space
Lo(£2;R™).

Proof. Let {zy ()}, be a given sequence such that z4(-) € X, forevery k =,1,2, ... .
Let us prove that the sequence {z(-)}7 ; has a subsequence converging in X,.
By virtue of definition of the set X,., there exists ug(-) € U, such that

(&) = f(g,xk(g)) + /\/ [Kl (f,s,xk(s)) +K2(§,s,xk(s))uk(s)} ds (16)
o)

fora.a. £ € £2. Since U, is a weak compact subset of the space Lo (§2; R™), then, without
loss of generality, one can assume that the sequence {uy(-)}72, weakly converges to
a u.(-) in the space La(2;R™), where u.(-) € U,. Let z.(:) be the trajectory of
system (1) generated by the admissible control function u.(-) € U,. Then z.(-) € X,
and

(&) = f(& 2 () + A / [K1(&s,24(5)) + Ko (&, 5,2.(s))us(s)] ds  (17)
(93

for a.a. £ € f2. Taking into consideration that uy(-) € U, forevery k = 1,2, ..., from
(16), (17), conditions (A), (B), (C) and Holder’s inequality we obtain that

[21(&) — 2 (&)
< 56046 = Flen @) [+ [ 1K1 €500(6) = Ka (€. 9) s

02

+)\/}|K2(§,5,xk(s)) — K3 (& s,m.(5)) ||||un(s)|| ds
]
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- )\H !KQ (& 5,2:(5)) [u(s) — u.(s)] ds

< hol|zx(€) — 2. (&) +>\/11(£,8)ka(8)*w*(S)HdS

2

+)\h2/||xk(s)—m*(s)HHuk(s)Hds
2

- )\H !KQ (& 5,24(5)) [u(s) — u.(s)] ds

1/2
< holax(6) — 2. ()] + A( / zl<svs>2ds) o) — 2.0,
(9]
+ )\hngxk(-) — ;E*()||2

+ AH IZ K3 (&, 5,2.(5)) [ur(s) — ua(s)] ds (18)

fora.a. £ € (2.

Denote z.(£,8) = Ka(&, s, 24(s)). Since z.(-) € L2(£2;R™), then from condi-
tion (C) and Proposition 1 it follows that z.(-,-) € Lo(f2 x £2;R™ ™). Now let us
denote

Yi(§) = H /Kg(g,s,x*(s)) [u(s) — u.(s)] ds||.
)

Since the sequence {u(-)}72, weakly converges to a u,(-) in the space Lo(£2;R™),
then we have that 1y, (£) — 0 as k — oo for a.a. £ € 2, and hence ¢ (£) — Oas k — oo
fora.a. £ € (2.

Let ||z4(-)|]]2 = ax. According to the Proposition 4, we have that o, < k., where
k. is defined by (7). Since u.(:) € Uy, ug(-) € U, for every k = 1,2, ..., then from
Proposition 1 and Holder’s inequality we have that

2o ()| + [ Ko (& 5, 0[] [[lur ()] +

wl©) < [ o fua(5)]]] ds
0]
< [z fun(s)] s+ b [ o) u- ()] ds
0] 2
+ [t 0 fun() ds + [ [[Kalé5,0)[u.(5)] as
2 2

< ho|zs )|l O], + ha e Ol [l Ol

Nonlinear Anal. Model. Control, 23(3):423-436
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o ([ 1 s 00 as) o,
2

- (f1mesoas) o,
2

1/2
<2rh2a*+2r(/“K2(§, 3,0)H2ds> ,
Q

and hence
WMQF<8ﬁ@a3+&2/HKﬂ§&®WdS
Q

fora.a. £ € (2.
The function { — 8r2h3aZ + 8r? [, | K2(&,5,0)||> ds, £ € £2, is integrable. Thus,
from Lebesgue convergence theorem we conclude that

/M&W&%Oa%%m. (19)

9}

From (18) it follows that

|26 (&) = 2. ()| < ho|lz(€) — (&) ||
1/2
+/\(/ll(§,5)2ds) ka()fx*()HQ
2

+ Mhor ||z () = 2 () ||, + Ae(€) (20)
for a.a. £ € (2. (20), and Proposition 2 yield
[24(6) = 2.(6)||* < 4h3|jar () — z.(8)|”
e / L(E,s)?ds - [lz() — 2. ()|
(9]

+ 42022 |2k () — 2. ()] + 402 [ (6))

fora.a. £ € (2.
Integrating the last inequality, we get

k() = 2 ()]l5 < 4h3[lon() = 2 (][5 + 4N203|ax () — 2()]|
+ AN RZP2 ()| () — 2. ()]
a2 / [0x(€)])” de. @

9]
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Using condition (D), we have from (21) that

2A(f [V (§)7dE)"

D) =z (- < . 22
lon() = 2-Oll, < = reanonz + avenzep@) 22
(19) implies that for given € > 0, there exists K (¢) such that the inequality
1 — (4h3 + AX2h3 + AN2h3r2 (02
/ [¥x()]” de < (Ahy e 27 o (23)
Q

is satisfied for every k > K (). (22) and (23) yield that for given & > 0, there exists K (&)
such that

le() =20l < e

for every k > K (¢). This means that z(-) — x.(-) in the space Ly(£2;R"™) as k — oo,
where z..(-) € X,,.. O

Let J(-) : La(£2;R™) — R be a lower semicontinuous functional. Consider optimal
control problem
J(z(-)) = inf, () € X,. (24)
The trajectory z.(-) € X, is called an optimal one iff J(z.(-)) < J(z(-)) for every
z(-) € X,

Proposition 6. Problem (24) has an optimal trajectory.

The proof of the proposition immediately follows from compactness of the set of
trajectories X, and lower semicontinuity of the functional J(-).
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