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Abstract. By using the method of reducing the order of a derivative, the higher-order fractional
differential equation is transformed into the lower-order fractional differential equation and
combined with the mixed monotone operator, a unique positive solution is obtained in this paper
for a singular p-Laplacian boundary value system with the Riemann—Stieltjes integral boundary
conditions. This equation system is very wide because there are many parameters, which can be
changeable in the equation system in this paper, and the nonlinearity is allowed to be singular
in regard to not only the time variable but also the space variable. Moreover, the unique positive
solution that we obtained in this paper is dependent on A, and an iterative sequence and convergence
rate are given, which are important for practical application. An example is given to demonstrate
the application of our main results.

Keywords: fractional differential equation system, singular p-Laplacian, integral boundary
condition; iterative positive solution, mixed monotone operator.
1 Introduction

During the last decades, boundary value problems for nonlinear fractional differential
equations have gained its popularity and significance due to its distinguished applications
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as valuable tools in different areas of applied different areas such as physics, chemistry,
electrical networks, economics, rheology, biology chemical, image processing, and so
on. Fractional calculus have been shown to be more accurate and realistic than integer-
order models, and it also provides an excellent tool to describe the hereditary properties
of material and processes, particularly in viscoelasticity, electrochemistry, porous media,
and so on. There has been a significant development in the study of fractional differential
equations in recent years. For an extensive collection of such literature, readers can refer to
[4,6-8,10-13,15,17,18,21-25,27-32], and there are a lot of methods to study differential
equations such as degree theory (see [14]), mixed monotone operator (see [8,13,15,29]),
bifurcation method (see [14,20]), spectral analysis (see [2,19,27,31]), and so on. For some
differential equation in which fractional derivatives are involved in the nonlinear terms,
reader can refer to [6—8,28,29,31]. In order to meet the needs, the p-Laplacian equation is
introduced in some boundary value problems. Fractional differential equation system of
p-Laplacian with the Riemann—Stieltjes integral boundary conditions is a type of equation
system that is very wide, and the general equation systems are special cases of p-Laplacian
equation system. We refer the reader to [3,9, 12, 16, 20, 26, 27] for some relevant work.
In [27], the authors considered the following fractional differential equation:

—D} (pp(D§a)) (1) = Mf(t,2(t)), 0<t<1,
1

xz(0) =0, Dg,z(0)=0, x(1) = /m(s) dA(s),

0

where o, 8 € Ry = [0,400), 0 < 8 < 11<a<2,)\>0isaparameter,Ais
a function of bounded variation, fo x(s) dA(s) denotes the Riemann—Stieltjes integral
of = with respect to A, f(t,z) : ( 1) x (0,+00) — (0,400) is continuous and may
be singular at ¢ = 0,1 and x = 0. DH,Df + are the Riemann-Liouville differential
fractional derivatives of order «, 3, and the p-Laplacian operator ,, is defined as ¢, (s) =
|s|P=2s, p > 1. The authors obtained the existence of positive solution by the upper
and lower solutions and Schauder fixed-point theorems. In [12], the authors discussed
a Hadamard fractional differential equation boundary value problem with p-Laplacian
operator

-D} (ep(Dfx))(t) = f(t,2(t), 1<t<e,

z(1) =2'(1) = 2'(e) = 0, Dy, x(1) = D, xz(e) = 0,
where o, 3 € Ry, 2 < a < 3,1 < B < 2, pp(s) = [s]P7%s,p > 1, and f:
[1,e] xRy — R is a positive continuous function, D¢, Df ", are the Riemann—Liouville
differential fractional derivative of order o, 8. The authors obtained the existence and
the uniqueness of positive solutions by using the Leray—Schauder-type alternative and

the Guo—Krasnoselskii fixed-point theorem. In [23], the authors investigated the singular
problem

—Dgu(t) + A f(t,u(t), Dyu(t),v(t)) =0, 0<t<1,
—D]v(t) + Ag(t,u (t)):(), 0<t<l,

Nonlinear Anal. Model. Control, 23(2):182-203



184 L. Guo et al.

where «, 3,7 € R1+, 2 < a,y < 3,0 < B <1, udenotes the number of uninfected
CDA4TT cells and v denotes the number of infected cells, A > 0 is a parameter, «— 3 > 2,
fol DPu(s)dA(s) and fol v(s) dB(s) denote the Riemann—Stieltjes integrals of u, v with
respect to A and B, respectively, A, B are bounded variations, f : (0,1) X Rﬁ_ — R,
g : (0,1) x Ry — R are two continuous functions and may be singular at ¢ = 0,1,
D¢, D, , D] are the standard Riemann—Liouville derivatives. The authors obtained the
existence of positive solution by the fixed-point theorem.

Motivated by the excellent results above, in this paper, we will devote to consider-

ing the following singular p-Laplacian fractional differential equation (PFDE) with the
Riemann-Stieltjes integral boundary conditions:

D (0p(Dgyu)) (t) + AN/ f (¢, u(t), DEtu(t), DR u(t), . . .,
Dy~ tu(t),v(t)) =0, 0<t<1,

Dg+ (¢p(D3,0)) () + p TV g (¢, ult), DI u(t), Diiu(t), ..
Dy 'u(t) =0, 0<t<l1,

Y

S
—~
=
~—
\
2
I
£
—
(=)
=
Il

0, DJ,u(0)=DJ*u(0)=0, i=12,...,n—2
n
DL (1) = x [ hODg u(®) dA),

v(0) = DJiv(0) =0, D§iv(0) = Do w(0) =0, i=1,2,...,m—2,

where o, 8,7, 0, pe, M E Ry (k =1,2,...,n—-1;0=1,2,.... m—1),n,m € N
(natural number set), n,m > 2,and1/2 < a, f < l,n—1<y<n,m—-1<d<m
p-Laplacian operator ¢,, is defined as ¢,(s) = [s|P7%s, p,q¢ > 1, 1/p+1/qg = 1
n—Kk<y—p<n+l—-rm-pop<d-—n<m+1l-pk=12...,n-1
o =12...m—-—1),1n < po1 (G = 1,2,...;n -1 and 0 < 7, ¥ < 1
A, i1, X, ¢ > 0 are parameters, f € C((0,1) x (0,+0c0)"*1 R,), and f(t,z1, 22, ..,
Tp41) has singularity atz; =0(0 =1,2,...,n+1). t =0,1,9 € C((0,1) xR}, R,),
h,a € C(0,1), A, B are functions of bounded variation, [’ h(t)Dh7 " u(t) dA(t),
foﬁ a(t)Dyr*v(t) dB(t) denote the Riemann-Stieltjes integral with respect to A and B,

E)
>
’

b}
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D, u, Df v, DY u, Dy v, Dt u, D)% u are the standard Riemann-Liouville derivative.
In this paper, the existence of positive solutions is obtained by means of mixed monotone
operator in cones.

In this paper, we investigate the existence of positive solutions for a singular p-Lap-
lacian boundary value system with the Riemann—Stieltjes integral boundary conditions.
A vector (u,v) € C[0,1] x C[0,1] is said to be a positive solution of system (1) if
and only if (u,v) satisfies (1) and u(¢t) > 0, v(t) > 0 for any ¢ € (0,1]. Compared
with the above results, our work presented in this paper has the following several new
features. Firstly, fractional derivatives are involved in the nonlinear terms of fractional
differential equation (1). Secondly, the method we used in this paper is reducing the
order of derivative, that is, higher-order fractional differential equation is transformed
into lower-order fractional differential equation. Thirdly, the uniqueness positive solution
of Eq. (1) is dependent on .

For convenience in presentation, here we list some conditions to be used throughout
the paper.

(Sl) f(t7x17$2a B axn+1) = (b(ta T1,X2,... 7x71+1)+1/}(t71'1; T2,... ,xn+1),where
¢ :(0,1) x (0,4+00)"*t — R, is continuous, ¢(¢, 1,22, ..., Tys1) may be
singular at £ = 0,1 and is nondecreasing on z; > 0 (1 = 1,2,...,n + 1).
¥ 2 (0,1) x (0,+00)" Tt — Ry is continuous, ¥(t, z1, T2, ..., Ty11) may be
singular att = 0, 1, z; = 0 and is nonincreasingonz; > 0( =1,2,...,n+1).

(S2) There exists 0 < ¢ < 1 such that, forall z; > 0 (G = 1,2,...,n+ 1) and
t,l€(0,1),

1/(a—1)
ot Ly, lxg, . . lxn ) 217 o(t,x1, 22, ... Tpt1),
1/)(15, Tl Y, ., l_lwnﬂ) > l"l/(‘rl)w(t, 1, Xy Tyg1)-

(S3) g € C((0,1) x (0,400)™ Ry), g(t,x1,22,...,2,,) is nondecreasing on
x; >00G =1,2,...,m),and g(¢t,1,...,1) # 0, ¢t € (0,1). Moreover, there
exists ¢ € (0,1) such that, forall z; > 0(G =1,2,...,m)and ¢, € (0,1),

1/(a—1)

g(t,lxy, lxe, ... lay,) 2 1° g(t, 1, T, ..., Tp).

(S 0< [ *(1,1,1,...,1)d7 < 400,
1
0< /T—QW—l)”““’“W(T, 1,1,...,1)dr < 400,
0

1
0</92(T,1,1,...,1)d7<+oo.
0

Here ¢ is defined by (1).

Nonlinear Anal. Model. Control, 23(2):182-203



186 L. Guo et al.

Remark 1. According to (S2) and (S3), forall x; > 0(G = 1,2,...,n+ 1), 0,6, t €
(0,1),1 > 1, we have

ot lxy, lx, ... lTpyr) <17

— — — 1/(a—1)
¢(t,l 1$1,l 1$2,...,l 1xn+1)<l” ¢(f,$1,$2,...,$n+1),

1/(a—1)

1/(q—1)
¢(ta L1, X2, - 7In+1)7

g(t, lxy, lag, .. ley) <1° g(t, 1,22, ..., Tm).

2 Preliminaries and lemmas
For some basic definitions and lemmas about the theory of fractional calculus, the reader
can refer to the recent literature such as [17, 18].
Lemma 1. (See [17,18].) Assume that u € C™(0,1) N L(0, 1), then
& DS u(t) = u(t) + Crt® ™ H Cot® 2 4o Cpt™ ™™,
wheren =[a]+1,C; e R =1,2,...,n).
Lemma 2. (See [10].)
() Ifz € L(0,1), v > o > 0, then
La(t) = I3 al(t),
D8+I§+ x(t) = 15’+ 7x(t), Dgi I a(t) = x(t).
(i) Ifv >0, 0 >0, then Dy, t°~' = (T'(c)/T'(0 — v))t7 v~ 1
Lemma 3. Let p € L(0,1) N C(0, 1), then the equation of the BVPs

—DJ () = pt), 0<t<1,
"

z(0) =0, xz(1) = X/h(t)x(t) dA(t),

1 1
o) = [ Glto)pl)ds = [ (Galtos) + Galt,))p(s) d,
0 0
L L 2
)= [ H(to)pl)ds = [ (Ha(t.5) + Ha(t,5))p(s) ds,
0 0
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Positive solutions for system of singular boundary value system 187

respectively, where

1
Gi(t,s) = ————
) = 10 )
A ) e () LA e N | I AR
t’77H7L7171(1 — 8)77,‘1’n7171’ 0<t<s<1,
n
Xt’Y*;U'n—lfl -~ 1
Galt.s) = X p—iale). F=x [ 07 h(t)dA(),
0
1
H(t,s) = ————
R v
t‘;*”"L*l*l(l — 3)5*”7"*1*1 —(t— 5)5*’77”*1*1, 0<s<tK,
t5—77m71—1(1 _ 8)5_77771*1_17 O < t < S < ].7
9
Lt5_777n—1_1
Hg(t7 S) = W]B(S), C = L/t(s_nmil_la(t) dB(t),
0
n v
jale) = [0GA(t5) 44w, n(s) = [ aH(5) B
0 0
Proof. The proof is similar to that for Lemma 2.3 in [25], we omit it here. O

Lemmad4. Let 0 < C, F < 1, and ja(s),jp(s) = 0 for s € [0,1], then the Green
functions defined by (2) satisfy:
() G,H :[0,1] x [0,1] — R4 are continuous, and G(t,s), H(t,s) > 0 for all
t,s € (0,1);

(ii) There exist four positive constants a., a*, by, b* such that, for all t, s € [0,1],

where
o= X o XlaaGl 1 7
- F 1—F T —pn—1)
A 1) [
1-C 1-C F((s*f’]m—lfl)
Proof. The proof is similar to that for Lemma 2.2 in [27], we omit it here. O
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188 L. Guo et al.

To study the PFDE (1), in what follows, we consider the associated linear PFDE:

D (0p (DI 2)) () + p(t) =0, 0<t<1,

n
3
H0) =0, D) =0, (1) =x [ ho)e(o)dA(), ¥
0
DYy (ep (Do ) () +p(1) =0, 0<t<1,
/ @)
y0) =0, DRy =0, (1) = [ alt(®)dB()
0
Lemma 5. The PFDE (3), (4) have the unique positive solution
1 s g—1
:/G (/ (s — 1)~ 1p(7’)dr> ds, te]0,1], ®)
0
1 s q—1
/H (/ (s —7)°~ 1p(7’)d7’> ds, tel0,1], (6)
0

respectively, wherea = 1/T'(a), b = 1/T'(5).
Proof. Leth = Dg; Hr=t 2, k = ¢, (h), then the solution of the initial value problem
Dg k() +pt) =0, 0<t<l, kE(0)=0

is given by k(t) = Cyt*~' — I, p(t), t € [0,1]. By the relations k(0) = 0, we have
(1 = 0, and hence
k(t) = —Igip(t), tel0,1]. 7

By D], & = h, h = ¢, ' (k), we have from (7) that the solution of (3) satisfies

Dyt ta(t) = ¢, (— 15 p(t), 0<t<1,

/ )
z(0) =0, z(1) = X/h(t)x(t) dA(t).
0
By (2), the solution of Eq. (8) can be written as
1
/G (t,s <pp +p(8)) ds, te€]0,1]. 9)
0

Since p(s) > 0, s € [0, 1], we have o, ' (=I5 p(s)) = — (I p(s))?" ', s € [0,1], which
implies that the solution of Eq. (3) is (5). Similarly, the solution of Eq. (4) is (6). O
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Positive solutions for system of singular boundary value system 189
Let u(t) = I)7"x(t), v(t) = I 'y(t), problem (1) can turn into the following
modified problem of the PFDE:

D (ep (Do ) () + AV (8, Iy (), T " (),
I 2 a(t), w(t), 10 y(t) =0, 0<t<1,

S—Nm— — n—1 n_1—
D§+ (WP(DOJrn 19))(t) +N1/(q 1)9(t7 ISL+ z(t), I(I)L+ ' mx(t)a S

I 7m e (t) =0, 0<t<l,
n
x/h(
0
9

2(1) = a(t) dA(t
y(0) =0, DLy(0)=0, y(1)=1 / a(t)y(t) dB(1).
0

(10)

z(0) =0, D3+$(0) =0, ),

Lemma 6. Ler u(t) = I[7 " x(t), v(t) = 17 y(t), (t),y(t) € C[0,1]. Then (1) can
be transformed into (10). Moreover, if (x,y) € C[0,1] x C[0,1] is a positive solution of
problem (10), then (Igf_la:, I]7=y) is a positive solution of problem (1).

Proof. The proof is similar to that for Lemma 2.5 in [8], we omit it here. O

The vector (u,v) is a solution of system (1) if and only if (x,y) € C]0,1] x C[0,1]
is a solution of the following nonlinear integral equation system:

S

x(t) = )\/G(t,s) (/a(s =) (I (), I T (), L
0

0

q—1
L), (), I y(r)) dT> as, telo,1],
an

y(r)=p

o—__

S
H(r.s) ( [ 35 = w) g, 12 (), e
0

q—1
I g (w)) dw) ds, tel0,1].

Obviously, system (11) is equivalent to the following integral equation:

a(t) = A/IG(t,S)</sa(ST)“1f<T, Iyt~ a(r),

0 0

I (), L I (), (),

Nonlinear Anal. Model. Control, 23(2):182-203



190 L. Guo et al.

S

1
It [M/H(ﬂ s)(/b(s—w)ﬁ_lg(w7 I ta(w), ...
0

0
qg—1
dT) ds.

Let P be a normal cone of a Banach space F, and e € P, e > 6, where 6 is a zero
element of E. Define a component of P by Q. = {u € P | there exists a constant C' > 1
suchthat e/c < u < Ce}. A: Qe X Q. — P is said to be mixed monotone if
A(u,y) is nondecreasing in u and nonincreasing in y, i.e., u3 < ug (u1,us € Q)
implies A(u1,y) < A(ug,y) forany y € Q., and y1 < y2 (Y1,92 € Q) implies
A(u,y1) = A(u,y2) for any u € Q.. The element u* € Q. is called a fixed point of A if
A(u*,u*) = u*.

q—1
It (w) dw) ds

Lemma 7. (See [1,5].) Suppose that A : Q. X Q. — Q. is a mixed monotone operator
and there exists a constant 0 < o < 1 such that

1
A<lx, ly> > 17A(z,y), z,y€Qe 0<I<, (12)

then A has a unique fixed point x* € Q., and for any xy € Q., we have limy_, o, T, = 27,

where x, = A(xg—1,25—1) (k = 1,2,...), and the convergence rate is ||z — x*|| =
K .

o(1 — r?"), where r is a constant dependent on o and 0 < r < 1.

Lemma 8. (See [1,5].) Suppose that A : Q. X Q. — Q. is a mixed monotone operator
and there exists a constant o € (0,1) such that (12) holds. If x is a unique solution of
equation NA(z,x) = x, A\ > 0in Q., then:
(i) Forany Ao € (0,+00), [z} — 23 [ = 0, A = Ao;
(i) If0 < o < 1/2, then 0 < A1 < A\g implies Ty, < Ty, T3, =+ 3,
(iii) If0 < o < 1/2, thenlimy_, , o |25 ]| = 400, limy_o+ [|2%] = 0.

Let e(t) = t7=#»-1=1 for t € [0,1], we define a normal cone of C[0,1] by P =
{z € C[0,1]: z(¢) > 0, t € [0, 1]}, also define a component of P by

1
Q. = {x € P: there exists D > 1, Ee(t) < z(t) < De(t), t € [0, 1]}

Remark 2. Let s = 7t, by simple calculation, we have

t

1 ) /(t _ 8)””71_137_“”71_1 dS

Iﬂn—le t) = Illfn—lt'y—u",l—l _
0+ () o+ F(,un—l J

1
1 / Ly D(y = #tn=1) ;-1
= [ =)yl g = L T2l (13)
T(n—2) / ) I'(7)
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Positive solutions for system of singular boundary value system 191

Similarly, we have

I(;]:rn—lt(gf’r]mfl _ ' — 77m71)15571

INE)
_ Ty = ftn-1) oy —
R AN LI B T
4 — F - Mn— —_n. =
et "Qe(t):lwﬂ mel o =1,2,...,m—2. (15)
o

3 Main results
Theorem 1. Suppose that (S1)—(S4) hold. Then for all t € [0,1], the PFDE (1) has
a unique positive solution (u}, vy ), which satisfies

F(,V_Mnfl)t'y—l * DF(,)/ _,u’nfl)t'y—l

prey | SMUETG
b (6 — nm,l)t‘;_lqu . ' — nm,l)b*ut‘s_@rl
F(/B) Kl <U)\(t) g F(é)(Qﬁfl)(qil)/2 K27 (*)

where K1, Ky are two positive constants, and at the same time, wy satisfies:
(i) For \g € (0,00), N u;(]H =0, A = Ap;
(i) If0 < 0 < 1/2, then 0 < A1 < Ao implies uy, < ul,, Uy, #F Uy,
(ili) If0 < o < 1/2, then limy_,¢ ||u}|| = 0, im)_, 4o |Ju} || = +o0.

Moreover, for any ug € Q, constructing a successively sequence:
1

up+1(t) = Ié‘f‘l{A/G(t,s)

0

S

/ a(s — )% ((r un(r), Dt ug(r), ...,

0

DE g (7), Au (1)) + 9 (7, wn (), DM ug(r), ..,
q—1
Dy ug (1), Aué“"l)(T)))dT] ds}, k=0,1,2,..., t€0,1],
and we have ||uy, —u} || — 0 as k — oo, the convergence rate is ||uy —u} || = o(1 o’ ),

where 1 is a constant, 0 < r < 1, and dependent on uy.

Proof. We now consider the existence of a positive solution to problem (1). From the
discussion in Section 2 we only need to consider the existence of a positive solution to
PFDE (11). In order to realize this purpose, define the operator A : Q. — P by

Ax(r) =17~ 1{ /H (1,3) [/ —w) g (w, Iy ta(w), I M (w), .
qg—1
I (w) dw} ds}, T €[0,1], (16)

Nonlinear Anal. Model. Control, 23(2):182-203



192 L. Guo et al.

and define the operator T) : Q. X Q. — P by

1

Ty(w,2)(0) = [ G(t.5)

0

S

/6(3 —7)* o, Iy a(r), ...,

0

Iop = 71t (r), w(r), An(r)) + (7, Ipi 2(7),

q—1
I 7R (r), (1), Az(1))) dT] ds, telo,1].

Now we prove that T\ : Q. X Q. — P is well defined. For any x, z € Q., by (16), (S3),
(13), (15), and Remark 1, for all 7 € [0, 1], we have

1 s
" / H(r,s) [ / Bs —w)’ g (w, Iz a(w), 12 Ma(w), ...,
0 0

q—1
I 7T g (w)) dw} ds

S

1
- 7 - DT(y = pn-1) -
< ub*r? "H'l/ /bs—wﬁ 1g<w7 w0
p Iy (s —w) 0

q—1
—DF(’Y — un*l)uﬂ*m*l . —DF(’Y — an)uﬂ"’"11> dw ds
Ly —m) 7 " (Y = Mm-1)

S

1
- DT(y — pip—
g’ub*Tﬁfnm,lfl/ [/b(s—w)ﬁlg<w, (7 H 1) +17
0 0

F('y - nm72)

q—1
DF(’Y_/-Ln—l) DF(’Y_/-Ln—l) )
-4 1,..., ——— 41 )dw ds
F(V—ﬂmA) F(’y_nmfl)

<
< b rdmmor— 10! (IWM n 1)
F(’y - 77m71)

1 qg—1
x/ [/(5w)ﬂlg(w,l,l,...,l)dw] ds, (17)
0

0

S

1
,u/H(T,s) [/b(s —w) g (w, I ta(w), I M (w), .
0 0

q—1
I (w) dw} ds
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Positive solutions for system of singular boundary value system

1 s
_ _ . T — F(’y_,unfl) -1
> pb, 70 m—1 1/] s /bs—wﬁ 1g(w7 — w7
/ B( ) J ( ) DF(")/)

q—1
L0 = pn-1) wymm L= pna) w’y_”"rl) dw ds
DT(y —m) ’ , DT(y = Nm-1)

1
> pbyr® M / JB(s [
0

()

S
_ S —1—170—1 F(V'—/in1))
— pbar b (
DF(’y)

1 q—1
X /jB(S) [/w(vl)glm_l)(s —w)?g(w,1,1,...,1) dw] ds.
0

5 S . (V 1)t/ (a=D

&“‘\m

q—1
g(w,1,17...,1)dw] ds

0

Hence, by (16), (17), (18), and the Holder inequality, for 7 € [0, 1], we have

Aa(r) —f"””( /H[/ —w)? g (w, I aw),

q—1
I M (w), L I (w) dw] ds)

~

—q—1
T(5 = 1 —1)b*pr® 15" (DF(W ~Hn-1) | 1)§

I'(d)(28 — 1)la=1/2 I'(y = Nm—-1)
1 s 1/27q-1
x/[5(25_1)/2</gz(w,l,l,...,l)dw> ] ds,
0 0
1
Ax(r) = I3} 2<M/H 7,8 l/ —w)g(w, I a(w),
0

qg—1
I M (w), L I  (w) dw] ds)

0L = 1) B (T = 1)\
g T(0) ( DI(7) )

S

1 g—1
X /jB(S) l/w('yl)gl/wl) (s —w)*tg(w,1,1,...,1) dw] ds
0 0
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By (S4), we get that Az(7) is well defined. From (13), (14), (19), (S1), and Remark 1 we
have
qS(T, Igf’lx(TL Igf’r”lm(T), ol Igf’r”"’zx(T), x(7), Ax(T))
<ofr PLO=Fnt) 5oy DTV =)
T'(v) (v = pin—2)

—q—1
DY Hn-1-1 (6 — Um—l)b*NT(leq DT'(y — pn—1) 1 N
TOT(9)(28 - 1)le-D/2 (v = Nm—1)

1 s 1/21q-1
x/[s(w1)/2</92(w,1,...,1)dw> 1 ds+1>

0 0
< ¢(r, Db+1, Db+1, ..., Db+1)
1/(a=1)

T’Yf,ufn72*1 + 1’

<20 b D T (1,1, 1), T e (0,1), (20)

where D > 1, b are two positive constants. By (13), (14), (19), (S1), and (S2), we also
have

O(r I a(r), e (), o I (), a(r), Ax(r))

< 1/} 7 1—‘(’7_/1’774*1)7_7717 F(’y_lunfl),r’yfy,lfl’ . F(’y_#’nfl) T'yf;,enfzfl’
DI(v) DI (y—pm) DI(y=fin-2)
Pl b DO = )T (T 1)\
D o) DI ()
1 S q—1
X /jB(s) [/w(”’_l)ql/wl)(s —w)?g(w,1,1,...,1) dw] ds)
0 0
< 1/1(7', %7771, %7‘7*1, e 10)7'71>
— o/ TG T 2 1,1, T e (0,1), @1)

where c is a positive constant. Noting (¢/D)7?~! < 1 and by (13), (14), (19), (S1), and
(S2), we have

¢(T, Igf’lx(T), Igf’l_mx(T), ol Igf’l_“”’zx(T), x(71), Am(T))

DT(y) | ' DI(y—m)

T(y — pn-1) Sr—tin-a—1 FY—Hn-1—1
DU(y = fin—2) D 7

>¢<T7 F(’Y_/Jnfl) y—1 F('y_,un71>7_7_ul_17
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—q—1
b I'(6 — nmfl)Té_lbq (F('Y - Mnl)>g

I'(4) DI'(v)
1 s -t
% /jB(s) [/w(v—uc”””(s—w)ﬁ‘lg(w, L., 1)dw] dS)
0 0
c c ¢
> P e i ey — 7=l
¢(T’ o’ D" D" )
_ T pre TN e Y 0 ), e (0,1). 22)

By (13), (14), (19), (S1), and Remark 1, we also get
P, e a(r), e M a(r), o I TR a(r), a(r), Ax(r))

DT (v — piy,— DU (v — - i
21/)(7’ (y—n 1)Tv—1+1 (Y = pn1) vy R

() LTy — )
MTW’_Mn72—1 + 1 DT’Y_H"71_1 F(6 - nmfl)b*u’]’&_lgqi
(v = pn—2) ’ TT(0)(28 — 1)aD/2

¢ 1 s 1/27¢-1
X (w—i-l) / 5(25_1)/2(/gQ(w,l,l,...,l)dw> ] dS—l—l)
0 0
> (7, Dbr" 1 4+ 1, Dbr?Y 17t 41, L, Db #2411 Dbt 4 1)

¥(r,1,1,...,1), 7€(0,1). (23)

1/(a—1) 1/(a—1) 1/(a—1)

>27° b~ D™

For any z, z € @, it follows from (20), (21) that

T\ (z, z)(t)

= / [/ s—1)* o (r, It a(r), Iy a(r), ..
0

I#n 1—Hn— 21_(7_)793( ) ( ))+¢(Ta I(I)L-C 1 ( )7[5_: 1— #12(7'), ey

Igf’r”"’zz(T), z(71), Az(T))) dT] ds

1

< )\a*t77H7L7171Dan71 / 201/(q_1)bo’1/(q_1) 1 S(2a71)/2
(2a _1)172
0

s 1/2
2 —ot/la=1) 1 2a—1)/2
x(/qS (T,l,l,...,l)dT) +c WS( )/
0
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s 1/29q-1
x (/72“1>"”“”¢2(T,1,1,...,1)dr> ] ds
0
< )\a*t'yfp,n,llea'aqu;
= (2a — 1)(a=1)/2
1 s 1/2
x/[2“”(“‘“170””‘“</¢2(T,1, ,...,1)d7>
0 0
s 1/27q—1
oo/ (/7_2(7_1)01/@1>¢2(7’,1,1,...,1)d7'> ] ds
0
< +oo, teo0,1]. (24)

By (S4), (24), we have that T : Q. x Q. — P is well defined.
Next, we will prove T) : Q. X Q. — Q.. Formula (24) imply that

Ta(z,2)(t) < D" = De(t), te]0,1].
At the same time, by (22) and (23), for ¢ € [0, 1], we have
Tx(x, 2)(t)

1 s
=X\ [ G(t,s) [ a(s —7)* No(r, L7 a(r), I (), ...,
foen|/

0
Igf’ﬁ“"L’zx(T% x(7), Am(T)) + ’(/J(T, Igf’lz(T), Igf’ﬁ“lz(T),

INr=1r 2 (7)), 2(7), Az(7))) dT] ds

S

1
> )\/G(t,s) [/a(s _ T)@_l(Cc,wq—l)D_01/<q—1>7_(v_1)01/<q—1>
0 0

q—1
X (1,1, 1) 4270 T e T e Ty 1) dT] ds

1

S
> a1l p=oga-l / ja(s) [ / (s —7)* (o DD
0 0

1/(a—1) 1/(a—1)

qg—1
x o(r,1,1,...,1)+27° b7 1/)(7',1,1,...,1)) dT‘| ds. (25)

Formula (25) imply that

1 1
Ta(w,2)(t) 2 77 = ge(t), te[0.1]
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Hence, T : Qe X Q. — Q.. It is easy to prove that T : Q. X Q. — Q. is a mixed
monotone operator.

Finally, we show that the operator T satisfies (12). For any z, z € Q. and [ € (0, 1),
by (S2) and Remark 1, for all ¢ € [0, 1], we have

S

1
A/G l/ (s — 1)~ 1(¢(T, 1N a(r), I a(r), ..
0

|
Z(T)a Ig—:_l #172(7)7 ey

Igf—ﬁ”"—gll’(ﬂ, lz(7), Ala:(T)) +1/1(T, Igf‘l%

-1

q
1 1 1
Iy 72’(7’), 72(7’), Alz(7)>> dT] ds

/\/Gts

L i), a(r), Az(r)) + o (r, IE " 2(r), Iy " 2(1), .,

CM 0'1/( 1) n—1 n—1—"H1
/ 0o (o, T, I (),
0

q—1
Iyt a(7), 2(7), Az(1))) dT] ds

l")\/G (t,s [/ (T,Ig_: Yz (r), Igj‘l_’“a@(ﬂ, ceey
0
e sa(e), (), Aa(r) + (e, T2 (), 2 ),
qg—1
Iyt a(7), 2(7), Az(7))) dT] ds. (26)
Formula (26) imply that

1
Ty (la:, lz) 2 1°Ty(z,2), x,z€ Q.

Hence, Lemma 7 assume that there exists a unique positive solution z} € ). such that
Ty (%, x%) = 3. It is easy to check that 7 is a unique positive solution of (10) for any
given A > 0. Moreover, by Lemma 8, we have:

(i) Forany Ao € (0, +00), ||z} — =} || = 0, A = Ao;
(ii) If0 < o0 < 1/2,then 0 < \; < Ay implies Ty, < T3, T3, #F Ty,
(iii) If0 < o < 1/2, then limx_0 [|2%]| = 0, limx_ 400 | 2% || = +o0.

By Lemma 6, for any ¢ € [0, 1], we have
Wil = I, vl = I ). e

Hence, by (27) and the monotonicity and continuity of 7, 6‘1‘1 , we get:
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(i) Forany Ao € (0,+00), [lu} —u3, [ = 0, A = Ao;
(i) If0 < 0 < 1/2,then 0 < Ay < Ap implies u, < u} , u}, # u},;
(ili) If 0 < o < 1/2, then limy_¢ [[u]| = 0, limy_ o0 |Ju}]| = +o0.

Moreover, for any ug(t) = 15:2,%0 € Q. and t € [0,1], by Lemma 7, constructing
a successively sequence

Tr41(t)
1 s
= /G(t,s) l/a(s — )N B(r, Iy (), I M (), L
0 0
I 2 (1), (7)), Awg(r)) + (7, 15w (), 0 (), ...
q—1
Igf‘l_””’_ka(T), g (7), Azk(T))) dT‘| ds, k=0,1,2,...,
by w1 (t) = LN wppa (t),

up11(t)

S

1
=i {A G(t,s) [ a(s — 1) (7, ur(r), Ditug(r), ...,
fewal]
DI g (1), ug(r), Aul (7)) + (7, up (r), DL ug(7), -

qg—1
DET g (1), ug(r), Aul 1 (1)) dT] ds}, k=0,1,2,..., te0,1],

and we have |Juy — u}|| = |17 2, — 17 x3]| — 0 as k — oo, the convergence rate
is
lue —uill = |10 e — Iy 23] = o(1—777),

where 7 is a constant, 0 < r < 1, and dependent on ug. By (11), we easily get

S

1
yx(t) = M/H(Ls) [/b(s —w) g (w, Ity (w), I "y (w), ..
0 0

q—1
I (w)) dw] ds, tel0,1]. (28)
By (19), (27), (28), and =5 € Q., we get (u3,v}), which satisfies (x). Therefore, the
proof of Theorem 1 is completed. O

Remark 3. p-Laplacian boundary value system is an great extension from general frac-
tional-order differential equation, general fractional-order differential equation is a special
case of p-Laplacian fractional-order differential equation, p-Laplacian fractional-order
differential equation is general fractional-order differential equation when g = 2.
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4 An example

Example 1. Consider the following boundary value problem:
3/4 5/2 1/2
DY (02 (DY2u) ) (8) + A2 (8, ult), DofPu(t),v(t)) =0, 0<t<1,

DY (@2 (D20)) () + 12 (t,u(t)) =0, 0<t<1,

3/4
u(0) = u'(0) =0, Df,u(0) = D§u(0) =0, w(1)=; [waaw, o
3/4
/ ) o+1 5
v(0) =v'(0) =0, Dg,v(0)=Dg7 v(0)=0, ()= 5 / v(t) dB(t),
0

where v = 5/2,6 = 3/2,a = 8 =3/4,h(s) = a(s) = 1,n =9 = 3/4, x = 1/2,
t=5/6,p=3,q=3/2,and
o(t,v1, 72, 73) = (t*1/4 + cos t):n}/g + thé/s + Qxé/lﬁ,

Y(t, 71,09, ) = 10 4 o V0 (2 — )2,

g(t,u) = (3t + tz)u3/5 + (tsint + t)u?/3,

0, t€10,1/2), 0, te[0,1/2),
Aty =146, te[1/2,3/4), B(t)=<4, te[l1/2,3/4),
2, te[3/4,1], 3, te[3/4,1].
Hence,
3/4

i 1 1\ /2 3\ 1/2
/Xﬂ—"“h(t) dA(t) = 3 /t1/2 dA(t) = 3<2> - 2(4) <1,
0

0
9 3/4
5
/Lté—m“a(t) dB(t) = ¢ / V2AB(t) ~ 01117 < 1.
0 0

Moreover, for any (t, 21, 72, 73) € (0,1) x (0,00)% and 0 < [ < 1, we have

G(t, 1z, Lo, lag) = (£71/* + cost) (1) + 2t(lo)"/® + 2(lar3) /1

> V8 (Y4 + cost)ay’® + 2t + 223/1°)

1/(a—1)

= 18(t, x1, 0, 23) = 17 o(t, w1, 32, 23),

w(t’ l_lxl, l—le’ l—le) — t_l/lﬁ(l_lxl)_1/8 + (1_11'2)_1/16
2=t (I ) Y
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> l1/8(t—1/16x;1/8 +x2—1/16 + (2 - t)x;1/15)
= ll/gdj(t,l‘l,Ig, :Eg) = lgl/(q_l)dj(t,xl,l‘g, .Tg),
g(t,lu) = (3t + t2) (lu)®® + (tsint + t)(lu)*/?
>1 /3((3t+t2) 35 4 (tsint + t)u?/3) = 1*Pg(t, u)

= lcl/(kl)g(t,u).

Noting o = 1/(2v2) < 1,6 = v6/3, ¢(7,1,1,1) = 7= Y/16 + 3 — 7, ¢(7,1,1,1) =
7Y% 4y cosT 427 + 2, g(1,1) = 37 + 72 + 7sinT + 7, we have

1 1
/ 27,1,1,...,1)(17:/(7—1/4+c057+2r+7)2dr<27+1—76
0 0
_|_
1 1
/ S LT CO U W / 3/8(r=116 4 3) dr
0 0
11+%<+oo

1 1
O</g2 T,l,l,...,l)dTg/(37+72+7'sin7+7')2d7<36<+oo.
0 0

Thus, assumptions (S1)—(S4) of Theorem 1 hold. Then Theorem 1 implies that prob-
lem (29) has a unique solution. Furthermore, when A — X\g, A\g € (0,400), we have
|3 — a3, || = 0. Since o = 1/(2v/2) € (0,1/2), 0 < Ay < Ay implies

B <0, a0 A0, m el =0, Tim ] = 4o,

By u}(t) = I3, x}(t), we can easily get that:

1) X\ € (0,—|—OO), ||’LL; — UKOH — 0, A = A\o;
(i) 0 < Ay < Agimplies u}, < uj,,u}, #+ uy,s
(i) limyo Jul|l = 0, imy_y 4o |Ju} || = +o0.

In addition, for any initial ug = Ié+ o € Qe, We construct a successively sequence

Tr11(t)

= )\/G(t,s)

0

S

/a<s C b, Thean(t), 1 (1), Azy(t))

0

qg—1

F oty Lean(t), I g (t), Azy(t)))dr|  ds, te[0,1], k=0,1,2,...,
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by ug1(t) = I}y 2p41(t), we have

ug41(t)

- 13+{ / AG(t, 5) l / (s — 1) N (o(t, ur(t), Dylun(t), Auj(t))

0 0

q—1
+¢(t,uk(t),D;Puk(t),Au;(t)))dr] ds}, te0,1], k=0,1,2,...,

and we have |luy — u}|| = || [g+ 2k — I3+ 2%|| — 0as k — oo, the convergence rate is

”uk - ’LL;” = ||I&+xk — Ié+$§\|| = 0(1 — ro'k),

where 7 is a constant dependent on up and 0 < r < 1.
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