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Abstract. In this paper, we prove existence and uniqueness of fixed point in the setting of ordered
metric spaces. Precisely, we combine the recent notions of (F, ¢)-contraction and Z-contraction
in order to introduce the notion of ordered S-G-contraction. Then we use the notion of ordered
S-G-contraction to show existence and uniqueness of fixed point. We stress that the notion of
ordered S-G-contraction includes different types of ordered contractive conditions in the existing
literature. Also, we give some examples and additional results in ordered partial metric spaces to
support the new theory.
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1 Introduction

The metric fixed point theory furnishes useful tools in the study of various practical
problems, which appear in the framework of applied sciences. The results of Nieto and
Rodriguez-Lopez (see [7]) are fundamental in ordered metric spaces (see also [10]). Such
results can be, for example, used to solve problems of integro-differential type, which can
be transformed in problems of fixed point type.

The notion of ordered S-G-contraction, that we introduce here, joins the notions of
(F, v)-contraction (see [3]) and Z-contraction (see [1,4,6]). In this paper, we prove the
existence and uniqueness of fixed point of an ordered S-G-contraction. Further, we prove
that the fixed point of an ordered S-G-contraction belongs to the zero-set of a given
function (see [13, 14]). We notice as our main results allows to infer, as a particular case,
some of the most known results in the literature of ordered metric spaces. Also, we give
some examples and additional results in ordered partial metric spaces to support the new
theory.
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2 Preliminaries

In this section, we recall the notions and fix the notation, which we will use in the sequel.
In [3], Jleli et al. take into account the family G of functions G : [0, +00[3>— [0, +-00]
satisfying the following conditions:

(G1) max{d,0} < G(4,6, ) forall §,0, X € [0, +o0];
(G2) G(0,0,0) =0;
(G3) @ is continuous.

Example 1. The following are examples of functions, which belong to G:

(i) G(6,0,\)=0+60+ X
(i) G(4,60,\) = max{d,0} + A
(i) G(6,0,\) =6+0+ 50+ \

By using the family G, Jleli et al. introduce a new type of contraction (see [3, Def. 2.4])
useful to get the existence and uniqueness of fixed point belonging to the zero-set of
a given function in the setting of metric spaces.

In the sequel, we denote by S the family of functions S : [0, +0o[?— R satisfying the
following conditions (see [1,4]):

(S1) S(a,B8) < B —aforal o, > 0;
(S2) If {am}, {Bm} are sequences in |0, +oo[ such that

m1—1>I-Ii-1<><> Gm = ml—lg-loo Bm =7€ ]07 +OO[’

then limsup,,, , , .o S(m, Bm) < 0.

Example 2. The following are examples of functions in S:

(i) Let & : [0,+00[— [0, +00] be a lower semicontinuous function with £~1(0) =

{0}. S0, S € Sif S(a,8) =5—-¢&(B) —aforall a,§ > 0.

(ii) Let £ : [0, +oo[— [0, 1] be such that limsupg_, .+ £(B) < 1 for all s > 0. So,
SeSifS(a,p)=p&(B) —aforallo, 8 > 0.

(iii) Let & : [0, +o0[— [0, +o0[ be an upper semicontinuous function with £(3) < 3
forall 3 > 0and £(0) =0. So, S € Sif S(«, 8) =&(8) —aforall a, 8 > 0.

(iv) Let f1, f2 : [0, +00[X[0, +00[—]0, +00[ be two continuous functions such that
fila, B) > faola, p) forall o, 8 > 0. So, S € Sif S(a,8) = 8 — (f1(e, B)/
fo(a, B))a for all i, B € [0, +00].

Argoubi et al. in [1] use the family S to establish coincidence and common fixed point
results in the setting of ordered metric spaces. We also stress that in [4, 6] the family S is
used to obtain existence and uniqueness of fixed point in the setting of metric spaces.

Here, if (Y,d) is a metric space and (Y, %) is a partially ordered set, then we say
that (Y, d, <) is an ordered metric space. Two elements z,w € Y are said comparable if
z < worw < z holds. The mapping g : (Y,<) — (Y, ) is called to be nondecreasing
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Fixed point results for ordered S-G-contractions 271

if gz < gw whenever z 5 w. A sequence {z,,} is nondecreasing if z,,_1 < z,, for all
m € N.
An ordered metric space (Y, d, <) is said regular if the following holds:

e For every nondecreasing sequence {z,,,} C Y such that z,,, — ¢ € Y, we have
Zm—1 < ( forallm € N.

Let (Y, d, <) be an ordered metric space, we say Y has the following property:

(H) If for each pair of not comparable elements (,7 € Y, then there exists § € Y
such that { < fandn < 6.

Let Y be a nonempty set and g : Y — Y a given mapping. Fixed 2y € Y, let
Zm = gzZm—1 for all m € N. The sequence {z,,} is known as the sequence of Picard
starting at 2.

3 Fixed points for S-G-contractions

In this section, we use the following notion of ordered S-G-contraction to establish results
of existence and uniqueness of fixed point in the setting of ordered metric spaces.

Definition 1. Let (Y, d, <) be an ordered metric space, and let g be a self-mapping on Y.
The mapping g is an ordered S-G-contraction if there exist three functions G € G, S € S,
and A :Y — [0, +oo[ such that, for all z,w € Y, z < w,

S(G(d(gz, gw), A(gz), A(gw)), G(d(z,w), A(z), A(w))) = 0. (1)
Firstly, we give some useful remarks to get our main results.

Remark 1. Let (Y, d, <) be an ordered metric space, and let ¢ : Y — Y be an ordered
S-G-contraction with respect to the functions G € G, S € S,and A : Y — [0, +o0[. If
¢ €Y is afixed point of g, then A(¢) = 0.

In fact, if we suppose that A({) > 0, then

0 < A(Q) < G(d(¢,€), A(0), A(C)) by (GD).
Using (1) with z = w = ( and (S1), we get

0 < S(G(d(g¢, 9¢), Alg¢), A(gC)), G(d(C. ¢
= 8(G(d(¢, €), A(C), A(C)), G(d(¢, €), A

This is not possible, and so, A(¢) = 0.

Remark 2. Let (Y, d, <) be an ordered metric space, and let g : Y — Y be an ordered
S-G-contraction with respect to the functions G € G, S € S,and A : Y — [0, +o0[. If
¢,m €Y are two fixed points of g, then ¢ # 7 if and only if ¢ and 7 are not comparable.
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In fact, if ¢ and n are comparable, we say ¢ < 1 and ¢ # 7, then

0 < d(¢,n) < G(d(Cn),AC), A(n))  (by (G1)).
Using (1) with z = ¢ and w = 7 and (S1), we obtain
0 < S(G(d(g¢: gn), AlgC), Algn)). G(d(¢ ), A(C), A(n)))
< G(d(¢m), AQ), Am)) — G(d(¢,m), A(C), A(n)) =0,
which is a contradiction.

Lemma 1. Ler (Y, d, <) be an ordered metric space, and let g :' Y — Y be a non-
decreasing ordered S-G-contraction with respect to the functions G € G, S € S, and
A Y — [0,400[ If there exists a point zg € Y such that zy < gzq, then the Picard
sequence {z,, } starting at zo is Cauchy.

Proof. Let zp € Y be such that zyp < gzo, and let {z,, } be the sequence of Picard starting
at zo. If z; = z;_q for some j € N, then z,, = z; for all m > j, and hence {z,,} is
a Cauchy sequence.

Now, we assume that z,,, 1 # z,, for all m € N. We claim that

lim d(zm-1,2m)=0 and lim A(zp)=0. 2)

m——+oo m——+oo

The hypothesis z,,_1 # z,, for all m € N and (G1) ensure
G(d(szly Zm) ) A(szl)v A(Zm)) 2 d(szh Zm) > 0

for all m € N.
Furthermore, the hypothesis g nondecreasing ensures that z,,,_1 < 2, forallm € N.
Now, if in (1), we choose z = z,,—1 and w = z,, by using (S1), we infer

0< S(G(d(zm, Zm-&-l)aA(zm)vA(Zm—&-l))a G(d(zm—h Zm)aA(Z7n—1)7A(Z7n)))
< G(d(zm_l,zm),/l(zm_l),A(zm)) — G(d(zm,zm+1),A(z7,L),A(zm+1))

for all m € N. This inequality shows that
G(d(zma Zm+1>7 A(Zm)7 A(Zm+1)) < G(d(zm—la Zm)v A(Zm—1)7 A(Zm))

for all m € N. Consequently, the sequence {G(d(zm—1,2m), A(zZm-1),A(zm))} C
[0, +o0] is decreasing. So, there exists some s > 0 such that

lim  G(d(zm—1,2m), A(zm—1), A(zm)) = s. 3)

m——+oo

We point out that if we assume s > 0, using condition (S2) with

Qyy = G(d(zm7 Zm+1), A(zm), A(zm+1))
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and
ﬁm = G(d(szlv Zm)a A(mel)v A(Zm))a

we get
0 < limsup S(G(d(zmv Zm-ﬁ-l)a A(Zm)v A(zm-i-l))a
m——+00
G(d(zm,l,zm)Jl(zm,l),A(zm))) <0.

Obviously, this is a contradiction, and thus, we can assert that s = 0. Now, by (G1) we
say that

max{d(szh Zm)a A(mel)} < G(d(szla Zm)7 A(mel)y A(Zm))
for all m € N. So, the previous inequality implies

lim d(zm-1,2m) =0 and lim A(zpy-1) =0.
m——+o0 m——+00

Next, we show that the sequence {z,, } is Cauchy. We assume for way of contradiction
that {z,,} is not a Cauchy sequence. Then there exist a positive real number § and two
sequences {j, } and {i,, } such that i,, > j, > nand d(z;,,2,) = 0 > d(z;,, 2, —1) for
all n € N. Using the first condition of (2), we deduce

Jim d(z,,2,) = lim d(zj,-1,2i,-1) = 0.

Consequently, it is not restrictive to suppose that d(z;, —1,2;,—1) > 0 for all n € N.
Hence, by appling (G1), we obtain

G(d(zj, 1,21, 1), A(z5,-1), Azi,-1)) >0
and

G(d(z,,z,), Azj,), Azi,)) > 0.

Now, by using the continuity of the function G, the second condition of (2) and (G1),
we get

lim G(d(zj,-1,%i,-1)s A(2j,-1), Azi, 1))

n—-+4oo

= lim G(d(z,,2,), Az,), A(z,))

n—-+oo
= G(6,0,0) =6 > 0.

This allows to use condition (S2) with

Oln = G(d<z.jn7zin)7A<Z.jn>7/1<zin>)
and
B = G(d(2),-1, 21, -1), A2, 1), Alzi, 1))
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and to deduce
limsup S(G (d(z;,, 21,), A(%,), A(zi,)),
n——+0o
G(d(zj, -1, 2i,-1), Az, 1), Alzi,-1))) <O0. “4)
Since zj, —1 < 2;,—1 foralln € N, using (1) with 2 = 2;, _; and w = 2;, _1, we have

lim sup S(G(d(zjn 2 2i, ), A(z5,), Az, )) ,

n—-+oo
G (d(zj,-1: 21,-1), A2, 1), A(2i,-1)) ) = 0. )
From (4) and (5) we get a contradiction. Consequently, the sequence {z,, } is Cauchy.
O

Now, we formulate and prove the first of our main results.

Theorem 1. Ler (Y,d, <) be a complete ordered metric space, and let g :' Y — Y be
a nondecreasing ordered S-G-contraction with respect to the functions G € G, S € S,
and A :'Y — [0,400]. If there exists a point zo € Y such that zg < gzo and g is
continuous, then g has a fixed point { such that A() = 0.

Proof. Let zp € Y such that zp < gz, and we consider the sequence {z,,} of Picard
starting at zo. We stress that if z; = z;_; for some j € N, then z;_; = 2; = gz;_1, that
is, zj_1 is a fixed point of g. Hence, by Remark 1, we have A(z;_1) = 0, and the proof
is complete. So, it is not restrictive to suppose that z; # z;_; foreach j € N.
We can affirm that the sequence {z,,} is Cauchy (see Lemma 1). Furthermore, the
completeness of (Y, d, <) ensures there exists some ¢ € Y such that
lim 2z, =¢(. (6)
m——+0o0
Now, in order to get the claim, it is sufficient to note that the continuity of the mapping g
ensures that ¢ is a fixed point of g, and then, by Remark 1, A(¢) = 0. O

Theorem 2. Let (Y,d, <) be a complete ordered metric space, and let g : Y — Y be
a nondecreasing ordered S-G-contraction with respect to the functions G € G, S € S
and the lower semicontinuous function A :' Y — [0, +o0o|. If there exists a point zp € Y
such that zo < gzo and 'Y is regular, then g has a fixed point ¢ such that A(() = 0.

Proof. Let zp € Y such that zy < gzo, and let {z,, } be the sequence of Picard starting at
2. From the proof of Theorem 1 we say that it is not restrictive to suppose z; # z;_1 for
each j € N. Moreover, by Lemma 1, we have that {z,, } is a Cauchy sequence. Also, the
completeness of (Y, d, <) ensures that there exists some ¢ € Y such that

ml_lfﬂoo Zm = (. (7N

Now, the lower semicontinuity of the function A and (2) give

that is, A(¢) = 0.
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We claim that ( is a fixed point of g. Obviously, ¢ is a fixed point of the mapping g
if there is a subsequence {z;, } of {z,,} such that z;, = ( or gz;, = g¢ foralln € N.
If a such subsequence there is not, we can assume that z,, # (¢ and gz, # g¢¢ for all
m € N. So,

G(d(gzmv 9¢), A(QZM)7 A(gg))a G(d<zma C)v A<Zm)7 A(C)) € ]05 —l—OO[

for all m € N.
Since Y is regular, we have that z,,, < ( for all m € N. Now, using (1) with z = z,,
and w = (, we get

0 < S(G(d(gzm» 9¢), Algzm), A(9€)), G(d(2m, €), Alzm), A(C)))
< G(d(z2m, ), Alzm), A(C)) — G(d(g9zm, 9¢), Algzm), A(gC))  (by (S1)).

From the previous inequality we infer

G (d(g2m, 96), Algzm), A(9Q)) < G(d(2m, C), A(zm), A(C))

for all m € N, and so,

< d(C, 2mi1) + G(d(g2m, 90), Algzm), A(g€)) - (by (G1)
< d((:, Z’m-i-l) + G(d(zmv C)a A(zm)7 A(C))

for all m € N. Letting m — 400 in the above inequality, taking into account that G is
continuous in (0, 0,0), we deduce that d(¢, g¢) < G(0,0,0) = 0, that is, { = g(. O

Lemma 2. Let (Y,d, <) be an ordered metric space, and let g :' Y — Y be a non-
decreasing ordered S-G-contraction with respect to the functions G € G, S € S, and
A:Y — [0,+00l. If Y has property (H), then g admits at most one fixed point.

Proof. Assume that (,n € Y are two distinct fixed points of g. By Remark 2, ( and n
are not comparable. Then property (H) ensures that there exists § € Y such that { < 6
and n < 6. Let {6,,} the sequence of Picard starting at ¢ = 0. From { < 6y and
n < B it follows ¢ < 6, and n < 6,, for all m € N (it is important to recall that g
is nondecreasing). Further, we remark that the hypothesis { # 7 ensures { < 6, and
1 < O, for all m € N. In fact, if one has n = 0,,, or £ = 0,,, for some m € N, then ¢ and
1 are comparable.
Consequently, by (G1)

G(d(Ca am—l)v A(C)v A(em—l)) = d(Ca em—l) >0
for all m € N. Now, using (1) with z = ¢ and w = 0,,_1, we get

0.< 8(G(d(gC. 90m—1), A(9C), Algbm-1)), G(d(C, Om-1), A(C), A(Om-1)))
< G(d(<7 em—l)v A(C)? A(em—l)) - G(d(Ca am)v A(C)? A(em)) (by (Sl))
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The previous inequality ensures that the sequence {G(d((,0m—1), A(C), A(Om-1))} C
[0, +00] is decreasing, and so, there exists s € [0, +-00[ such that

lim  G(d(¢,0m-1), AC), A(Om—1)) = s.

m——+00
Next, using (1) and (S2), we infer

0 < lim sup S(G(d(g¢, 90m—1), A(9C), A(gOm—1)),
G(d(g,em_l),/l((), A(em—l))) <0,

which is a contradiction. So, s = 0. The property (G1) of the function G implies

lim  d(C,0m—1) = 0.

m——+0oo

Similarly, we prove that
lim d(n,0m—1) =0,

m=+o0
and from

d(¢,n) < d((,0m-1) + d(Om-1,7),
letting m — +o00, we get d((,n) = 0, thatis, { = 7. O

From Theorem 1 and Lemma 2 we deduce the following result.

Theorem 3. Let (Y,d, <) be a complete ordered metric space, and let g : Y — Y be
a nondecreasing ordered S-G-contraction with respect to the functions G € G, S € S,
and A :'Y — (0,400l If there exists a point zy € Y such that zo < gzo and g is
continuous, then g has a fixed point ¢ such that A({) = 0. Moreover, if Y has proper-
ty (H), then g has a unique fixed point  such that A(¢) = 0.

From Theorem 2 and Lemma 2 we deduce the following result.

Theorem 4. Let (Y,d, <) be a complete ordered metric space, and let g : Y — Y be
a nondecreasing ordered S-G-contraction with respect to the functions G € G, S € §
and the lower semicontinuous function A :' Y — [0, +o00|. If there exists a point zg € Y
such that zy < gzo and Y is regular, then g has a fixed point ¢ such that A(¢) = 0.
Moreover, if Y has property (H), then g has a unique fixed point ¢ such that A(¢) = 0.

4 Consequences

In this section, we point out that the notion of S-G-contraction includes different types of
contractive conditions in the existing literature.

We start by two results of Jleli et al. type (see [3, Thm. 2.1]) in the setting of ordered
metric spaces.
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Corollary 1. Ler (Y, d, <) be a complete ordered metric space, and let g : Y — Y be
a nondecreasing mapping. Suppose that there exist o €10, 1[, two functions G € G and
A:Y — [0, 4o00[ such that

G(d(gz, gw), A(gz), Algw)) < oG (d(z, w), A(2), A(w))

for all z,w € Y with z X w. If there exists a point zyg € Y such that zy < gzo
and g is continuous, then g has a fixed point ¢ such that A(¢) = 0. Moreover, if Y has
property (H), then g has a unique fixed point ¢ such that A(¢) = 0.

Proof. We obtain the claim by using Theorem 3 with respect to the function S € S
defined by S(«, 8) = o8 — aforall o, 8 > 0. O

We notice that if G(6,0,\) = § + 6 + A forall §,0,\ > 0 and A(z) = 0 for all
z € Y, then we obtain a result of [7] (see Theorem 2.1). Further, the same choice of S
also allows to obtain the following corollary.

Corollary 2. Let (Y,d, <) be a complete ordered metric space, and let g :' Y — Y be
a nondecreasing mapping. Suppose that there exist o €0, 1], a function G € G, and
a lower semicontinuous function A : Y — [0, 4o00[ such that

G(d(gz, gw), A(gz)v A(.gw)) <o G(d(za ’LU), A(z), A(w))

forall z,w € Y with z < w. If there exists a point zog € Y such that zy < gzo and Y is
regular, then g has a fixed point ¢ such that A(¢) = 0. Moreover, if Y has property (H),
then g has a unique fixed point ¢ such that A(¢) = 0.

We stress that if G(6,0,\) =5+ 60+ Aforall 6,0, A > 0and A(z) = 0forall z € Y,
then we have a result of [7] (see Theorem 2.2).

Now, we give a result of Rhoades type (see [12]) in the setting of ordered metric
spaces.

Corollary 3. Let (Y,d, <) be a complete ordered metric space, and let g : Y — Y
be a nondecreasing mapping. Suppose that there exist two functions G € G, A :' Y —
[0, +-00[ and a lower semicontinuous functions £ : [0, +-00[— [0, +-00[ with £~1(0) = {0}
such that
G (d(g2, gw), A(g2), A(gw))
< G(d('z7 w)v A(Z)v A(w)) - f(G(d(Z, ’UJ), A(Z)’ A(w)))

forall z,w € Y with z < w. If there exists a point zo € Y such that zyg < gzo and one of
the following conditions holds:

(1) the mapping g is continuous;

(1) Y is regular and A is a lower semicontinuous function;

then g has a fixed point ¢ such that A({) = 0. Moreover, if Y has property (H), then g has
a unique fixed point ¢ such that A({) = 0.
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Proof. Again, we obtain the claim by Theorems 3 and 4 if we choose S € S given by
S(a,8) =B —&(B) — aforall a, B > 0 (see Example 2(i)). O

As consequence of Theorems 3 and 4, we get also the following result (see [11]).

Corollary 4. Let (Y, d, <) be a complete ordered metric space, and let g :' Y — Y be
a nondecreasing mapping. Suppose that there exist three functions G € G, A : 'Y —
[0,400[, and & : [0, +o00[— [0, 1] with lim sup,,_, .+ £(«) < 1 for all s > 0 such that

G(d(gz, gw), A(gz), A(gw))
< E(G(d(z,w), A(2), A(w))) G(d(z,w), A(z), A(w))

forall z,w € Y with z < w. If there exists a point zg € Y such that zy < gzo and one of
the following conditions holds:

(1) the mapping g is continuous;,

(i) Y is regular and A is a lower semicontinuous function;

then g has a fixed point  such that A(¢) = 0. Moreover, if Y has property (H), then g has
a unique fixed point ¢ such that A(¢) = 0.

Proof. By using Theorems 3 and 4 and taking S € S given by S(«, 8) = 8&(8) — a for
all a, 8 > 0 (see Example 2(ii)), we deduce our result. ]

The following is a result of Boyd—Wong type (see [2]) in the setting of ordered metric
spaces.

Corollary 5. Let (Y,d, <) be a complete ordered metric space, and let g ' Y — Y be
a nondecreasing mapping. Suppose that there exist two functions G € G, A :' Y —
[0, +00[ and an upper semicontinuous function & : [0, +oo[— [0, +oo[ with &(a) < « for
all o > 0 and £(0) = 0 such that

G(d(gz, gw), A(gz), A(gw)) < §(G(d(z, w), A(z), A(w)))

forall zyw €Y, z < w. If there exists a point zg € Y such that zy X gzo and one of the
following conditions holds:

(1) the mapping g is continuous;

(1) Y is regular and A is a lower semicontinuous function;

then g has a fixed point ¢ such that A(¢) = 0. Moreover, if Y has property (H), then g has
a unique fixed point ¢ such that A() = 0.

Proof. In order to have the claim, we can again use Theorems 3 and 4. It is sufficient to
choose S € S given by S(a, 8) = £(8) — aforall «, 8 > 0 (see Exemple 2(iii)). O

We observe that if we suppose G/(0,6,\) = d+6+ A forall 6,6, A > 0and A(z) =0
for all z € Y, then we obtain the ordered version of Boyd—Wong fixed point result.

The following examples show as Theorem 1 is a proper generalization in the setting
of ordered metric spaces of Theorem 2.2 of [7].
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Example 3. Let Y = [0,2] endowed with the usual metric d(z,w) = |z — w| for all
z,w € Y. Also, Y can be equipped with a partial order < given by

zzweY, 2w ifz=w, (zgw, z,w € [0,15/8]),

or (z €[0,2] and w = 2).

Obviously, (Y, d, <) is an ordered complete metric space, is regular, and has prop-
erty (H). Consider the nondecreasing function g : Y — Y given by

z ifze0,42],
gz =
3 ifz€l,2).
The function g satisfies condition (1) with respect to the function S' € S defined by

a+2

S(a’ﬁ):ﬁ_a—kla

for all o, 8 € [0, +00], the function G € G given by G(4,0,\) = § + 0 + A for all
3,0, X € [0, +00[, and the lower semicontinuous function A : Y — [0, +o00[ defined by
A(z) = zforall z € Y. Indeed, if z < w and z,w € [0,15/8], then

S(d(gz, gw) + A(gz) + A(gw), d(z,w) + A(z) + A(w))
w+2 w?

= > 0.
w+1w w+1

= S(w,2w) = 2w —
If z < w with z € [0,2] and w = 2, then

S(d(gz, gw) + A(gz) + A(gw), d(z,w) + A(z) + A(w))

5 16 — 15
=5(3,4)=4- 3=
(3,4)=4- 3=

= 0.
If w =z €]15/8, 2], then

S(d(gz, gw) + A(gz) + A(gw), d(z,w) + A(z) + A(w))
—S(3,2w) = 2w — 23 = 2w 15

> 0.
4 4 >0

Since all conditions of Theorem 4 are satisfied, g has a unique fixed point { = 0inY.

Note that, since g is not continuous, Theorem 1 cannot be used to affirm that g has
a fixed point. Furthermore, from

15 3 15 9 1 15
dlg22) =22 =252 —q( 22
<98’9> 2716 16 3 <8’>’

it is clear that we cannot use Theorem 2.2 of [7] in order to deduce that g has a fixed point.
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The next example is aimed to show the usefulness of our contractive condition by
illustrating its application to a mapping, which is not nonexpansive.

Example 4. Let Y = [0, 1] endowed with the usual metric d(z,w) = |z — w| for all
z,w € Y. Clearly, (Y,d, <) is an ordered complete metric space if < coincide with the
partial order < on R. Fix ¢ € [0, 1] and consider the function g : Y — Y defined by

0 if 2=0,
gz = = —02212mz—1) if = <2< 55, meN,
ﬁ—l—o%@mz—l) if2mlJr1 gzgﬁ,mEN.

Now, if we consider the function A : Y — [0, +oo[ defined by A(z) = zforallz € Y
and the function G € G given by G(5,0,\) = § + 6 + A for all 6,0, A € [0, +o0], then
we have
G(d(gz, gw), Algz), Algw))
= d(gz, gw) + A(gz) + A(gw) = 2max{gz, gw}
< 2max{oz, ow} = o2max{z,w}
=old(z,w) + A(2) + Aw)] = 0G(d(z, w), A(2), A(w))

for all z,w € Y with z < w. Since all the conditions of Corollary 1 (or Corollary 2) are
satisfied, we obtain that g has a unique fixed pointin Y.

We remark that g is not nonexpansive if we choose o suitably close to 1. In fact, if we
choose z =1/(2m — 1) and w = 1/(m — 1) with m € N odd and m > 3, we get that

m < 3
(m—1)2m—1) = 5(m—1)

d(z,w) =

Consequently,

d(gz, gw) = — 7> d(z,w)

whenever o €]3/5,1[, and hence, g is not nonexpansive. This ensures that both the
Banach contraction principle and Boyd—Wong result cannot be applied to obtain that g has
a unique fixed point in the setting of metric space. Clearly, in the setting of ordered metric
spaces cannot be applied the results of [7] to infer that g has a unique fixed point.

5 Application to ordered partial metric spaces

In this section, we apply the previous results to get some new fixed point theorems in the
ordered partial metric setting. To this aim, we need just a function S € S. In particular,
we establish a Matthews type fixed point theorem. We refer the reader to [5, 8,9] and the
references therein for more details on partial metric spaces.

Definition 2. Let Y be a non-empty set. A partial metric on Y is a functionp : Y XY —
[0, 4+00[ such that
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D) z=w & p(z,2) = p(z,w) = p(w,w) forall z,w € Y;
P2) p(z,2) < p(z,w) forall z,w € Y;
P3) p(z,w) = p(w,z) forall z,w € Y;
P4) p(z,w) < p(z,u) + p(u, w) — p(u,u) forall z,w,u €Y.

The pair (Y, p) is called a partial metric space.

We stress that z = w does not imply p(z, w) = 0. Moreover, a classic example of
partial metric space is the pair ([0, +00[, p), where p(z, w) = max{z,w} for all z,w €
[0, +o00] (see [5] for more details).

Let (Y, p) be a partial metric space. A sequence {z,,} in (Y, p) converges to a point
z € Y if and only if p(z, 2) = limy,—s 400 P(2, 2m). A sequence {z,, } in (Y, p) is called
a Cauchy sequence if there exists (and it is finite) lim,, ;400 P(Zn; 2m)-

A partial metric space (Y, p) is complete if every Cauchy sequence {z,,} in Y con-
verges (with respect to the topology 7, induced by p) to a point z € Y such that p(z, z) =
hmn,m—)—Q—OO p(zny Zm)

We note that if p is a partial metric on Y, then the function dp, : ¥ x Y — [0, +00|
given by

iy (2, w) = 2p(z,w) — p(z, 2) — plw, w) ®)

is a metric on Y. Furthermore, lim,,,_, y o dp(2m, z) = 0 if and only if

p(z7 Z) - m1—1>r—r‘,-loop(zm7 Z) - 7L,'rrlzli>n—i-<>op(Zn7 Zm).

Lemma 3. Let (Y, p) be a partial metric space, and let A 1Y — [0, +o00[ be defined by

A(z) = p(z,z) for all z € Y. Then the function A is lower semicontinuous in the metric

space (Y, dp).

Proof. Let {z,,} C Y be a sequence, which converges to z € Y in the metric space
(Y, d,). Then we have
A(z) =p(z,2) = Hm p(zm, 2m)
= PSPl 2n) = 0L Alden).

This assures that A is lower semicontinuous in z and hence in Y. O

Lemma 4. Let (Y, p) be a partial metric space. Then

(i) {zm} is a Cauchy sequence in (Y, p) if and only if it is a Cauchy sequence in the
metric space (Y, d).

(i) A partial metric space (Y, p) is complete if and only if the metric space (Y, dy,) is
complete.

Now, we give our main result in the setting of ordered partial metric spaces. We recall
that if (Y, p) is a partial metric space and (Y, <) is a partially ordered set, then we say that
(Y, p, <) is an ordered partial metric space.
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Theorem 5. Let (Y, p, <) be a complete ordered partial metric space, andlet g : Y —'Y
be a nondecreasing mapping. Suppose that there exists a function S € S such that

S(p(gz, gw), p(z,w)) =0 ©)

for all z,w €Y, z X w. If there exists a point zog € Y such that zo <X gzo and
g is continuous in the metric space (Y,d,), then g has a fixed point { € Y such that

p(¢,¢) = 0.

Proof. We notice that from (8) it follows

dp(z,w) + p(z, z) + plw, w)
2
for all z,w € Y. Now, we consider Y equipped with the metric d = 27'd,,. Since

(Y, p) is complete, by Lemma 4 we deduce that the metric space (Y, d) is complete. Thus,
from (9) and (10), we obtain that for the mapping g, the following condition holds:

S(G(d(gz, gw), Algz), A(gw)), G (d(z, w), A(z), A(w))) =0

forall z,w € Y, z < w, where G € G is defined by G(6,0,\) = 6 + 6 + A for all
3,0, X € [0, 4+o0[. Hence, the mapping g : (X, d) — (X, d) satisfies all the conditions of
Theorem 1, and so, ¢ has a fixed point such that p(¢, ) = 24(¢) = 0. O

(10)

p(z,w) =

We notice that the Matthews fixed point theorem in the setting of ordered partial metric
spaces follows from Theorem 5. It is sufficient to choose the function S € S defined by
(o, ) =0 —aforall o, 8 € [0, +oo] with o € [0, 1].

Theorem 6. Let (Y, p, <) be a complete ordered partial metric space, andletg:Y —'Y
be a nondecreasing mapping. Suppose that there exists a function S € S such that

S(p(gz, gw),p(z,w)) = 0 (11)

forall z,w €Y, z X w. If there exists a point zg € Y such that zy < gz and Y is
regular, then g has a fixed point ( such that p(¢, () = 0.

Proof. We consider Y equipped with the metric d = 27'd,,. Since (Y, p) is complete,
by Lemma 4 we deduce that the metric space (Y, d) is complete. By applying Lemma 3,
we have that the function A : Y — [0, +oo[ defined by A(z) = 271p(z, 2) is lower
semicontinuous in (Y, d). Thus, from (11) and (10) we obtain that the mapping g satisfies
the following condition:

S(G(d(gz, gw), A(gz), A(gw)) , G(d(z7 w), A(z), A(w))) >0

forall z,w € Y, z < w, where G € G is defined by G(6,0,\) = § + 6 + X for all
3,0, X € [0,400[. Hence, the mapping g : (X,d) — (X, d) satisfies all the conditions
of Theorem 2. By Theorem 2 we can affirm that ¢ has a fixed point such that p({, ) =
2A(¢) =0. O

Remark 3. If in Theorems 5 and 6, we assume that the ordered metric space (Y, p, <)
has property (H) (see p. 2), then the fixed point of g is unique.
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