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Abstract. We investigate the regression model X;: = 60G(t) + B, where 0 is an unknown
parameter, G is a known nonrandom function, and B is a centered Gaussian process. We construct
the maximum likelihood estimators of the drift parameter 6 based on discrete and continuous
observations of the process X and prove their strong consistency. The results obtained generalize
the paper [13] in two directions: the drift may be nonlinear, and the noise may have nonstationary
increments. As an example, the model with subfractional Brownian motion is considered.
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1 Introduction

Let B = {B;, t > 0} be a centered Gaussian process with known covariance function,
By = 0. We assume that all finite-dimensional distributions of the process {B;, ¢ > 0}
are multivariate normal distributions with nonsingular covariance matrices. Now, let the
process X; have a drift 0G(t), that is,

X = 0G(t) + By, (D

where G(t) = j;f g(s)ds, and g € L1]0,¢t] for any ¢ > 0.

The paper is devoted to the estimation of the parameter 6 by observations of the
process X. We construct the maximum likelihood estimators (MLEs) for discrete and
continuous schemes of observations. We establish the strong consistency of both estima-
tors. Moreover, we prove the a.s. convergence of the discrete estimator to the continuous
one. This paper generalizes the results of [13], where model (1) with G(t) = t was
considered. Moreover, contrary to [13], we do not assume the stationarity of increments
of the driving process B. This substantially extends the class of possible models. As an
example, we consider the model where B is the subfractional Brownian motion.
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MLE for Gaussian process with nonlinear drift 121

Note that the problem of drift estimation for Gaussian processes is important for many
applied areas, where an observed process can be decomposed as the sum of a useful
signal and a random noise, which is usually modeled by a centered Gaussian process,
see, e.g., [10, Chap. VII]. In particular, such processes arise in telecommunication and
on financial markets. For example, Samuelson’s model (see [18]), which is popular in
finance, is of the form (1).

Mention also that similar problems for the model with linear drift driven by fractional
Brownian motion were studied in [3,9,11,15]. The mixed Brownian-fractional Brownian
model was treated in [7, 13]. Another approach to the drift parameter estimation in the
model with two fractional Brownian motions was proposed in [12, 14]. In [2, 16], the
nonparametric functional estimation of the drift of a Gaussian processes was considered
(such estimators for fractional and subfractional Brownian motions were studied in [8]
and [19], respectively).

The paper is organized as follows. In Section 2, we study the case of discrete obser-
vations and prove the strong consistency of MLE. In Section 3, we consider the estimator
constructed by continuous observations and establish the relations between discrete and
continuous estimators. Then we prove the strong consistency of the estimator in the con-
tinuous scheme. In Section 4, these results are applied to the models with fractional and
subfractional Brownian motions. Auxiliary results for nonrandom functions and integral
equations are collected in the Appendix.

2 The case of discrete-time observations

Let the process X, be observed at the points 0 < ¢; < t < --- < t. Then the vector of
increments AX™) = (X,,, Xy, — X4,, .-+, Xen — Xiy_,) | is a one-to-one function
of the observations. We assume in this section that the inequality G(¢x) # 0 holds at least
for one k.

2.1 The likelihood function and MLE

Evidently, vector AX (M) has Gaussian distribution N (0 AG™Y), T(V)), where AG(N) =
(G(t1), G(t2) — G(t1), ..., G(tn) — G(ty_1))T. Let I'™) be the covariance matrix
of the vector ABN) = (By,, By, — By, ..., Biy — Biy_,)". The density of the
distribution of AX V) w.rt. the Lebesgue measure is

(2m) /2 1 (N T (a1 (V)
pdf Ay (2) = m exp —5(30 —0AG ) (F ) (x — 0AG ) .
e

Then one can take the density of the distribution of the vector AX (™) for a given 6 w.r.t.
the density for § = 0 as a likelihood function:

L(N)(g)
T -1 62 T -1
:exp{e(AG<N>) () AXW)—E(AG(N)) (D) AG(N)}. @)
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Then the corresponding MLE equals

AN _ (A(;(N))T(F(N))AAX(N)
 (AGI)T(r(N)=LtAGI)

3)

Since the observed process X; is Gaussian and the MLE 6™ is a linear functional
of the values of the process, we have that this estimator has a normal distribution. Taking
into account that AX ™) = AB®) 4 § AG(N) | the estimator #Y) can be represented in
the following form:

b T AGE) T (TN T AG) @
Hence, the estimator is unbiased and var §&¥) = 1/((AGIN)T(r))=1 AGIV),
2.2 The behaviour of the MLE for the increasing number of points
Let N1 < Na, and a set of points {t1 b t(l 7} be a subset of {t(2 2)} Then

there exists a matrix M, relatmg the 1ncrements w.r.t. these two sets of pomts AX (N =
MAXWN2)  ABWN1) = MABWN2) AGINY = MAGW2). Evidently, M is N; x Ny-
matrix, and it consists of zeros and ones. It has the following form:

It tg\l,z = t(22) then each column of the matrix M contains exactly one 1. If t(l) = t(2)
k < N, then each of the first k£ columns of the matrix M contains exactly one 1, other
Ny — k columns consist of zeros.

Lemma 1. If N1 < N and the time-points of the process X, used for the estimator
Q(N 1) make a subset of the time-points used for the estimator 0WN2) | then the increment
ON2) — 9NV s independent of the value 0N2).

Proof. Let us compute the covariance between the estimators constructed by samples of
different sizes:

cov(é(Nl),é(NQ))
7cov((AG’(N1)) (PN =LTAX N (AGWN)T (P (N2)) =1 A X (N2))
(AGINO)T(P(N)) =L AGIND) (AGWN2)) T (I'(N2)) =1 AG(N2)
(Ag(Nl))T(F(Nl))flEAB(Nl)(AB(Nz))T(p(Nz))flAg(%)
(AG(Nl))T(F(Nl))—lAG(Nl)(AG(Nz))T(F(Nz))—lAG(N2)
(AGINNT(rWNOY=TEM ABWN2) (ABW2))T (P (N2)) =1 AG(N2)
(AGINO)T(Fr(ND)=LAGIND) (AG(N2)) T ([(N2)) =1 AG(N2)
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(AGIN N T (PN =1 AP (N2) (P(N2)) =1 AG(N2)
(AGINO)T (PN =T AGIND) (AGN2)) T (I'(N2)) =1 AG(N2)
(AG(NI))T(F(NI))*1MAG(N2)

(AGINO)T (PN =1 AGIND) (AGN2)) T (I'(NV2)) =1 AG(N2)
(AGINO)T(r(N))=1 AG(N)
(AGWN)T(FN)) =L AGWIND) (AGWN2))T (D (N2)) =1 AG(N2)

1

_ — oar
= (AG)T (V)1 AG(N2) = vard

Ng).

Therefore, cov(§(N2) — J(N1) G(N2)) = var(§N2)) — cov(§N1), §(N2)) = 0. The ran-
dom variables /M) — @(NV2) and #(N2) are linear functionals of a Gaussian process.
Therefore, their joint distribution is Gaussian. Hence, their uncorrelatedness implies in-

dependence. O
Corollary 1. Under the assumptions of Lemma 1, var N > var f(N2),
Proof. By the independence of 6(N2) — (N1) and H(N2) | we have
var (N1 = yar §NV2) + var(é(NZ) — é(Nl)) > var HWNV2) O
2.3 Consistency of MLE
Theorem 1. Let the following assumption hold:
var By
—0 t — oo. 5
@z 0 e ®

Ifty — oo as N — o0, then the discrete-time MLE o) s Lo-consistent.

Proof. The estimator is unbiased: EOX) = 6. The estimator constructed by single obser-

vation Xy,
ét(l) G(tN)(VaI'BtN)_lxtN XtN

N T Glty)(var Bry ) 'G(ty)  Gl(tw)’ ©

has the variance
var By,

(G(tn))?
The estimator constructed by N observations has smaller variance according to Corol-
lary 1. Therefore,

(M

var éi}lv) =

R R R B
E(™ — )% = var 6™ < var ) = 2 Ptv_
( ) tN (G(tN))2

The following statement follows from the proof of [13, Thm. 2.7]. (Note that it can be
generalized: the mean-square convergence condition can be replaced with convergence in
probability, see [5, Thm. 3.2.1].)

— 0. ]
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124 Yu. Mishura et al.

Lemma 2. Assume that {&;, i > 1} is a sequence of random variables such that its
elements &2,&s, . .. (not including &1) are mutually independent. If the series > po | &
converges in the mean square sense to a random variable (, that is,

n 2
nli_{goE<Z€k—C> =0,

k=1
then it converges a.s. to the same limit as well.

Theorem 2. Under the assumptions of Theorem 1, the estimator o) is strongly consis-
tent.

Proof. Let us show that the increments of the process {é(N ), N € N} are uncorrelated.
For 2 < k1 < ko,

cov(é(kl) — =) glk2) _ é(kz—l))
— cov(6%2) — g1 §ka)) _ cou (k) — g, gk
+cov(B2mD — g0 Gk2=1)) _ oy (GR2=1) — lli=1) glka=1))
=0
by Lemma 1. The estimators 0™ and their increments %) — §*~1) are linear func-
tionals of values of the Gaussian process X;. Therefore, uncorrelatedness implies mutual

independence. By Theorem 1, o) converges to # in mean square. Hence, by Lemma 2,
HN) converges to 6 a.s. O

3 The case of continuous-time observations

In this section, we suppose that the process X is observed on the whole interval [0, T7].
We investigate MLE for the parameter 6 based on these observations.

3.1 Assumptions on function G and process B

Evidently, B and X are Gaussian processes with the same covariance function, but,
generally speaking, with different means since G is not zero identically. Our additional
assumptions are:

(A) There exists a linear self-adjoint operator I" : L2[0,T] — L2[0, T such that
t
COV(XS,Xt) = EBth = /I‘l[g,s] (u) du = <F l[O,s]a 1[0,t]>» (8)
0

where (f,g) = [ /(1)g(t) dt.

(B) The drift function G is not zero identically, and in the representation G(t) =
fot g(s) ds, function g € L»[0,T].

https://www.mii.vu.lt/NA
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Note that, under assumption (A), the covariance between integrals of deterministic func-
tions f € L3[0,T] and g € L]0, T] w.r.t. the process B equals

T

E/Tf(s)st/g t)dB; =(I'f,g).
0

0

3.2 Likelihood function
Now we establish the form of the likelihood function. In this order, introduce the notation
Fiyty =0(Xty, oo, Xiy) =0(Biy, -, Biy)s
the o-field generated by the observations Xz, ,..., X:,.
Theorem 3. Let T be fixed, assumptions (A), (B) and additional assumption
(C) there exists a function hy € Ls[0,T) such that g = I'hp

hold. Then one can choose

T T
92
=expl 0 | hr(s — [ g(s)hr(s) ds} 9)

0

as a likelihood function.

Proof. Let us show that the function L(6) defined in (9) is a density function for the
distribution of the process {X¢, t € (0,T]} for a given  w.r.t. the distribution of the
process { By, t € (0,T]}, which coincides with {X;, ¢ € (0,7]} when § = 0. In other
words, we need to prove that

APy = L(0)dP, forall f € R,

where Py is the probability measure that corresponds to the value of the parameter 6. For
that reason, let ¢ € R be fixed and prove

dPy = L(9) dP,.

It is enough to verify that for all N, for all ¢1,...,tn,0 < t; < --- <ty < T, for all

random events A € F;, . s
/ Py = / 9)dPR.

Under assumption (B), there exists ¢,, € (0,7 such that G(t,,) # 0. We can always
assume that for at least one of the observations Xy, , the inequality G(¢)) # 0 holds (oth-
erwise, due to the fact that A € F,, ;. . .y, We caninsert ¢, into the set ¢1,...,tx

Nonlinear Anal. Model. Control, 23(1):120-140



126 Yu. Mishura et al.

and repeat what follows). For such A,

/ dpPy = / LW (9) dPy,

A A
/L(ﬁ) dpPy = /Egzo (L) | X4y, ..., Xey ] AP,
A A

where L) (49) is a likelihood function (2) for discrete-time model. Thus, it is enough to
prove

/ LN () dPy = / Eo—o[L(Y) | X¢,,..., Xiy ] dPy,
A A

LM (9) = Bg—o [L(V) | Xtys- - Xiy]- (10)
Let us evaluate
Eo—o[L(¥) | X\, ..., X1y = Eg—o[L(¥) | AXN)] = Eg—o[L(¥) | ABW].
Note that X; = B, if § = 0. The random vector v = (fOT hr(t)dB;, (ABMN)TT
has multivariate Gaussian distribution because all its elements are linear functions in B;.

Ev = 0; evaluate its covariance matrix. The (k + 1, 1) element of the matrix Evv " is
equal to

E

T
/hT(t) dB; (By, — By,._,)
0

= <Fh’T7 1(tk,tk_1)> = <g7 l(tk,tk_1)> = G(tk) - G(tk—l))

which is the kth element of the vector AG®Y) (here to = 0); thus, the lower-left block
of the matrix EvoT is equal to E[[) hr(t)dB; ABN)] = AG™). Other blocks are
var[ [} hr(t)dBy) = (Thr, hr) = (g, hr) and var(AB™) = ). Thus, the covari-
ance matrix of vector v is equal to

T _ (lg.hr) (AGN)HT
Evw' = (AG(N) ) . (11)

By [1, Thm. 2.5.1], the conditional distribution of fOT hr(t) dBy is Gaussian with

T

/ hr(t) dB;

0

E ABM | = (AGM) T (rM)"tAB™),

T
var [/hT(t) dB; ‘ ABM) | = (g, hr) — (AG(N))T<F(N))—1AG(N). (12)
0
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Finally,
Eg—o[L(¥) | ABY]

T
exp{ﬁ/hT(s) dBs — %/g(s)hT(s> ds} ‘ AB™

0 0

=E

v? T (P~ aqy P

+ 7(<g,hT> —(AG™)) (r') T Agt) — 7@, hr)
= LM ().

Thus, (10) is proved. From the fact that (10) holds true for all sets of ¢, ...,¢x and for

all ¥ € R it follows that L(6) is a likelihood function. O

3.3 MLE and its properties
The MLE maximizes the function L(#). It equals

p fThT()dX

P R —— (13)
fo s)ds
Since X; = B; + fo s) ds, we have the following representation:
. hr(s)dB
QT =0+ fOT— (14)
fo s)ds
We see that the estimator is normally distributed and unbiased. Its variance equals
T
5 Vaf[f hT( )dBs]  (Thp,hr)  {(g,hr) 1
var O = = 5 = 5 =~ .
(g s)ds)2  (g,hr) {9:hr)* [T g(s)hr(s)ds

Remark 1. Under the assumptions of Theorem 3, the denominator in the definition of the
estimator (13) is positive. Indeed, by (12),

T

/ 9(s)hp(s) ds = var

0

T
/ hr(t) dBY) ’ ABM)
0
> (AGM) T (rM) T ag™ > o,

+ (AGM) T (T~ Ag)

The last inequality holds if G(¢;) # 0 at least for one k because, in this case, AGY) #£ 0,
and the matrix (I"™))~1 is positively definite.

Nonlinear Anal. Model. Control, 23(1):120-140
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3.4 Relations between discrete and continuous estimators

Let0 =1y < t1 < lg < -+ <ty < T. Consider the discrete estimator #) and the
continuous estimator . Using (4) and (14), we can write

Or \ _ (0N, (they ’ v
o) ) — \ 6o 0 (AGIH) TN =1 AGIN) =L AGIN) T (P(N))=1 ) ™

where the vector v is defined in the proof of the Theorem 3. By (11), we get
A A T 1 1
B (ﬁT —0 ) (ﬂT —0 ) _ (@ )
Q(N) -0 Q(N) —0 9.he) (AGEN T (T —TAGE)
whence

~ ~ T
JEEAIE RV ———
Q(N) — GT Q(N) - QT 0 (AG(N))T(F(N))—lAG(N) - (g,hT)

The random variables éT —@and 6N) — éT are linear functions of the Gaussian process B.

Therefore, they have bivariate normfll distripution. }Ience, their uncorrelatedness implies
their independence. Consequently, f7 and §¥) — @1 are independent. Then

var f) = Var(é(N) — éT) + var éT > var éT. (15)

Note that the function G(¢) is continuous. Therefore, under assumptions of Theo-
rem 3, there exists Vg such that for all N > Ny, G(k/N) # 0 for some 1 < k < N.

Theorem 4. Let the assumptions of Theorem 3 hold. Construct the estimator ON) Sfrom (3)
by observations Xty /N, k =1,...,N. Then o) converges to O in mean square.

Proof. By Lemma A.2, there exists a sequence of piecewise constant functions g :
[0,T7] — R (constant on the intervals ((k — 1)T/N, kT /N)) such that fy — hr in

L5[0,T), and fOT In(s)g(s)ds = fOT hr(s)g(s) ds for sufficiently large N. The function
fn (t) can always be chosen in the form

In(t) = Z ank 1((k—1yr/N, kr/N) (1)

k=1
Denote ay = (CLN’l, AN,25 « -y (J,N,N)T. Then
<FfN7fN> — <FhT, hT> as N — oo. (16)
We have
N N
(I'fn, fn) Zzakal I'1((k—1y1/N, kT/N)s L(1=1)T/N, 1T /N]) -
k=1 1=1
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It follows from assumption (8) that
(I' Y((k—1yr/N, kT/N]> L((1=1)T/N,1T/N])
= E(B—nr/N — Beryn)(Bu—1yr/N — Bir/n)

is (k, 1)th element of the matrix I"™). Thus, (I'fx, fx) = af I'™a,. Recall also that

(Thy, hr) = (g,hr), var@p = 1/(g, hr). Hence, convergence (16) can be written in
the form
aNTNMay — (g, hr). (17)

For sufficiently large IV, we have

N kT
Sl 5

"))
N kKT/N N kTN
= Z aN,k / Z / dt
k=1 (k—=1)T/N k=1 (k—1)T/N
T T
— [ gyt = [ hr(og(t)dt = (g, hr).
0 0
Taking into account Lemma A.3 and convergence (17), we get
A 1 ayIT'Mg 1 -
var ON) = <X N, = varfr.
(AGNN)T (Pt AGN) — (ag AGMN)2 (g, hr) ’
By (15),
E(é(N) — é;p)2 = var (é(N) — éT) = var0N) — var éT
T V)
anI"Vay -
gmfvara’]’%o aSN*)OO,
whence the proof follows. O

Theorem 5. Let the assumptions of Theorem 3 hold. The estimator 62" constructed by
the observations Xy, on, k =1,...,2", converges to Ot a.s.

The proof repeats that of Theorem 2, where the reference to Theorem 1 is replaced by
the reference to Theorem 4.

3.5 Consistency of the estimator
Theorem 6. Assume that for all T > 0, there exists a function hy € L2[0,T)] such that
glo,r) = I'rhr (I'r denotes the dependence of the operator I' on T). If

lim inf &Bt
t—oo G(t)2

=0, (18)

Nonlinear Anal. Model. Control, 23(1):120-140
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then the estimator éT is consistent in mean square, that is,
E(r —0)> =0 asT — .

Proof. By (18), there exists an increasing sequence of positive numbers {¢j, k € N} such
that limy_, o t, = 400, for all k, the inequality G(tx) # 0 holds, and

var By,
k—>oo G(tk)

Denote by ¢(7") the largest ¢, that does not exceed T'. Then

ar B
lim val Zur)

A0 Gwme

The estimator éT is unbiased. Compare its variance with the variance of the estimator

Gt((T) constructed by single observation X7y (see (6) and (7) for the estimator and its
variance). According to inequality (15),
A1) var Bt(T)
(HT — 9) = V&I‘@T Va]f'0 t«T) = W —0 asT — +oo. O

Lemma 3. The stochastic process O (defined for all T such that fo hr(s)ds # 0) is
a process with independent increments.

Proof. Let us calculate the covariance between estimators with 77 < T5.

COV(éT1 s éTg )

B f hr, (s) dB, f hr,(t)dB, St ey, (w) hery (u) du
I th(S Yds [o gWhr,(t)dt [ g(s)hay (s)ds [} g(t)hr (1) dt
— fo th u) du ! = var fr.

0 ( )hT1( )dS 0 g<t)hT3 (t) dt fo hTs d
Therefore, for 0 < T7 < Th < T3 < Ty,
COV(éT2 — éT17 éT4 — éTg)
= COV(éT2 s 9AT4) — COV(QAT2 R éTg) — COV(&AT1 , éT4) + COV(éT1 s éT3)

= var 07, — var O, — var O, + var O, = 0.

The values of A are linear functions of Gaussian process X;. Hence they have joint
Gaussian distribution, and uncorrelatedness of the increments 0T2 — 0T1 and 9T4 — 9T3
implies their independence. O

Theorem 7. Under the assumptions of Theorem 6, the estimator Or is strongly consistent.

The proof repeats the proof of [13, Thm. 3.9].
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4 Examples

4.1 Model with subfractional Brownian motion

The subfractional Brownian motion B¥ with Hurst parameter H € (0, 1) is a centered
Gaussian random process with covariance function

2027 +2|s]*H — |t — s*H — |t + s*H

cov(BH, BT — ' ,

19)

see [4,20] for its properties. Obviously, neither BH nor its increments are stationary. If
{BE,t € R} is a fractional Brownian motion, i.e., a centered Gaussian process with
covariance function cov(BX BH) = (|t|*" + |s|? — |t — s]?/)/2, then the random
process (B} 4+ B,)//2 is a subfractional Brownian motion. Evidently, mixed derivative
of the covariance function (19) equals

92 cov(BE, BH)

KH(S,t) = 8t85

=HQ2H - 1)(|t —s*72 — |t + s[> 72).

If H € (1/2,1), then the operator I" = I'¥ that satisfies (8) for B¥ equals
T
DH () = / Kur(s,6) f(s) ds.
0

Consider model (1) for G(t) = t and B = BH:
X, =0t + B (20)

Let us construct the estimators V) and éT from (3) and (13), respectively, and estaplish
their properties. In particular, Proposition 1 allows to define finite-sample estimator (™).

Proposition 1. The linear equation T'} f = 0 has only trivial solution in L3[0,T). As
a consequence, the finite slice (B,fj{7 ce Bgv) with 0 < t1 < --- <ty has a multivariate
normal distribution with nonsingular covariance matrix.

Proof. Let f € L0, T] be a solution to equation I'Z f = 0. Then f; € L0, 277,

2T
fi(s)ds

T s =0 foralmostallt e (0,27),
— s

where f1(s) = —f(T'—s) for0 < s <T,and f1(s) = f(s—T) forT < s < 2T. Then
bothy = f1 € L1]0,2T] and y = 0 € L1[0, 2T are solutions to the equation

2T

d
/ m =0 foralmostall € (0,2T).

Nonlinear Anal. Model. Control, 23(1):120-140
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By statement (ii) of Lemma A.4, fi(s) = 0 almost everywhere on (0,27), whence
f(s) = 0 almost everywhere on (0,7'). Thus, the operator I'% is self-adjoint, compact,
and positive definite. It admits the spectral representation ' f = > X;(f,e)e;
with {e;, ¢ € N} an orthonormal basis in L3[0,7] and A; > 0 for all 4. Let 0 =

to < t1 < --- < ty < T be a partition of [0,7]. For the matrix FISN) and vector
v=(vy,...,on)" €RN,
o0
N
VT = (TH o, 1) = Y Nl fure)® 2 0, @1
i=1

where f, is piecewise constant function, f,(s) = vy for ty_1 < s < tx, and f,(s) =0
forty < s <T (ifty <T). The equality in (21) is attained if only {f,,, e;) = 0 for all 4.
That is only possible if f,, = 0 almost everywhere on [0, 7] and v = 0. O

Corollary 2. Since var(BE) = (2 — 22H-1)2H  the random process BY satisfies
Theorems 1 and 2. Hence, under condition t;y — +00 as N — oo, the estimator 0) is
Lo-consistent and strongly consistent.

In order to define the maximum likelihood estimator (13), we have to solve an integral
equation. The following statement guarantees the existence of the solution:

Proposition 2. If1/2 < H < 3/4, then the integral equation I'fl h = 1o 7y, that is,
T
/KH(s,t)h(s) ds=1 foralmostallt e (0,T) (22)
0

has a unique solution h € L0, T).

Proof. By Lemma A.5, the integral equation
2T 4
/“y(s)QzH = 1jp,27)(t) foralmostall ¢ € (0, 27T")
— S
0

has a solution y € L4[0, 2T]. Then

O/T (y(T +5) —y(T ~ 9)) (t — 1|H)d 1

for almost all ¢ € (0,7), and h(s) = (y(T' + s) —y(T — s))/(H(2H — 1)) is a solution
to integral equation (22). Note that h € L3[0, T'], and this finishes the proof. O

Corollary 3. If1/2 < H < 3/4, then the random process BH satisfies Theorems 3-7.
As the result, L(0) defined in (9) is the likelihood function in model (20), and 9T defined
in (13) is the maximum likelihood estimator. The estimator is Lo-consistent and strongly
consistent.
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4.2 Model with fractional Brownian motion and power drift

Let1/2 < H < 1and a > —1/2. Consider the process
X, =6ttt 4 B (23)

where X is a stochastic process observed on interval [0, 7], Bf is an unobserved frac-
tional Brownian motion with Hurst index H, and 6 is a parameter of interest. This is
a particular case of model (1) with g(t) = (o + 1)t*.

Now verify the conditions of the theorems. Due to Proposition 1, any finite slice of the
stochastic process { B{1, t > 0} has a multivariate normal distribution with nonsingular
covariance matrix; the process satisfies condition (A) with injective operator I'. Condi-
tion (5) holds true if and only if « > H — 1.

Corollary 4. If o« > H — 1, model (23) satisfies the conditions of Theorems 1 and 2. The
estimator 0N is Lo-consistent and strongly consistent (provided that limy_,oc ty =
+00).

Condition (B): g € L2[0, T holds true if and only if o > —1/2. The integral equation
I'h = g is rewritten as

h(s)ds a+1 4o
[t —sl2H-2  (2H -1)H

If « > 2H — 2, then the solution is

e T 1
_ ) _ qati—2H (L _ 2
h(t) = const <tH1/2(Tt)H1/2 ot W (t ,a, H 2)), (24)

where W(T/t, a, H—1/2) = OT/t_l(v + 1)@~ 1y!/2=H dy. The asymptotic behaviour

of the function W(T'/t, o, H — 1/2) ast — 0+ is

B(-H H-3—-0a) ifa<H-3,

T 1
t 2 9 Toa—H+1/2 X 1
2a+1—2H to—H+1/2 ifa>H— 3.

Therefore, the function h(¢) defined in (24) is square integrable if a+1—2H —max(0, a—
H +1/2) > —1/2, which holds if & > 2H — 3/2. Note that if & > 2H — 3/2, then
the following inequalities hold true: o > 2H — 2 (whence h defined in (24) is indeed
a solution to the integral equation I'’h = g), &« > H — 1 (whence conditions (5) and so
(18) are satisfied), and o > —1/2 (whence condition (B) is satisfied).

Corollary 5. If « > 2H — 3/2, the conditions of Theorems 3-7 are satisfied. The
estimator Or is consistent, Lo-consistent and strongly consistent. For fixed T, it can be
approximated by discrete-sample estimator in mean-square sense.
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Simulations

Tables 1 and 2 contain the results of numerical simulations for model (23) with o = 1
and o = 2, respectively. For ' = 1 and 7" = 10 and various values of H, we find hp
directly by (24). For 8 = 2, we simulate 1000 realizations of the process for each H and
compute the values of 9T by (13). The means and standard deviations of these estimates
are reported. We see that these simulation studies confirm the consistency of O1. The
results are quite similar for different values of H. Moreover, the increase of « increases
the rate of convergence.

Table 1. X; = 0t + B, 0 = 2.
H=0.6 H=0.7 H=08 H=09
T=1T=10 T=1T=10 T=1T=10 T=1T=10

Mean 1.9690 2.0046 1.9687 2.0098 1.9931 2.0203 1.9613 2.0354
Std. dev. 0.8361 0.0328 0.8033 0.0409 0.6977 0.0433 0.5668 0.0501

Table 2. X; = 0t + BH,0 = 2.
H=0.6 H=0.7 H=08 H=0.9
T=1T=10 T=1T=10 T=1T=10 T=1T=10

Mean 1.9820 2.0001 1.9847 2.0002 1.9512 1.9994 1.9827 1.9964
Std. dev.  0.7009 0.0027 0.6046 0.0032 0.5153 0.0033 0.3625 0.0033

Acknowledgment. The authors are grateful to Alexei Konstantinov for advice on the
short proof of Lemma A.1. We would like to thank three anonymous referees for their
useful comments and suggesting a number of improvements.

Appendix

Lemma A.l. If f € L3[0,T), then

" kT /n kT/n 2
. n
nl;ngoz / OB / f(s)ds | dt =o. (A1)
k=l D)T/n (k—=1)T/n

Proof. The lemma follows from the criterion of strong convergence of linear operators,
since (A.1) holds true if the function f(x) is continuous, the continuous functions make
a dense set in L [0, T'], and the sequence of linear operators

kT/n

" n
An(f)=Ff— Z T / f(s)ds L (k—1yr/N, kT/N]s f € L[0,T],
k=1 Gk _1)T/n
is bounded in the space of linear bounded operators L2 [0, 7] — L2[0, T'. O
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Lemma A.2. If f € 1[0, T), g € Ls[0,T), then one can choose a sequence of piecewise
constant functions {f,(s), n = no} (the Tﬁmctlon fn(8) is constant on the intervals
((k— 1)T/n k;T/n)) such that hmn_>Oo fo — fn(s))?ds = 0, and, for sufficiently
large n, fo In(t) fo

Proof. If g(t) =0 almost everywhere on [0 T, then the statement of the lemma follows
from Lemma A 1. In what follows, we assume that g(t¢) is not zero everywhere. This is
equivalent to fo lg(s)|ds > 0. Put

kT /n
sn(t) = sign( g(s) ds), (k= DT <t< E,
n n
(k=1)T/n
T n kT /n
Vi = /sn(t)g(t) dt = Z g(s)|ds.
0 T
Then
t T
hﬁm Vi = Var/ (s)ds = / lg(s)| ds > 0. (A2)
0 0
In particular, V,, > 0 for sufficiently large n. Put
kT/n
n k—1)T k
qi)n(t):T f(s)ds, ( ) <t < —;
(k—1)T/n
T
f(s) — dn(s))g(s)ds
fat) = dn(t) + Jo (716) (5))gs) sn(t). (A3)

Va

Then ¢, — f in Ly[0, T]. Therefore, the numerator in (A.3) tends to 0. It follows from
the uniform boundedness of s, (¢) and (A.2) that f,, — f in L2[0, T]. Moreover,

T T T
= [ouwgyar W= [ )00
0 0

T T T
- / Gu(t)g(t) dt + / (F(5) — bn(s))a(s) ds = / F(B)g(t) dt
0 0 0

for all n such that V,, > 0. L]

Lemma A.3. Let M be a positively definite n x n-matrix, a and b be n-dimensional
vectors. Then a' Mab" M~1b > (a"b)%
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Proof. The statement of the lemma holds if b = 0. Otherwise, M ~! is also positively
definite, therefore, b M ~1b > 0. Then

@b N\ @b
< [ S, -
0< (a bTMfle b) M(a bTMfle b

(ab) (a'b)

_ T T —1 T —1 —1
T1,)\2
_ T (a’b)
=a Ma—m D

Lemma A4, Let0 <p < landb> 0.

(i) Ify € L1]0,b] is a solution to integral equation

b
y(s
/ = S|p f@) (A4)
0
for almost all t € (0,b), then y(x) satisfies

o) = I'(p) cos 2 2 (1-7)/2 <x1_pD((Jl+p)/z< f(x) )) (A5)

'/T;L'(lfp)/2 b— 1’(1*13)/2

almost everywhere on [0, b], where D¢ . and Dy'_ are fractional derivatives,

N S ()
Da (x)_F(loz)dx</(xt)adt>’

a

b
. B -1 d f(t)
Dy f(z) = de(/ (t —x) dt)_

x

(i) If y1 € L1]0,b] and yo € L1[0,b] are two solutions to integral equation (A.4),
then y1(x) = yo(x) almost everywhere on [0, b).

(i) If y € L1]0,b] satisfies (A.5) almost everywhere on [0,b] and the fractional
derivatives are solutions to respective Abel integral equations, that is,

Gz =

| /tDéi‘W(f(x)x@W) _ I a6
) |

for almost all t € (0,b) and

b

e e e A9

150 To)jcos T (s —a)wr 2P/

x

for almost all x € (0,b), then y(s) is a solution to integral equation (A.4).
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Sketch of proof. The integral equation is solved in [6, 11]. In [6, Sect. 2.3], the equation
is rewritten as

£(1-p)/2 j 1 /bsup)/zy(s) A4
T= .
B 58 ) G- norr | o

T

For the new equation, the statement of the theorem can readily be obtained. O

Lemma A.5. Let 1/2 < p < 1 and 0 < £ < b. Then the integral equation

b
/ t|p = 1 4)(t) foralmostallt € [0,D] (A.8)
0

has a unique solution y € L]0, b].

Proof. By Lemma A .4, if the solution to (A.8) exists within L [0, b], it is equal to

__ Tp)cos aomizf pop d [ [ Len(s)ds
v = PET) (1 oz Do dz /s<1—p)/2(a;_s)<1—p>/2 '
0

Note that the function

r 1iep(s)ds 0 for0 <z <&,
/ s(1=p)/2(x — 5)(1-p)/2 2PB(1 — g;ﬂlf’#) foré <ax<b ’

2

is absolutely continuous on [0,b] and is equal to O at the neighbourhood of 0 (here
B(z;a,8) = [y t*7*(1 — )P~ dt is the incomplete beta function). Then, by [17,
Thm. 2.1], its derlvatlve is a solution to Abel integral equation

x

t
1 / 1 d / 1iep(s)ds dt _ 1iep (@)
r(52) ) (et de ) sA=P)/2(t — 5)1=P)/2 | (z — t)(p+D/2 — z(-p)/2

0 2

Thus, condition (A.6) holds true for f(x) = 1j¢ (7).
The derivative of the right-hand side of (A.9) for x > £ is equal to

a( f ds _ P 5(q § pt+l p+1 gpt)/2
ww\ ) STy or) T as\U Ty 2 2 )T ae—ga e
:

Thus,

I'(p) cos &

_ (1-p)/2 (1-p)/2
—W(Db_ Gi(z) + Dy P %Gy () (A.10)

y(x)
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with Gi(z) = pB(1 — &/z; (p + 1)/2, (p + 1)/2) (e 100 (@), Ga(w) = £PFV/2/
(09 (x — )1 1/2) 1 1) (a).

The function G1(z) is continuous, therefore G; € Lo[0,T]. Also, it is piecewise
differentiable and Holder with exponent (1 + p) /2. Consequently, its fractional derivative
D(l P /2G1 is bounded on any interval [0,b;], 0 < by < b, see [17, Thm. 13.6]. It makes
a solutlon to Abel integral equation: I (1= ) D(l_p )/ ’Gy = Gy almost everywhere on
(0,b). At the neighbourhood of b, it has the asymptotic behaviour: D(l »)/ °Gy(z) ~
G (B)/(T((p + 1)/2)(b — 2)-P/2), 2 = b Thus, DI/, € Ly[0,b],

The function Ga(z) is plecew1se continuous, unbounded as x — &+, and G2 €
L5[0,b]. In order to prove that D p)/2G2 € L]0, T], we use Theorem 13.2 from [17],
according to which, I(1 ”)/QD(1 p)/ZG = (5 and Dl(,l_ PG, e L5[0,b] if and only
if two conditions hold (i) G2 € L»]0,b]; and (ii) 9. converges in Lo[0,b] as e — 0+,
where

e Joo B ar, 0<z<b—e
W)= b _Ga(wdt _ —2Ga(x
fx+e (t—r)2<(3*)r’>/2 = 1—2;0( )(e(lflp)/z - (b_l-)(ll—p)/2)7 b—e<z<h,

for b — € < z < b. Condition (i) holds true. Condition (ii) is an immediate consequence
of the following assertions:

e The integrand, which equals either (Go(t) — Ga(z))(t —2)P~3/2if x +e <t < b
or —Gy(t)(t —x)P=3)/2if b <t < x4 e, t > x, is positive or zero if 0 < z < €
and negative if & < x < b. Therefore, for fixed x, 1. (z) is monotonous in €.

o Ate =0,

0, 0<z<¢,
Yo(z) =4 ¢ +1)/2 1 1

fpxp(x_g)u—m/z((b_x)u—p)/z — ), §<z<b

belongs to L [0, T1.

o Ate =0,
b
[ Ga(t) — Ga(x)
Yo() /(t_x)(g_p)/th?
and
const
|40 ()| T
with
const — 5(1 p)/2 14+p du _ 5(1—1))/2(3 —p)
1-— e P)/2(1 + u)(3*17)/2 (1 —p)Q ’

0

Therefore, 1y € L2[0, b].
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o lim. 04 ¢c(x) = tYg(x) for all z, 0 < x < b, because the Lebesgue integral
is continuous-on-the-right with respect to the lower limit. The limit is finite at
the points where vo(z) is finite, i.e., almost everywhere on (0,b); however

lim 04 ¥e(§) = +o00 = Yo (§).

Thus, Dl()l:p )/ 2G2 € L5[0, b]. Moreover, for z < &, the function

b
(1-p)/2 _ 1 / Gz(t) dt
D, G =
b— 2() F(pgl) / (t —x)B-p)/2

is bounded in the neighbourhood of 0.

Since the function Dl()l:p)/zGl(x) + Dél:p)/QGg(x) is square integrable on (0, b)
and bounded in the neighbourhood of 0, multiplying it by 2(P~1/2 does not drive it out
of L2[0,b]. Thus, y € L]0, b], see (A.10). From (A.10) and equalities

11517*17)/2DI(717*P)/2G1 =G, and Ilgl,ip)/2D£1,7p)/2G2 =Gy

it follows that

(1-py/2 (T (P)y(x)x-P)/2\ — a—pp-py/2 L ()
I~ ( [(p) cos 27 = Gi(z) + Ga(z) = 27 PDy, —iopz )

Condition (A.7) holds true. By statement (iii) of Lemma A.4, y(x) is indeed a solution to
integral equation (A.8). Uniqueness of the solution to (A.8) follows from statement (ii) of
Lemma A.4 and from the fact that L3[0,b] C L]0, b]. O
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