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Abstract. In this study, under some suitable assumptions, we determine an explicit eigenvalue
interval for the existence of positive solution of singular fractional-order nonlinear elastic beam
equation with bending term. Our analysis rely on cone theoretic techniques. Moreover, we consider
some special cases and an example to affirm the applicability of the main result.
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1 Introduction

Recently, fractional differential calculus has attracted a lot of attention by many resear-
chers of different fields, such as: physics, chemistry, biology, economics, control theory,
biophysics, etc. [11,15, 16]. Since the fractional integrals and derivatives have more abil-
ities to describe phenomena, it means that they can decrease errors occurring in modeling
of real-life events, thus, studying of fractional systems solutions becomes one of the most
significant challenging part of applied mathematics.

Also, fourth-order differential equations often used to describe the deformation of
elastic beams and so are important in mechanics and engineering problems. Many authors
have investigated fourth-order differential equations with different boundary conditions
(see, for example, [1,2,5-7,9,17,19,25]).

So, due to the importance of fractional differential equations and fourth-order differ-
ential equations, the existence of positive solutions of fractional-order beam equations has
been studied by many authors.

Xu et al. [24], considered the existence of positive solutions for fractional-order beam
equation

Du(t) = f(t,u(?)), 0<t<1,3<a<i, (1)

*This research was supported by Iran National Science Foundation (INSF) grant No. 93043645.

(© Vilnius University, 2017


mailto:khodabakhshi@aut.ac.ir
mailto:vaez@aut.ac.ir

822 N. Khodabakhshi, S.M. Vaezpour

with the boundary condition
w(0) = u(1) =4/ (0) = u'(1) = 0,

where f has singularity at z = 0, and D is the Riemann-Liouville fractional derivative.

The authors in [23] investigated the existence of positive solutions of singular super-
linear (or sub-linear) integral boundary value problems (1) with Caputo derivative and the
integral boundary condition

au(0) — bu’'(0) =0 cu(l) +du'(1) = 0,

)
1

"

u’(0) + " (0) = [ () dp(),
1) +u" (1) u”(1)dq(r) = 0.

u//( +

o/
/1
0

Chen and Liu [4] studied the singular Riemann-Liouville fractional-order elastic beam
equation (1) with the following conditions:

lim ¢4~ *u(t) = a, lim D 3u(t) = b,

t—0 t—0

u(1) = D*3u(1) = 0.

Their analysis relies on the well-known Schauder’s fixed-point theorem.
In [14], by using fixed-point theorems on cones in a Banach space, there is discussed
Deu(t) = f(t,u(t),u (t)) with the conditions
lim #*~%u(t) = tlin(l)t‘ifau’(t) =0, 0<t<],3<a<4,
—

t—0

u(l) =4/(1) =0,

where D is the Riemann—Liouville fractional derivative.
Liu [13] considered the following boundary value problem for nonlinear singular
Riemann-Liouville fractional-order elastic beam equation:

Du(t) = f(t,ut),d'(t),u"(t), 0<t<1, 3<a<4,
lim #*~*u(t) = u(1) = 0,
t—0

D*734(0) = /(1) = 0.

Furthermore, the eigenvalue problems are one of the most noteworthy theories such
that they have been concerned by some authors; see [3, 10, 18,20-22,27]. For example,
Bai [3] considered the Caputo fractional ordinary differential equation boundary value
problem

Du(t) + Ah(t) f(u(t)) =0, 0<t<1,2<a<3,
u(0) = u'(1) = u"(0) =0
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Jiang [10], by using the fixed-point index theory and Krein—Rutman theorem, studied
the eigenvalue interval of the multi-point boundary value problem

Du(t) — Mu= Af(t,u(t), 0<t<1l,0<a<l,
u(0) =Y Biu(&),
1=1

where, M > 0and 0 < & < & < - < &, < 1and D is the Caputo fractional
derivative.

Wang et al. [20] gave the eigenvalue interval for the following nonlinear Caputo
fractional differential equation with integral boundary condition:

Du(t) + Af(t,u(®) =0, 0<t<l,n<a<n+1,n>2,
u(0) = u"(0) =+~ =u(0) =0,

1
u(l)zﬁ/u(s)ds7 0<é<2.
0

Wang and Guo [22], by using the fixed-point theory, investigated the following eigen-
value problem:

Du(t) + Af(t,u(t)) =0, 0<t<1,1<a<2,

au(0) — bu'(0) = 0,
1

u(l) = /k(s)g(u(s)) ds+p, p>0,
0

where D is the Caputo fractional derivative.

Therefore, it seems that few papers consider the eigenvalue problem of fractional
differential equations, especially with integral boundary conditions.

Our aim in this paper is to give an eigenvalue interval for the existence of positive
solution of the following nonlinear elastic beam equation with the bending term:

Du(t) + Af (¢, u(t),u’(t)) =0, 0<t<1,
1

u(0) =u(l) = /k:(T)u(T) dr,

0

(@)

u”(0) +u”(0) = [ g(r)u"(7)dr,

u' (1) +u" (1) = [ g(r)u(r)dr,

S O~ _

Nonlinear Anal. Model. Control, 22(6):821-840



824 N. Khodabakhshi, S.M. Vaezpour

where 3 < o < 4, A >0, f € C([0,1] x [0,00) X (—00,0],[0,00)) and D is the Caputo
fractional derivative. Also f (¢, x,y) may also have singularity at z = 0 and/or y = 0.

The innovation of this study is that the nonlinear term f involves the second-order
derivative of the unknown function v as bending term, which represents bending effect.
Besides, we consider the eigenvalue problem of fractional-order beam equation, which
only a few results exist, so, from this point of view, we generalize some recent works.

Motivated by [12, 23], we first construct Green’s function for problem (2) with the
help of some lemmas and then obtain the property of Green’s function in Section 2. In
Section 3, we specify the range of the eigenvalue A such that, in this interval, problem (2)
has at least one positive solution. The paper concludes with an illustrative example.

2 Preliminaries and lemmas

In this section, we present some definitions and lemmas, which will be needed later.
Let AC|0, 1] be the space of functions, which are absolutely continuous on [0, 1],

AC™0,1] = {u: [0,1] — R and (D"‘lu)(t) € AC[0,1], D = i}

Definition 1. (See [11].) The Riemann—Liouville fractional integral of order v > 0 is
defined by

t
1

I*u(t) = () /(t —8)* tu(s)ds, t>0,
0

provided that the right-hand side is pointwise defined.

Definition 2. (See [11].) If u(¢t) € AC™[0, 1], then the Caputo fractional derivative of
order « > 0 exists almost everywhere on [0, 1] and is defined as

Du(t) = (I"~“D"u) (t).
Remark 1. The following property is well known:
DPI%u(t) = I Pu(t), o> >0, u(t) € L*(0,00).
Lemma 1. (See [11].) Letr oo > 0. If u(t) € AC™[0,1] or u(t) € C™|0, 1], then

S u®(0)

I*D%u(t) = u(t) — o ¥,

k=0

Now, we mention the following fixed-point theorem on cones, which will be used to
establish our main theorems.

Let K be a cone in a Banach space F, and let K, = {z € K: ||z| < r}, 0K, =
{zeK: |z||=r},and K, p = {x € K: r < ||z|| < R}, where 0 < 7 < R < oo.

https://www.mii.vu.lt/NA
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Theorem 1. (See [8].) Let K be a positive cone in a real Banach space F, 0 < r <

R <oo,andletT : K, p — K be a completely continuous operator such that

) |Tx|| < ||zl for z € OKg;
(ii) There exists e € 0K such that x # Tx 4+ me for any x € 0K, and m > 0.

Then T has a fixed point in ?r, R

Remark 2. If (i) and (ii) are satisfied for x € 0K, and z € OKRg, respectively, then
Theorem 1 is still true.

The following hypotheses will be used in the sequel:

(H1) Leth(t)€C(0,1) be a given nonnegative function such that fol(l—s)“_“h(s) ds
exists.

(H2) The nonnegative functions g, k in (2) are in L'[0, 1] such that

1 1
0<1/:z/g(7)d7’<1 and Og/k(T)dT<1.
0 0

Lemma 2. (See [23].) Assume that (H1) holds. Then the boundary value problem

D 2y(t) = h(t), 0<t<l1,3<a<4,

y(0) +4'(0) =0, y(1) +4/(1)=0 (3

has a unique solution

y(t) /Ga(t, s)h(s)ds,
0

where

a—3 a—3 a—4
Coslt (ol g B0l 0<s<t< 1,

(1—)°=3(1—1) | (1—8)°—*(1—1) @
T(a—2) + T(a—3) ) O0<t<s<l.

Gu(t,s) =

Lemma 3. Assume that (H1) and (H2) hold, then the integral boundary-value problem
D %y(t) =h(t), 0<t<1,3<a<4,

1 1
5
v +y0) = [y +y0 = [goumar
0 0

has a unique solution
1

ymz/@wwmm&

0
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where
GQ(tas) = Ga(tas) +Hoz(tvs) (6)
such that )
Halt:s) = 1 [ 9(r)Galr.s)dr, Q
0

v defined in (H2), and G (t, s) is given by (4).
Proof. Letw(t) = fol G (t, s)h(s) ds and satisfies
D> 2w(t) = h(t), w(0) +w'(0) =0,  w(l)+w'(l)=0.

Let y(t) be a solution of (5), z(t) = y(¢) — w(¢),

0
2(1)+2'(1) = g(7)z(7) dT—|—/g(7’)w(T) dr.
0

Also, D*~22(t) = 0 implies z(t) = co + c1t. Substituting () in (8), we obtain that
1 1
wter = [o@e+arar+ [y
0 0 ©)

o+ 20, — / o(r)(co + err) dr + / g(rYw(r) dr.
0 0

By solving the above system, we obtain c¢; = 0,

_ Jy9(w(r)dr
1—v '

z(t) = co

Now,

https://www.mii.vu.lt/NA
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Then y(t) fo Ga(t, s)h(s) ds such that Go(t, s) = G (t, s) + Hu(t, s) and

1
/g dr. O
0

Lemma 4. (See [26].) Assume that (H2) holds. Then the boundary value problem

H,(

—u"(t) =yt), 0<t<l1,

/ (10)
u(0) = u(l) = /k(T)u(T) dr
0
has a unique solution u given by
1
() = [ () (an
0
where
) 1
Hy(t,7) = G1(t, —&——/G,kd7 12
{7 = Gu(67) e | Gl ko (12
Gl(t,r):{T(lt)’ 0<r<t<l, .
t(l—7), 0<t<7T<1

(14)

o

has a unique solution

(t):/ tT(/GQTS )dr,

where Go(1,s), H1(t, T) defined in (6), (12), respectively.

Nonlinear Anal. Model. Control, 22(6):821-840
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Proof. Lety(t) = —u”(t). Then y(t) satisfies that
D ?y(t) = h(t), 0<t<1,

y(0) +4/(0) = / g(y(r)dr,  y(1)+y/(1) = / g(r)y(r) dr.

Then, by Lemma 4, the boundary value problem

=" (t)=y(t), 0<t<]1,

i (15)
w(0) = u(1) = / k(r)u(r) dr
0
has a unique solution
1
u(t) = [ Ha(t. () o (16)
0

and, by Lemma 3, we have

y(t) = /Gg(t,S)h(S)dS,
0

(t):/ ”(/Gm )d -

Now, we obtain the properties of the Green’s functions.

SO,

Lemma 6. (See [26].) Let (H2) holds. Then

pGi(r.7) S Hi(t7) SAGi(rT) < 1 V7€ (0,),
where .
Jo Gi(s,s)h(s) ds 1
p = Y= ——
1—f0 k(r)dr 1—f01k‘7' dr

Lemma 7. (See [23].) Let 3 < a < 4. Then the Green’s functions G, (t,s), Hy(t,s)
defined by (4), (7) have the following properties:

(P1) Gu(t,s) € C([0,1] x [0,1]), Gu(t,s) > 0fort,s € (0,1).

P2) Gu(t,s) = ((1 —1t)/2)Ma(s), maxogi<i Galt, s) < Mo(s), where My (s) =
2(1—5)*3/T(a—2)+ (1 —8)>4/T'(a—3),s€[0,1).

(P3) By (H2), we have H,(t,s) > 0forall s € [0,1].

https://www.mii.vu.lt/NA
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Lemma 8. Let 3 < o < 4. Then the Green’s function Ga(t, s), defined by (6), has the
following properties:

(R1) Ga(t,s) € C([0,1] x [0,1)), Ga(t,s) > 0fort,s € (0,1).

(R2) Ga(t,s) = ((1 —t)/2)Mq(s), maxogic1 Ga(t, s) < (1/(1 —v))Ma(s),

Proof. Clearly, property (R1) holds. For (R2), from property (P2) for ¢t € [0,1],s € [0,1)
we have

1 1
1 1
= <
H,(t,s) T /g(T)Ga(T, s)dr < . /g(T)Ma(s) dr
0 0
v
T 1- VMa(s)
So,
Ga(t,s) = Galt,s) + Halt, s) < Ma(s) + 5 Y —Ma(s)
1
Also,

Ga(t,s) = Gu(t,s) + Ha(t,s)

1

1—-1t 1 1—7

> ——M, M,

M)+ 1 [ e M) dr
0

Taking into account (15) and (11), problem (2) reduces to the following problems:

1
Da_2y(t) = )‘f <t7/H1 (t77)y(7—) dT? _y(t)>v
0
0<t<1,3<a<4, a7

y(0) +4/(0) = y(1) + ¢/ (1) = / g(rYy(r) dr.
0

If y* is the solution of (17), then

1

u(t) = /Hl(t,T)y*(T) dr

0

is the solution of (2). So, the existence of a solution of problem (2) follows from the
existence of a solution of problem (17).

Nonlinear Anal. Model. Control, 22(6):821-840
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Now, we define an integral operator S : C[0,1] — C[0, 1] by

Sy(t) = / Hi(t, 7)y(7) dr.
0

Lemma 9. The boundary value problem (2) has a positive solution if and only if the
following integral-differential boundary value problem has a positive solution:

D*2y(t) = Af(t, Sy(t), —y(t)), 0<t<1,3<a<i,

1
(18)
90)+5/0) =y(1) +y'(1) = [ g(ry(r
0
Proof. If u is a positive solution (2), let u = Sy, then y = —u/. This implies v” = —y
is a solution of (18). Conversely, if y is a positive solution of (18), let u = Sy, u” = —y.
Thus, u = Sy is a positive solution of (2). O

Assume the following assumptions hold:

(H3) f e C((0,1) x (0,00) x (—00,0),[0,00)) and0<f0 s)ds < oo.
(H4) Forany0 < r < R < o0,

lim sup
n—roo u,fvEfT.,R

(s), fv(s)) ds =0,

where D,, = [0,1/n] U [(n — 1)/n, 1], and put

1
1

/Ma(s) ds, = min /G2 (t,s)
-V t€la,b]C(0,1)

0

Note that, by (H3), there exist a, b € (0, 1) such that

b
0< /Ma(s)ds < 00,

a

then
1

1
min /Gg(t, /Ma )ds < 0.
t€[a,b]C(0,1) —v
0 0

Now, we concentrate our study on (18). Let

C*[0,1] = {x € C[0,1): = > 0},

K= {x € C1[0,1]: x(t) is a concave function, min  z(t) > w(l — 1/)Hx||},
t€la,b]C(0,1)

https://www.mii.vu.lt/NA
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where w = mineq, blc (o, 1(L1=1)/2, [[2|| = sup,ejo 11 [2(t)| for z(t) € C[0, 1]. Ttis easy
to see that K is a cone in C[0,1] and K, p C K C C [0, 1]. Now we define an operator
T:K\{0} - C*[0,1] by

/ (s,8y(s),—y(s))ds, tel0,1].
0

Clearly, y is a solution of problem (18) if and only if y is a fixed point of the operator T'.

Lemma 10. Suppose that (H2)-(H4) hold. Then T : K, r — C%[0,1] is a completely
continuous operator. Moreover T(K , r) C K.

Proof. We prove that, for any » > 0,

sup
yeoK, L —V

1
/Ma(s)f(s, Sy(s), —y(s)) ds < oco. (19)
0

Also, it shows that 7' : K \ {0} — CT[0,1] is well defined.
By (H4), for any r > 0, there exists a m € N such that

s f(s,Sy(s), —y(s)) ds < 1.

yeOK,

For any y € 0K, let y(to) = max;e[o,1) |y(t)| = r. By the concavity of y(t) on [0, 1],

(t)>{:§, 0<t<to, 0,
Y\a) 29 ra-n
T tost< L
Then we get
rt, 0 < t<to,
y(t) = (21)
r(1—t), to<t<l.

So, from (21) and Lemma 6, for any ¢ € [1/m, (m — 1)/m], we have r/m < y(t) < r
and

Im
U min /Hlts < Sy(t)
m m te[l/m,(m—1)/m]
r max /Hl(t,s) ds < 11“7
te[l/m,(m—1)/m] 4

0

where I, = minge(t /m, (m—1)/m] fol Hy(t,s)ds.

Nonlinear Anal. Model. Control, 22(6):821-840
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Let
M,y :max{f(t,w,y): (t,,y) € [;7771_1} X {W)W] % [—7‘, _T]}

By (H2)-(H4), we have

< sup / Ma(s)f (s, Sy(s), —y(s)) ds
yEOK, 1-v

(m—1)/m

Ma(s)f(sv Sy(s), —y(s)) ds

A
<1+M117V/Ma(s)ds<oo.

This also implies T'(B) is uniformly bounded for any bounded set B C Fn R-

By standard proof, T is equicontinuous, and then, by the Arzela—Ascoli theorem,
T: fn p— CT [0, 1] is compact. Also, this is easily verified that T is continuous, so,
we omit the proof. Thus, 7" is completely continuous. Now, we show that T'(K, r) C K.
Forany y € K, g, t € [0, 1], we have

(Ty)(t) = A / Ga(t, 5)f (5, Sy(s), —y(s)) ds
0

1
A
A / Ma(8) (s, Sy(s), —y(s)) ds.
0
Thus,
\ 1
73l < 12 [ Malo)f (5,500 ~y(s) s
0
On the other hand, we have
Ty)(t) = A [ Gat, S
tgﬁr})]( énf}) / 2(t,5)f (s, Sy(s), —y(s)) ds

> w / Mo (s)f (s, Sy(s), —y(s)) ds.

https://www.mii.vu.lt/NA
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This implies that min,c(, 5(Ty)(t) > w(l — v)||Ty|. Besides, it is clear that Ty is
concave on [0, 1]. Thus, T’y € K and, consequently, T'(K, g) C K. O

3 Main result

Theorem 2. Suppose that (H1)-(H4) and the following condition holds:

t
(H5) 0< f0= lim sup max ftz.9) < L7,
lzl+]y|—0 (20, y<0) t€0.1] [Z] + [y]
0<i'<fy = Jim inf PAGEN)

mi B
2]+ |y]— o0 (z>0, y<0) tefa,b] |T| + |y

Then problem (2) has at least one positive solution for

1 1
(77 7) 2
where Q, | are defined by (H4), and L := (y/4+ 1)Q.

Proof. We establish assumptions (i), (ii) of Theorem 1. First, we show that ||Ty|| < ||y]|
for all y € OK,.. Let A satisfy (22), and € > 0 be chosen such that

1 1

Feme Goma S S ar

Next, by (H5) there exists 79 > 0 such that

(23)

ftz,y) < (FO+€)(lzl +y)) VEe0,1], 0< ||+ |yl <70, >0,y <0, (24)
1
su(o] < [ e ryun)]dr < Tl
0
Then, by taking r = ro/(v/4 + 1),

0 < [Sy()| + |yt)] < (Z + 1>||y| = (Z +1>r—ro, 0<t<l. (25)

It follows from (24) and (25) that, for any y € 0K,

1
ITyll = max X [ Ga(t, $)f(s.Sy(s), —y(s)) ds

1—v

0
N [ M) (s Suls). () ds
0

Nonlinear Anal. Model. Control, 22(6):821-840
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1
< iy/Ma(s)f(S,Sy(S)y—y(S))ds
’ 1
ST (74 [ Ma(s)(|Sy(s)| +[y(s)]) ds
|
—A(fO +e) T 1) [ Ma(s
1—1/(4 ) 0/

—Mﬁ+a(4+0m9<r=mw

Thus, ||[Ty| < |ly|| forally € K.

Now, we establish the second condition of Theorem 1. For the above ¢, by (HS), there
exists 2y > 0 such that

ftzy) > (fo — (2] + [yl),  t€la,b], |2+ |yl = Ro, x>0, y <0.

Let R = max{2r,w 'Ro} and ¢(t) = 1, ¢ € [0,1]. Then R > r and ¢(¢) € OK;. By
contradiction, suppose that there exists y9 € 0K g and mg > 0 such that yo = T'yg+mop.
Let ¢ = min{yo(¢): ¢ € [a,b]} for any s € [a, b],

[S90()] + |so(s)] > min [[Syo(s)] + [so(s)[] > min [yo(s)]

2 wllyol = wR > Ro.
Consequently, for any ¢ € [a, b], we have

m@—AjGﬁwﬁ@ﬁ%®rM@D®+mww
!
> [ Galt,)f (s, Sun(s): () ds + mo
> Ao — ) /Gg(t,s)(‘Syo(s)’ 4 Jyo(s)]) ds + mo
>M&—@/wamwmm+mo

> M foo — €)¢ min /ths ds + mg

tela,b]

= (+mgy>C.
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This implies that ¢ > ¢, which is a contradiction. By Theorem 1, it follows that 7" has a
fixed point y* with r < |y*| < R. Thus, y* is a positive solution of problem (18). So, the
boundary value problem (2) has a positive solution. O

Remark 3. Since 0 < | < L < oo, we obtain 0 < 1/(Ifs) < 1,1/(Lf°) > 1. Thus,
1€ (1/(Ifx),1/(Lf%)), so, when A = 1, Theorem 2 holds.
Remark 4.

() If foo = 00, fO > 0, then Theorem 2 holds for each X € (0,1/(Lf9)).
(ii) If foo = 00, fO = 0, then Theorem 2 holds for each A € (0, c0).
(iii) If foo > 171 > 0, fO = 0, then Theorem 2 holds for each A € (1/(Ifx), 00).

Theorem 3. Suppose that (H1)—-(H4) and the following condition holds:

t
(H6) 0< f>* = lim sup 7f( % Y)
||+ |y|— oo (>0, y<0) tE[0,1] |lz[ + |y

ftzy)

11 n X
|2 |+|y|—=0 (>0, y<0) tefa,b] x| + |y

< L7
0<I t< fo=
Then problem (2) has at least one positive solution for any
1 1
A€ 77 0T oo | (26)
(l Jo  Lf* )

where Q), | are defined by (H4), and L := (v/4 + 1)Q.

Proof. By similar argument as in proof of Theorem 2 and [12], we establish conditions (i)
and (ii) of Theorem 1. Let X satisfy (26), and €; > 0 be chosen such that L= — ¢; > 0
and \F>° < L~! — ¢;. By (H6), there exists (y/4) R}, such that

flt,z,y) <

Let

(L™ —e)(lal +lyl) Ve 0.1, fol+lyl > TRg, = >0,y <o0.

> =

A
My = sup T
YEIK gy L+ v

/ Ma(5)/ (5, Sy(s), —y(s)) ds.
0

Then My < oo by (19). Take Ry > max{ Ry, Mo/(Le1)}, then My < LR;e;.
Foru € 0K gy,

1
u(t) < |lul| = Ry, Su(t) < max /Hl(t,r) drljul| = ZRE).
t€[0,1] 4
0
So, for any y € 0Kpg,, let
Y
D(sp.-9) = {1t € 0.1 (8. -9) € | 76,00 ) x (=00, -] .

Nonlinear Anal. Model. Control, 22(6):821-840
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then, for any t € D(Sy, —y),

Y v v
R, <|S <[(=-+1 =(=+4+1)R;.
1 o 1Syl + |y (4+>|Iy| <4+> 1

In addition, for any y € OKRg,, let y1(t) = min{y(t), Ry}, then y1 € OK gy . Thus, for
any y € 0Kpg,, we have

1

17yl = max 2 [ Galt. )7 (5, Su(s), ~u(s)) ds
<o [ Gt s(s () ~uls)) ds
D(Sy,—y)
b [ M) (s Sus) -ul) ds

< Ry = lyll.
Thus, || Ty|| < ||y|| forall y € OKR,.

Next, let X satisfy (26). Choose e; > 0 such that ! + €5 < Afy. Then from (H6)
there exists 0 < § < (/4 + 1)R; such that

1
fltowy) > (7 +e) (2] +1l),  telab], 0<z|+ |yl <8 2>0,y<0.

Letry = 0/(y/4+ 1) and ¢(t) = 1, ¢t € [0,1]. Then Ry > 7 and ¢(t) € 0K;. By
contradiction, suppose that there exists yg € 0K g and mg > 0 such that yo = T'yg+mop.
Letn = min{yo(t): ¢ € [a,b]} and notice that, for any s € [a, b],

|Sy0(8)| + ’y0(8)| < (Z + 1)7“1 = 4.

https://www.mii.vu.lt/NA



Eigenvalue problem for nonlinear elastic beam equation of fractional order 837

Consequently, for any ¢ € [a, b], we have

1
yo(t) = A / Ga(t,s)f (s, Syo(s), —yo(s)) ds + moe(t)

0
b

> A / Ga(t,s)f (s, Syo(s), —yo(s)) ds + mq

b
0*14,Q)AJ[C&(Ls)ﬂSy0@)|+|Mﬂsﬂ)ds4fnm

a

b
> (7" +e) /Gg(t,s)‘yo(s)’ds—&-mo

a

>

> =

b
> (171 i
> (1 +€2)77£}£},]/G2(t’8) ds +mo

> (1+lez)n+m0 > 1.

This implies that > 7, which is a contradiction. By Theorem 1, it follows that T" has
a fixed point y** with r < |y**| < R. Thus, y** is a positive solution of the problem (18).
So, the boundary value problem (2) has a positive solution. O
Remark 5.

() If f> < L1, f9 = oo, then Theorem 3 holds for each A € (0,1/(Lf>)).
(i) If f°° =0, fo = oo, then Theorem 3 holds for each A € (0, c0).
(iii) If f>° =0, fo > [=* > 0, then Theorem 3 holds for each A € (1/(lfy), o0).

Example 1. Consider the following boundary value problem:

D¥5u(t) + A {ttan {110 (u(t) - “"(t))] 2

(t +3)(u(t) —u"(t)**
u(t) — u”(t) + 10

u(0) =u(l) = /TU(T) dr,
0

3/2
} =0, tel0,1],

@
1
u”(0) +u"(0) = / %u”(r)dr,
0
1
W)+ () = [ Gu)ar
0

Nonlinear Anal. Model. Control, 22(6):821-840
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1 L +3) (@ =y
t = [ttan|—(z —
fltsap) = [ttan| oo =)+ LY
Also,
2(1 — 5)1/2 1—s)"1/2
M = 209 (=)
I'(3) I'(3)
Then
. 1
Q /Ma(s)ds:526
1- fol g(T)dr ,
and
_ (X _
L= <4+1>Q—789
On the other hand,
1
[ = min /Gg(t,s) ds = 1.27.
telo,1
0

By easy calculation, we have
0 1 1

0<f :0'1<O'126:Z’ 0<j:0.78<f00:8<oo.

Thus, according to Theorem 2, if

1 1
0.098 = ——— < A

—  ~1.26
1278 ~ " S789-01 ’

then the boundary value problem (27) has at least positive solution.

Acknowledgment. The authors would like to thank the referee for giving useful sug-
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