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Abstract. In this work, Lie symmetry analysis (LSA) for the time fractional modified Zakharov—
Kuznetsov (mZK) equation with Riemann—Liouville (RL) derivative is analyzed. We transform the
time fractional mZK equation to nonlinear ordinary differential equation (ODE) of fractional order
using its point symmetries with a new dependent variable. In the reduced equation, the derivative
is in Erdelyi—-Kober (EK) sense. We obtained exact traveling wave solutions by using fractional
Dg G'/G-expansion method. Using Ibragimov’s nonlocal conservation method to time fractional
nonlinear partial differential equations (FNPDEs), we compute conservation laws (CLs) for the
mZK equation.

Keywords: modified Zakharov—Kuznetsov equation, Lie symmetry, Riemann-Liouville fractional
derivative, exact solutions, conservation laws.

1 Introduction

LSA is one of the most efficient method for investigating the exact solutions of nonlinear
partial differential equations (NLPDEs) arising in mathematics, physics and many other
fields of science and engineering. It is well known that there is no general method for
solving NLPDEs, however, LSA is one of the more powerful method for reaching new
exact and explicit solutions for NLPDEs [9, 11,28,31-33,42,44,45,55,56, 60].
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Moreover, fractional calculus has been applied to analyze many complex nonlinear
physical phenomena and dynamic processes in physics, engineering, electromagnetics,
viscoelasticity, electrochemistry [3, 12, 23,26, 35, 36, 38,43,46,47,54,57,65]. As far as
we know, the study of symmetry analysis for FNPDEs and their group properties are very
few in the literature [10, 13,24, 25].

Furthermore, CLs possess an important role in the analysis of NLPDEs from physical
viewpoint [55]. If the considered system has CLs, then its integrability will be possible
[29]. More detail about CLs and their construction can be found in [2, 30, 37,53].

Time fractional NLPDEs comes from classical NLPDEs by replacing its time deriva-
tive with fractional derivative. In the present work, we study Lie symmetry analysis, exact
traveling wave solutions using fractional Dg'G /G-expansion method and Ibragimov’s
nonlocal CLs [30] of the time fractional mZK equation given by

0“u

ote
where 0 < a < 1, and « is the order of the fractional time derivative, while u(z, y, t) im-
plies the electrostatic wave potential in plasmas, that is, a function of the spatial variables
x, y and the temporal variable ¢.

The term 0%u/9t® in (1) is the fractional temporal evolution (FTE) term. FTE is very
significant since it yields a history of the problem, and also it gets rid of the slowness
of evolution. For instance, when the order of the fractional derivative parameter can be
controlled externally, the evolution of the soliton can be manifested artificially [4, 16,17,
21,48-51]. This important feature is being globally applied in several areas of physics
and engineering. One immediate example is the temporal evolution of solitons in optical
fibers, which can be slowed to address Internet bottleneck that is a growing problem in
Internet industry [6, 14,19,20,22,39].

If « = 1, (1) reduces to the classical mZK equation. The ZK and mZK equations de-
termine the behaviour of weakly nonlinear ion-acoustic waves in incorporated hot isother-
mal electrons and cold ions in the presence of the uniform magnetic field [1,5, 7,8, 15,
34,40,41,52,58,59, 64]. The mZK equation interprets an anisotropic two-dimensional
generalization of the KdV equation and can be analysed in magnetized plasma for a tiny
amplitude Alfven wave at a critical angle to the uninterrupted magnetic field [1,5,7,8, 15,
34,40,41,52,58,59,64].

+ ’U,qu + Ugzr + Ugyy = 0, (D

2 Preliminaries

Basic definitions and theorems for the RL fractional derivative can be found in [61, 66].
Consider a FNPDEs of the form

Ofu = F(t,x,y, U, Ug, Ugs,...) (0 <a<l). 2)
Given a one-parameter Lie group of infinitesimal transformations are as follows:
t=t+e(zt,yu) +0(),  T=z+e(z.t,y.u)+0(?),

3
g:y+€£3(xvtayvu)+0(€2)v ﬂ:u+6n(xvt»yvu)+0(62)a ( a)
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o 0% 9
O O et + O(),
O _ 04 | et ) + o(é),
or  Ox (3b)
O _ DU | () + O()
852 8%2 677 x’ 7y’u 6 b
83,& aSu TTT 2
%=%+6n (z,t,y,u) + O(€),

where
77x = Dz(n) —ug Dy (51) - utDt(§2);

nmc =D, (771) — Uzt Dy (51) — Uge Dy (52)7 @
na::r:z: = Dz (nzz) - uzztDz (51) - uzmth (52)

Here D, = /02 4+ u;0/0u + uyz0/0u, +
The corresponding Lie algebra of symmetries consists of a set of vector fields de-
fined by

X = §—+52 +§3—+ (5)

Tou
The vector field (5) is a Lie point symmetry of 2), pr0V1ded
PY3rX(V)|y=o = 0.
Also, the invariance condition [27] reads
& (x,t,y,u)lt=o = 0, (6)

and the ath extended infinitesimal related to RL fractional time derivative with (6) is given
by [27,62]

0%n o0%u 9%ny /o . .
e = e (nu — aDy(&%)) ote "o THT nz::l (n>Dt (€)D" (us)
> a\ 0%y a Nl (o2 on
" nz::l {(n) ot (n + 1>Dt (€ ):|Dt (u), (7

where

i= 535S () (1) (o )

2 k=2

3 Lie symmetries and reduction for (1)

Suppose that (1) is an invariant under (3), we have that

ﬂ? + ﬂQﬂr + Ugpa + ﬂzyy = 07 (8)
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thus, u = u(x, t, y) satisfies (1). Using (3) in (8), we obtain the invariant equation
02 4 2uugn + uPn® + 29" = 0. )

Substituting the values of 72, % and n*** from (4) and (7) into (9) and isolating coeffi-
cients in partial derivatives with respect to x and power of u, the determining equations
are obtained. Solving the obtained determining equation, we get

¢ = ¢y + zacs, € = c5 + 3tcs, &=, 1 = —Qucg,

where ¢y, ¢5 and cg are arbitrary constants. Thus, infinitesimal symmetry group for (1) is
spanned by the three vector fields

0 0 0 0 0
Xl—f Xg—a, Xg—xa%—i—?)t&—ua%.

In particular, for the symmetry X3, the similarity variables for the infinitesimal gen-
erator X3 can be obtained from the following equation:

@ _d_
ax 3t au’

which yields the similarity transformation and similarity variable

u=tPfE), =t (10)

as required.

Theorem 1. The similarity transformation (10) reduces (1) to the nonlinear ODE of
fractional order as below:

1-2a/3,
(Py 2> F)() + F2fe + 2fece =0
with the EK fractional differential operator [38]

n—1

, d 2 _
(5 =11 (52 I ;dg> (K5 1) (). an
§=0
. [@]+1, a#N,
B a, o€ N,
where
: e [ (= e €4 f el Py du, > 0,
& _ e i@ 12
(5 9© {f(é), wso

is the EK fractional integral operator [18,63].
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Proof. Letn—1 <a <1,n=1,2,3,....Based onthe RL fractional derivative in (10),
we get
t
o%u  oO" 1 1
_ Y |- T a/3 —(a/3) dsl. 13
o> otn [F(n—a) /( 2 st (st ds (13)

1
Letv = t/s, ds = —t/v? dv. Thus, (13) becomes

oo

0%u  o" 1

— n—o/3 _1\yn—a—1, —(n+1—2a/3) /3

ot otn [t I'(n—a) /(U 2 Y f<§v ) dU‘| - 19
1

Applying EK fractional integral operator (12) in (14), we have

0%u o n—=2a l1—-a/3,n—«
G = e TGP @) (15)
We simplify the right-hand side of (15). Considering £ = xt~%/3, ¢ € (0, c0), we acquire
0 !
v _ = —«a/3—1 11 __ =
5 6) = a5 )16 = e 2 o6)
Hence,
a" n—2a/3 l1-a/3,n—«
8tn [t (K3/a f) (5)]
ot n—2a/3 1-a/3,n—a
= 8tn71 [t (KS/a f) (5)}

o I a o, 0 —a/3. n—a
= o {t 20/3 1(n+3 3 ag)(Kg/a“’ f)(&)]

Repeating n — 1 times, we have

o —a/3,n—«

g [0 (I ) (©)]
otro —a/3,n—a
atn n—1 {31? (t” 2/ (K;/a /% f) (5)):|

3"1na a o, 0 —a/3,n—a
= 5= 1{t /e 1<”+3—3555>(K§/a/3 f)(f)}

_ o H (1-5+i-Seg)wiarone) ao

Applying EK fractional differential operator (11) in (16), we get

o —a n—o — a a
s Lo (B P ©)] =B (2 ). an
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Substituting (17) into (15), we obtain
oru
ote

Thus, (1) can be reduced into a fractional order ODE

(P32 " )(€) + £ fe + 2fece = 0.

The proof of the theorem is complete. O

= 1728y TP 1) ).

4 Exact traveling wave solutions

In this section, the exact traveling wave solutions for (1) will be presented. For this aim,
we consider the fractional derivative appears in (1) in the sense of modified RL derivative
[35,36].

4.1 Description of the Dg'G / G-expansion method

The description of the DgG /G-expansion method is presented in detail in [67]. Using
the same steps as in [67], we present the application of Dg' GG /G-expansion method to (1)
in the following subsections.

4.2 Application

In this subsection, we apply D?G /G-expansion method to (1). Using the travelling wave
transformation £ = x + y — ct, we reduce (1) to the nonlinear fractional ODE below:

co‘Dg‘u+u2D?u+2Dgau =0. (18)

Balancing the highest order derivative term Dg"’u with nonlinear term u2Dg‘u in (18), we
get n = 1 [13] and therefore

Substitute (19) into (18) collecting the coefficients of (D¢ G(€)/G(€)), i = (0,£1, +2,

..) and equating them to zero. A set of algebraic systems is obtained in ag, a_1, a;.
Solving the obtained algebraic systems with Mathematica 9, we obtain the following
cases:

Case 1: ag=0,A=0,c* = —8u, a; = +2iv/3, a_; = (8u + 4@)1\@/6.
If 1 < 0, we have

1 — DX ) 4 ¢y sinh(Y=E) T !
ul(x,t,y)6(8u+4u)i\/§<m{clcos g 1) + c2sinh (5 n)D

2 L sinh(¥ _24”77) + ¢o cosh(¥ _24“77)
+ 2'\/3( 2 [Cl cosh(*7#7) + cpsinh(*= 1) } )
i .
2 Ly sinh( _24” n) + c2 cosh(iv_;”n)
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When ¢; = 0 and ¢o # 0, we get
1 V- V-
uz(x,t,y) = 6(8# + 4#)1\/5{ 3 tanh( ﬂ

(55|

when ¢; # 0 and ¢; = 0, we obtain

e 6<8M+4M>f[ﬁ ()]
(5

).

vﬁ{—%HCONV§”n)+Czﬁn( ?wn})—l

+2\f[

If © > 0, we get

2 | ¢ sin( ‘/;Tn) + co cos(g )

ug(w,t,y) = (&u + 4/“‘)1\[<

) Vap [ a cos(\gn) + co sm(r
+2iV/3
2 g sinh(—v )+ co cosh

When ¢; = 0 and ¢; # 0, we acquire

T o
+ wg[

when ¢; # 0 and ¢ = 0, we have that
I —1
n+4p)l Cot —n
G L g+ apyiva| 2 V2”
v/ V4
+2i\/§[2u cot <2un)

where 5 = €/T(1 + ) and € = + y — ct.

Case 2: ¢® = (=24p+a)/3, A\ # 0, a1 = 2ap/\, a_1 = 2pag/ .
If 1 < 0, we obtain

u6(x7 ta y)

ur(x,t,y)
=ap+ e (m {CI COSh(@n) + ca sinh( /\22_4%7)} - /\)1
A 2 ¢1 sinh( . ) + ¢ cosh( \//\Z_ﬁn) 2
N Q(M)(m [cl cosh(\//\z_ﬁn) + ¢ sinh(@n)] B )\>.
A 2 ¢1 sinh( \/)‘Z_ﬁn) + ¢ cosh( \//\zjn) 2
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When ¢; = 0 and ¢; # 0, we acquire

2uaq
A

2a¢0 [ /A2 —4pu
+ 20

u8(x7ta y) = Qg +

A2 — 4y
tanh | ———
an ( 5

")

when ¢; # 0 and ¢; = 0, we get

2 VA2 —4 /A2 —4
ug(x,t,y) = ap + l;ao { 3 " coth <2 K
2 /A2 —4 A2 —4
+§0[2” coth (g”ﬂ) -

If © > 0, we have

VA2 -4 A2 —4
B) Mtanh (2111

D. Baleanu et al.

)4
3

)3

)

ulO(mv t7 y)
oo 21an <\/A2 —u {—cl cos(V2 ) + sinw”;““n)} A)l
= ag _2
A 2 c1 sin(~ X;_émn) + co cos(Y /\22_4“77) 2
200 (VR [k ) ressn ] )
A 2 c1 sin(i)\z_zl“ n) + c2 cos( /\22_4” n) 2
When ¢; = 0 and ¢5 # 0, we obtain
2 NS VA — X2 A
ui1(w,t,y) = ao + A2 £ tan uin -5
A 2 2 2
2 A2 —4 Aap — N2 A
+ 20 Hojan ( VEEZAT ) 21 (20)
A 2 2 2
when ¢; # 0 and ¢co = 0, we get
2 22— 4 NZMEpY: A
uia(z, t,y) = ap + Ko H cot H nl—-=
A 2 2 2
2a0 [ /A2 —4pu VA — A2 A
T 2 T ) )

where n = £¢/T(1+a)and § =z + y — ct.

Case 3: ¢® = (12u+a3)/3, A # 0, a; = 2ag/\, a_1 = 0.
If © < 0, we get

u13(x7 ta y)
N 2aq ( A2 — 4y {cl cosh (Y )‘2274“77) + ¢o sinh (Y )‘274“77
= ao —_— >
A 2 VA 74”77) + ¢ cosh(

¢1 sinh(

2

Sl 1)

2
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When ¢; = 0 and ¢, # 0, we obtain
2a0 [/ A2 — 4 A2 —4 A
u14(2,t,y) = ao + % % tanh <2u77) “a 21
when ¢; # 0 and ¢o = 0, we have

2a0 [ /A2 — 4 A2 —4 AT
wis(x,t,y) = ag + 0 | Yoo coth (“n) -

A2 2 2|
If p > 0, we get
ure(x,t,y)
- Za()(\/m {—cl cosh(@n) + co sinh(@n)} B )\>.
A 2 c1 sinh(@n) + ¢ cosh( \/4“2_7/\277) 2

When ¢; = 0 and ¢o # 0, we obtain that

2a0 [ v/4p — N2 A — A2 A
urr(z,t,y) = ag + - VI tan Nin -5
AL 2 2 2]

when ¢; # 0 and ¢ = 0, we acquire

i 2
where n = £*/T(1 4+ ) and £ = x + ct.

2aq [ /4 — N2 NI ]
ws(,t,y) = a0 + ¢ (Y : COt( ; An)_;

Case4: ap =0, A=0,c* =4u,a; =0,a_1 = :|:21\/§,u, w# 0.
If p < 0, we get

:

| sh(Y=2 1) & ¢, sinh
U19(x7t7y)=21\/§,u< “{Clcob( 5+1) + ca sinh(

Em —1
)
2 Ley sinh(¥52£9) 4 ¢ cosh( _24“77) ’

y

when ¢; = 0 and ¢3 # 0, we get

—4u —Iu
uzo(z,t,y) = 2iV3u

when ¢; # 0 and ¢ = 0, we have

[/—4 v—u 17!
’u,21(.17, ta y) = 21\/§/’L 9 a COth( a .
If © > 0, we get

Vap . T
o Vo) +
U22 (‘T? L, y) = 21\/§,U, < \/27” [ Q1 COS( P 77) o sin(
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When ¢; = 0 and ¢, # 0, we obtain

ugs(z,t,y) = 2iV3p {*/;T“ tan (mn)] _1,

when ¢; # 0 and co = 0, we get

u24(l’, tv y) = 21\/§M |:;l’u cot <

where 5 = €/T(1 +a) and € = + y — ct.

Case 5: 1 #0,¢* =2\2 +4p+ad, a1 =0, \#0,a_1 = 2uag /.
If p < 0, we get

ugs(x,t,y)

:a0+

2uag <\/)\2 —4pu {—cl cosh(~ A2274“77) + ¢ sinh( A224H77)] )\> -t

A 2 1 Sinh(iwm + ¢o cosh(¥ /\2274“ )

When ¢; = 0 and ¢o # 0, we obtain that

2ua0 [w/v —4u tanh( N2 — 4“n) ~ )\]_1

A 2 2 2

uge(x,t,y) = ag + 5

when ¢; # 0, and ¢c; = 0, we obtain

2uag [\/v —Ap ( 22— 4“77) B /\} ‘1.

A 2 2 2

ugr(z,t,y) = ao +

If n > 0, we get

ugg(x,t,y)
R e e B ) ¢ oy sin( L 02"
A 2 ¢y sin(Y—5— 4é7>\2 n) + c2 cos( 4#24‘2 n) 2

When ¢; = 0 and ¢z # 0, we get

B 2uag [ /N2 — 4u 22— 4y At
’U,29(.'17, t7 y) = ap + 2\ |: 2 tan 2 n 2 )

when ¢; # 0 and ¢co = 0, we have

2uag {\/v —du ( 22— 4”77) B )\} -t

A 2 2 2

uso(x,t,y) = ag +

where n = £*/T(1+ o) and € = x4y — ct.
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4.3 Graphical and physical explanation of the obtained solutions

Herein, we present some three-dimensional, two-dimensional and contour plots of some
of the obtained results. The construction of the figures is carried out by taking suitable
values of the parameters in order to see the mechanism of the original (1). One can see
that the obtained solutions possess solutions like periodic wave, bell-shaped, kink-type
and singular solitons. We take solutions (20) and (21) and illustrate them in Figs. 1, 2,
respectively.

1, (04)
10
5 10 : , . T 3
| A e o G’\\> g5 O Camend
u (%1, L 9y | J e 9 P
) = S S P FCaRR e A
250 ] DO G 1 25

RIS FDo s
240

230
220
210

200

190
10

05

(a) (b)
Figure 1. Solution (20) with ap = 1, u = 0.75, A = 1.5, a = 0.8: (a) 3D and 2D plot; (b) contour plot.

ZEARY)

1 T T T 0.2

04 :
015
0 1
0.2 N s -
Q- 1
7.
s =¥

5,
Vi o 01

—04

0
-06 ®

o
08 :

-1 005
-1 -05 0 05 1
X
(@) (b)

Figure 2. Solution (21) with ag = 1, u = 0.5, A = 0.1, a = 0.5: (a) 3D and 2D plot; (b) contour plot.
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5 Conservation laws for (1)

For more details on CLs and their constructions, see [30,37,53]. Using the descriptions
and basics definitions for CLs presented in [3], the CLs for (1) corresponding to the order
of «v are given as follows:

Case 1. When o € (0, 1), the components of the conserved vectors are

oL

oL
¢ 2 _1\0 . ya—1(117.\ O (1)t D} ———
Ci = €L+ (-1 oDy (W) Dl 5o = (1) J<W“Df 8(0D?u)>

= v, DO W) + J(Wi, vp),

0 0 0
x _ ¢l o 2
Ci =¢ LW (auz De gy + DI aummm)
B B \ B
+ Do(W3) (aum — b auW) (W) (aum)

= W;(u?v + 2D2v) — D, (W;)(Dyv) + D2(W;)v,
where ¢ = 1, 2, 3, and the functions W; are given by
Wi =—u,, Wy=—-u, W3s=—ua-—3tu;— azu,.

Case 2. When « € (1, 2), the components of the conserved vectors are

t_ 20 0. pe-tawap_ 9L n 1 9L
Ot = €L+ (<1)°0DF (W)Y g s = (1) J(WZ,Dt E)(on‘u))
1 pa—2p1 0L 4 1 0L
+ (=) oD WD g nay — (51 J<”“Dt8(oD§"u)>

=0, DF T (W3) + J(Wi, v0) — voDE ™2 (Wa) — J (Wi, vse),

T 1 8 a 2 8
cr =€+ W, ( o u aum)

NE. 9 s f D

auzzz

= W; (u*v + 2D3v) — Do(Wi)(Dav) + D2 (W),
where ¢ = 1, 2, 3, and the functions W; are given by

Wi = —uz, Wo=—u, W3 =—ua—3tus— aru,.

6 Concluding remarks

In this research, Lie symmetry analysis of (1) using RL derivative was investigated. We obtained
point symmetries for the governing equation and reduced it to a fractional nonlinear ODE. An
exact solutions for the reduced ODE are obtained using Dg G/ G-expansion method. The obtained
solutions include hyperbolic, trigonometric and rational solutions. We computed the CLs for the
governing equation by using new conservation theorem. The obtained solutions and CLs might be
very vital for interpreting some physical phenomena in different fields of applied mathematics.
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