Nonlinear Analysis: Modelling and Control, Vol. 22, No. 4, 431-440 ISSN 1392-5113
https://doi.org/10.15388/NA.2017.4.1

A note on the existence and construction
of Dulac functions

Osvaldo Osuna?, Joel Rodriguez-Ceballos”, Cruz Vargas-De-Leén® !,
Gabriel Villasefior-Aguilar®

#nstituto de Fisica y Matemadticas, Universidad Michoacana,
Edif. C-3, Ciudad Universitaria, C.P. 58040, Morelia, Michoacan, Mexico
osvaldo@ifm.umich.mx

P Instituto Tecnoldgico de Morelia, Departamento de Ciencias Bésicas,
Edif. AD, Morelia, Michoacéan, Mexico
joel @ifm.umich.mx; gabriel @ifm.umich.mx

“Escuela Superior de Medicina, Instituto Politécnico Nacional,
Plan de San Luis S/N, Miguel Hidalgo, Casco de Santo Tomas,
11350 Ciudad de Mexico, Mexico

leoncruz82 @yahoo.com.mx

Received: January 19,2016 / Revised: March 16,2016 / Published online: June 19, 2017

Abstract. In this paper, we construct Dulac functions for a family of planar differential equations.
We provide some conditions on the components of a vector field, which ensure the existence
of Dulac functions for such vector field. We also present some applications and examples in
biomathematical models to illustrate our results.
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1 Introduction

In the study of ordinary differential equations, the analysis of periodic solutions is an
important goal. But deciding whether an arbitrary differential equation has periodic or-
bits or not is a difficult question that remains open. For the two-dimensional case, the
Bendixson—Dulac criterion gives a sufficient condition for the non-existence of periodic
orbits. However, the Bendixson—Dulac criterion requires an auxiliary function with spe-
cific properties at Dulac function. Various techniques have been proposed to construct
Dulac functions, which range from algebraic methods for special systems, methods for
the construction of Lyapunov functions to techniques involving the solutions of certain
partial differential equations (see [3, 4, 6, 10, 13]). The Bendixson—Dulac criterion also
discards existence of polycycles making it useful in establishing global stability for certain
systems.

I Corresponding author.

(© Vilnius University, 2017


mailto:osvaldo@ifm.umich.mx
mailto:joel@ifm.umich.mx
mailto:gabriel@ifm.umich.mx
mailto:leoncruz82@yahoo.com.mx

432 0. Osuna et al.

For convenience, we recall the Bendixson—Dulac criterion, see [5, p. 137].

Theorem 1 [Bendixson—Dulac criterion]. Let f;(x1,x2), i € 1,2, and h(x1,x2) be
functions C* in a simply connected domain 2 C R? such that 3(f1h)/0x1+0(f2h)/0xs
does not change sign in §2 and vanishes at most on a set of measure zero. Then system

1 = filz1,22), 2= fo(w1,22), (21,22) € 12, (D

does not have periodic orbits in (2.

The h function in the theorem is called a Dulac function. Even though Dulac functions
are an important tool in many issues of differential equations, their determination is
a difficult task. Dulac functions can be used to discard the existence of limit cycles or
to estimate the number of limit cycles in some regions.

In this paper, we investigate the existence and construction of Dulac functions of
planar vector fields. We give, as far as we known, some new conditions on the components
of vector fields, which imply the existence of Dulac functions of these vector fields.
Our methods are constructive. We give some consequences and examples to illustrate
applications of these results.

2 Results

Consider the vector field F'(z1,z2) = (f1(z1,z2), fo(x1,x2)), then system (1) can be
rewritten in the form
t=F(z), == (x1,22) €

As usual, the divergence of the vector field F' is defined by
_0fi  Ofs

div F' = di = .
v lV(fl, fz) 8.131 61‘2
We consider C°(§2, R) the set of continuous functions and define the set

Fo ={f € C°2,R): f doesnot change sign

and vanishes only on a measure zero set}.

Also for the simply connected region (2, we introduce the sets

DS(F) = {h € CY(2,R): k := ag;fl) + ag;fQ) >0, ke .7:9}
1 2
and
D,(F) = {h € CH(,R): k := 8g;fl) + ag;fz) <0, ke fg}.
1 2

A Dulac function in system (1) of the Bendixson—Dulac theorem is an element in the set

Dgo(F) := D5H(F)UD,(F).
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Our results are established with the help of the techniques developed in [10] and [11], let
us recall the following result.

Theorem 2. (See [10].) If there exist ¢ € Fq, such that h is a solution of the system
Oh oh
— —=h —divF 2
f p + fzag:2 (c(z1,22) — div F) ()

with h € Fq, then h is a Dulac function for system (1) on (2.

In the next theorem, we obtain Dulac functions considering special cases such that
(2) can be reduced to an ordinary differential equation, which can be solved explicitly.

Theorem 3. Let §2 be a simply connected open set. Suppose a vector field

.0 o . 2
F—flaxl‘Fanmz e C'(12,R?).

If there is ¢ € Fq such that any of the following conditions holds, then D (F') # (:

(@) The functiony := (c—div F)/(f19291 + f20195) depends on z := g1(x1)g2(22)
and is continuous in (2,

(b) The functionn = (¢ — div F)/(f191 + f2g2) depends on z := ki(x1) + k2(x2)
(with kj(x;) = gi(x;) for i = 1,2) and is continuous (2,

(c) The function o = (¢ — div F)/(f102/0x1 + f20z/0x2) depends on z =

z(x1,x9) and is continuous §2.

Proof. We consider case (a), the others are analogous. We seek a Dulac function using
the associated equation (2).

First, assume that h depends only on z := gi(x1)g2(x2). Thus, equation (2) re-
duces to

oh Oh
f1(z1,22)92(22) 9} (361)& + fa(x1, $2)91($1)9§($2)&

= h(2)(c(z1,22) — div F),
which is rewritten as
Ologh c—divF B
0z f19291 + f29195

From our hypothesis i := exp( [ “~(s)ds is a solution of the previous equation. Now,
it is easy to verify that h = exp( [ ~(s)ds) is indeed a Dulac function. The proof is
complete. O

7(2).

Note that, by the continuity of the functions in the proof of the previous theorem, the
constructed Dulac function is everywhere different from zero and can be represented by
means of the exponential function, but this does not mean that the constructed Dulac func-
tion is an exponential function. The following result is a direct consequence of Theorem 3
and mainly gives some particular cases.
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434 0. Osuna et al.

Corollary 1. Under the conditions of Theorem 3, if there exist a c € F, such that any of
the following conditions holds, then Dg(F) # (:

(i) The function «; ;= (c — div F)/ f; depends only on x; for some i € {1,2} and is

continuous;

(ii) The function 8 := (¢ — div F)/(xz2f1 + x1f2) depends on z := x1x9 and is
continuous;

(iii) The function § := (¢ — divF)/(f1 + f2) depends on z := x1 + xo and is
continuous,

(iv) The function € := (c — div F')/(c1 f1 + caf2) depends on z := c1x1 + coxo and
Is continuous;

(V) The function k = xa[c(x1,22) — div F|/(fi1(x1,22) — (x1/22) fa(x1,22)) de-
pends on z := 11 /x4 and is continuous.

3 Applications and examples

In this section, we shall construct Dulac functions to some biomathematical models.
We present these results through propositions, and immediately we present examples
illustrating this fact.

We propose a family of epidemic systems that supports a Dulac function. This fact is
proved in the following proposition.

Proposition 1. Let w : ]R%r — R be continuous functions, then the planar system

.’kl = )\1 — U117 — w(xl,xz) + T2X2,

&9 = Ao +w(x1,z2) — T1X2

with Ow(x1,x2)/0x1 > 0, (0/0x2)(w(x1,x2)/x2) < 0 and all parameters are positive,
except To, which can have either sign, then the above system supports a Dulac function
on R = {(z1,22) € R*: z1 >0, x5 > 0}.

Proof. Denote by F' = (f1, f2) the vector field associated to the equation, we get

Ow(z1,22)  Ow(z1,22)

— diV(fl, fz) = M1 + 31'1 8:52 + (MQ + Tl).
‘We choose
Ow(r1,22)  Ow(xy,x2) w(Ty,®2) A2
c(xy,x9) = —py — oz, + ors T 1 1
o Ow(xy1,x2) 0 w(@,w) A <0
H (9331 28562 To X9 ’
We can write
c—divF -2z —me) g (y, 4m) 1
Qg = = = ——,
foo w2 B ()] 22
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which is continuous and depends on z := x5. Therefore by (i) of Corollary 1 we get
Dy (F') # 0. In fact, a direct calculation gives us that

h(z2) = exp(/zoﬂ(s) dS) = eXp<_7i ds) B Z’ig

is a Dulac function for the system. O
We present some examples that illustrate the Proposition 1.

Example 1. We consider the classic SIS epidemic model with nonmonotone incidence
function and disease-induced death

51961@

Ty =N~ T — ——5 + TT2
1+ 23 ’
T ey Lo TX
2 = — [l2T2 — T2
1+ 23 ’

where z1 and x, are the population of susceptible and infectious, respectively. The non-
monotone incidence function w(z1, z2) = B1z172/(1+23) is proposed in [14]. Note that
SIS model satisfies the conditions of Proposition 1, therefore supports a Dulac function.

Example 2. We consider a polynomial differential system of degree n in biochemical
reactions [9]

i1 = kiwo — ko1 — ki zd,

&g = kgxlwd — kyxo,
where xg, £1 and x5 denote the concentrations of chemical species. The kinetic constants

ki,i=1,....4,arepositive, and p+q = n € N. If ¢ = 1, the conditions of Proposition 1
are satisfied, therefore the above planar system supports a Dulac function.

Example 3. We consider an SIRS epidemic model with constant population

&1 = p— pxr —w(xr, x2) + T3,

By = w(wy, w2) — (1 + 0)22, 3)

&3 = oy — (p+ 7)x3,
where x1, x5 and x3 are the population of susceptible, infectious and recovered, respec-
tively. System (3) is subject to the restriction z1(t) + x2(t) + x3(t) = 1, and using
r3 = 1 —x1 — 2 in the system, we can eliminate x3 from the equations. This substitution
gives the simpler model:

T1=p+7—(u+ 7)1 —w(ET1,22) — T,

&o = w(xy,x2) — (0 + o).

“4)

The feasible region of planar system (4) is given by {(z1,22) € Ri: x1 >0, 20 > 0,
21 + 22 < 1}. Note that SIRS model satisfies the conditions of Proposition 1, therefore
supports a Dulac function.

Nonlinear Anal. Model. Control, 22(4):431-440
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Now, we analyze a family of population dynamics models with generalized harvest
function that supports a Dulac function. We obtain the following proposition.

Proposition 2. Let g; : Ry — R be continuous functions and a; € Ry fori = 1,2,

j?l =T (a1 — l‘lgl(l‘g)) — k(xhﬂjg),

B9 = x2(az — x2g2(21))
with as > aq and Ok(x1,x2)/0x1 = 0, then the above system supports a Dulac function
on Ri = {(z1,72) €R%: 21 >0, 15 > 0}.
Proof. We assume ay > a; and taking c(z1, x2) := —(ag—a1)—2x191(x2)—0k(x1, x2)/
Oz1 < 0 on R2, then condition (i) of Corollary 1 is written as
c—divF  2ay —2x2g0(w1) 2

fa _$2(a2—x292($1)) B

g = -,
T2

which is continuous and depends on z := x5, therefore by (i) of Corollary 1 we get that

T2
1 1
h(zq) = exp<2/ Sds) = o
is a Dulac function on R . O

We present the following example that illustrate the previous proposition.

Example 4. We include the sigmoid harvest function to two-species mutualism model [1]

. T bx%
T =71\ a1y — -
Ky + a1229 h+ x2’

. €2
To =T\l OQ — /).
Ky + a1

Note that mutualistic model satisfies the conditions of Proposition 2, therefore supports
a Dulac function.

In the following proposition, we study a family of two—species cooperative systems
that supports a Dulac function.

Proposition 3. Ler g; : Ry — R, be continuous functions and a; € Ry fori = 1,2,
then the planar system

i1 = x1(91(22) — arz1),
iy = m2(g2(w1) — agws)
supports a Dulac function on R3. := {(z1,22) € R?: 21 > 0, x5 > 0}.

Proof. We verified that the conditions of Corollary 1(i) are satisfied, in effect

—div F = —g1(22) + 2a171 — go(21) + 2a272,
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and taking ¢ = —(a121 + az22) < 0, then

c—divF 1

ofi +a1fe 132

Integrating this function, we get that

h(z1,2) = exp</zﬁ(8) dS) = xllm

is a Dulac function on Ri. O
Example 5. The following system is a model for mutualism [8]:

iy =z [(r1 4 (rn — 1) (1 —e %)) —ayaq],

22 [(r2 + (roo — r2) (1 — e %2%1)) — agas],

T

where 7, 7y, ki, a; € Ry are constants and r;; > 7;, ¢ = 1,2. Note that mutualistic
model satisfies the conditions of Proposition 3, therefore supports a Dulac function.

Example 6. Gopalsamy [7] had proposed the following model to describe the mutualism
mechanism:

k1 + a2

ko + asxy B
1+(E2 21

—m} i2=7“2$2{ T
1

1 = rxy [

where r;, k;, a; € Ry are constants and a; > k;, ¢ = 1,2. Depending on the nature of
k;, 2 = 1,2, previous system can be classified as facultative, obligate or a combination of
both, so by Proposition 3, therefore supports a Dulac function.

We analyze a polynomial planar system of type Lotka—Volterra that supports a Dulac
function. This fact is proved in the following proposition.

Proposition 4. We consider the planar system of differential equations
. 2p+1
&y = (1w + 042$2)(51 + oy + UlﬂlﬁpJr )»

B9 = (@1 + aowo) (B3 + Bazl + 02:173“1).

If cras > 0 and o109 > 0 with o1, o5 are not both zero;, and n, m, p and q are non-
negative integers, then the above planar system supports a Dulac function on Ri.

Proof. Denote by F' = (f1, f2) the vector field associated to the equation, we get

—divF = —Q (ﬂl —+ ﬂQiL’S + lefzﬂrl) — 0'1(2p —+ l)xfp(alml + O[Q.’EQ)

— Qg (53 + Baxt + 02:173‘”1) —02(2q¢ + l)qu(ozlxl + asws).

Nonlinear Anal. Model. Control, 22(4):431-440
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Taking c(z1, 22) = (01(2p + 1)23F 4 02(2¢ + 1)x39) (on 71 + agas), we can write

c—divF
a1 f1 + asfs
—a1(B1 + Boxl + 0127 ") — (B3 + Baat + oaa3™)

(11 + 02ma) (0 (Br + By + 01277 ) + aa (B3 + Paz? + 022577))

-1
)
121 + Q2o

which is continuous and depends on 2z := o121 + a2, therefore by (iv) of Corollary 1
we have that h(z1,22) = 1/(a121 + aex2) is a Dulac function. O

In the following two examples, we study ecological models that support a Dulac
function.

Example 7. We consider following phytoplankton-zooplankton system with instanta-
neous toxin liberation (see [12]):

. T
r1 =TTy |:1 — [;:| — aw(azl)zg,
o = bw(x1)xy — sz — dh(zy)xa,

where x is the density of phytoplankton population and x5 is the density of zooplankton

population at any instant of time ¢. The parameters r, K, a, b, a and s are positive con-

stants. The functions are w(z1) > 0, h(z1) > 0and w(zy)(rz(1—z1/K)/w(z1))" <O.
We get

—div(fy, fo) = -1+ 2961% +aw'(z1)z2 — bfw(x1) + s + dh(z1).

We verified that condition (a) of Theorem 3 with z = w(x1)xs is satisfied and choose

) )

c(x1,x2) = w(xl)( e

r
:r—2x1—m‘1(

then

_ C — diV(fl, fg)
w'(x1)z2 f1 +w(ry) fo

—rzq(1 — %)w,(ml) + azqw'(x1) — bw(x1) + s + dh(z1)

w(x1)

w(xy)wo[raz (1 — %)g((jll)) — azow' (x1) + bw(xy) — s — dh(zy)]
1

w(xq)xs

9

therefore the system supports the Dulac function h(x1,x2) = 1/(w(z1)x2).
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Example 8. We propose a modified Leslie—Gower-type predator—prey model with Hassell—
Varley-type functional response

. [1 1 } ax1s . [1 T }
1 =111 Bl T2 = T2X2 - |,
K T+ mx?’ T +d

where r1, K1, a, m, ¢, r, T and d are positive constants, and 0 < ¢ < 1. When ¢ = 0,
the above system reduces to the predator—prey model with modified Leslie-Gower and
Holling-type II schemes [2]. We consider R3. = {(z1, z2) € R*: z1 > 0, 22 > 0}. Note

that
o+1

. 1 amxs, 2r9x9
—divF =—ri +2—z1 + —1r9 + .
Y e (21 + mal)? T ra+d
If ro > 71, then
(11— ¢)ma? 3 romezy

c(xy, @) =

z1 +mad (z1 + mad)(ra1 + d)

x rim r
! <1xf +2 1 4y — 7"1) < 0.

2y +maf \ Ki K
We can write )
c—divF -6 1
o= = = — .
Oz Oz r122 P
190, T /2 —=r2 —=22
f dx1 f Oz 11+mz§b@ a:1+ma:g
where
o rlmxf B rlmxlxg B am:zthrl o,
1 +mad  Ky(zy+mad)  (zy +mad)?
2r9T9 mm@cg r2m¢x%§+1

Toy+d zy +mad (@ +mal)(rey + d)

o is continuous and depends on z := z(z1, z2), therefore by (c) of Theorem 3 we get that
h(z1,x2) = (z1 + ma3)/(z122) is a Dulac function.

4 Concluding remarks

We extended the techniques for the construction of Dulac functions. In particular, we
apply this technique to some types of biomathematical models. By using Bendixson—
Dulac criterion, we can establish the non-existence of limit cycles in these models. It
is important to note that the non-periodicity in epidemiological and ecological models
reveals the non-recurrence outbreaks epidemic in a population and the absence of cyclical
variations of animal populations, respectively.

Finally, the results of this work indicate that our method of Dulac functions construc-
tion can be especially useful to two-dimensional biological systems.

Nonlinear Anal. Model. Control, 22(4):431-440
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