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Nonlinear fractional equations with supercritical growth
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Abstract. We obtain existence of infinitely many solutions for a fractional differential equation with
indefinite concave nonlinearities and supercritical growth.
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1 Introduction and main result

Recently, as observed in [16], a great attention has been focused on the study of fractional
and nonlocal operators of elliptic type, both for the pure mathematical research and in
view of concrete real-world applications. This type of operators arises in a quite natural
way in many different contexts such as, among the others, the thin obstacle problem,
optimization, finance, phase transitions, stratified materials, anomalous diffusion, crystal
dislocation, soft thin films, semipermeable membranes, flame propagation, conservation
laws, ultra-relativistic limits of quantum mechanics, quasi-geostrophic flows, multiple
scattering, minimal surfaces, materials science, and water waves.
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We consider the non-local fractional Laplacian equation (/N > 1)

{—ﬁKu = b(x)|u|"%u + f(z,u) in 2, P

u=0 in RV \ 2,
where {2 be a bounded domain in R™ with smooth boundary 92 and 1 < ¢ < 2. Here

L i is the non-local fractional Laplacian operator. The nonlocal operator L is defined
as follows:

Lru)i=2lim [ (u(o) — u) K- 9y, v RY,
RN\ B (z)

where K : RY \ {0} — (0, +00) is a measurable function with the following property:

vK € LY(RV), where v(z) = min{|z|?, 1};
there exists ko > 0 such that K (z) > ko|z|~N*2%)  for any z € RV \ {0};
K(z) = K(—x) for any z € RV \ {0}.

(1

A typical example for K is given by singular kernel K (z) = |=|~(N+2%)_1In this case,
problem (P) becomes

(@)

(=A)*u=\f(z,u) in £,
u=0 in RV \ 2,

where (—A)%u is the fractional Laplacian operator with (up to normalization factors) may

be defined as () )
. u(z) —u(y
—A)?® =21 2/

(=8)*u(z) := 2 lim / gz 4

RN\B. (x)

for x € RY, see [1,2,5-8, 12-30,32-34] and the references therein for further details on
the factional Laplacian operator.

The weight function b will be possibly sign-changing and the assumption for b is as
follows:

(A1) b(z) € C(£2), and there is a nonempty open subset 2’ of {2 such that b(x) > 0
in (2.
A special case of our main result is the following theorem.

Theorem 1. Assume (Al), r € (q,p) U (p, <), and d(x) € C(§2). Then

{—cf;;u = b(x)|ult2u + d(z)|u|""2u i 02, )

u=20 inRN\ 2

has a sequence of weak solutions (uy,) such that ||uy|| L~ 2y — 0 asn — oo, where
2 C RY is a bounded domain, 1 < p < oo, and 1 < q < p.
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Remark 1. This type of equations have been studied extensively [1, 2, 6-8, 12-34] in
the subcritical and critical case. But these equations have not been well studied in the
supercritical case, that is r > 2N /(N — 2s). Applying Theorem 3 to (3), our theorem
includes results in the supercritical one. The exponent r in Theorem 1 can be critical or
supercritical in the sense of Sobolev embedding because the solutions (u,,) we obtained
are small solutions with [|u, || () — 0 and we only give the assumptions for f near
zero. We use a suitable cut-off technique to overcome the exponent r is supercritical. This
idea is from [30].

Now, we give the assumptions on f:

(A2) f(z,u) = o(|u|) as |u| — O uniformly for x € £2;
(A3) f(z,u) € C(£2 x (—0,9),R) is odd in u for § > 0 small.

The main result is as follows.

Theorem 2. Let 1 < g < 2 and assume (A1)—(A3) are satisfied. Then (P) has a sequence
of solutions (w,,) such that ||u,|| - (2) — 0 as n — oc.

Following the same idea, we can also consider the so-called fractional p-Laplacian
equation

{—E%u = b(@)|ulT2u+ f(z,u) in L2, -

u=0 in RV \ £,

where 2 C RY is a bounded domain, L% is the fractional p-Laplacian operator

eN\0
RN \BE (1)

LYu(z) := 2 lim / |u(z) — u(y)}p_2 (u(z) —u(y))K(z —y)dy, zeR",

where K : RY \ {0} — (0, +00) is a measurable function with the following property:

vK € L'(RV), where y(z) = min{|z|?, 1};
there exists ko > 0 such that K (x) > ko|z|~V*P%)  for any x € RV \ {0};
K(r) = K(—7x) forany x € RY \ {0}.

Moreover, 1 < p < oo and 1 < g < p. We need the following assumption for nonlinear-
ity f:
(A4) f(x,u) = o(|u[P™1) as |u| — O uniformly for x € £2.

Theorem 3. Let 1 < g < p and assume (A1), (A3) and (A4) are satisfied. Then (P') has
a sequence of solutions (u,) such that ||uy,|| oy — 0 asn — oo.

Remark 2. For results on existence of multiple solutions for fractional Laplacian or
p-Laplacian equations by using Nehari manifold, see, for example, [2,9, 10].
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2 Preliminarily

In this section, we first give some basic results and the functional space that will be used
in the next section, which was introduced in [23].
Let 0 < s < 1 be a real number and the fractional critical exponent 27 be defined as

2% =

S

- if2s <N,
00 if 2s > N.
In the following, we denote () = RN \ O, where
O=CxCcR¥?™

and C = RY \ 2. W is a linear space of Lebesgue measurable function from R to R
such that the restriction to {2 of any function u in W belongs to L?({2) and

/ |u(z) — u(y)’2K(x —y)dzdy < co.
Q
The space W is equipped with the norm

1/2
el <= [l (o) + ( [ u@) —ut) K - ) dxdy) . @
Q

We shall work in the closed linear subspace
Wo:={ueW: u(z) =0ae inRY\ 2}. 6))

According to the conditions of K, we have that C§°(£2) C Wy, and so W and W, are
nonempty. The space W is endowed with the norm defined by

ullw, = ( [ u@) —ut) K - ) da:dy)m. ®)
Q

Since u € W), then the integral in (6) can be extended to all R2N | Moreover, the norm
on Wy given in (6) is equivalent to the usual one defined in (4), by Lemma 6 in [23]. For
the framework of fractional Sobolev space, we refer the reader to the survey of Di Nezza,
Palatucci and Valdinoci [4].

In the following, we denote by W*2(£2) the usual fractional Sobolev space endowed
with the norm (the so-called Gagliardo norm)

|u(@) — u(y)® 12
llullws22) = llullLzo) + < / dedy .
02x802

Taking into account Lemma 5 in [23], we have the following result.
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Lemma 1. The embedding Wy — L1(S2) is continuous for any q € [1,2%], while it is
compact whenever q € [1,2%[. Moreover, there exists a positive constant c(ko) depending
on ko (which is given in (1)) such that

[ullwez2) < llullws2@yy < elko)l[wllw,-
Furthermore, there is a constant cq > 0 such that for every u € W,

[ullLacey < cqlluflwy-

We will use the following theorem, which is a variant of a result due to Clark [3], to
prove our main result.

Theorem 4. Let & € C'(X,R), where X is a Banach space. Assume & satisfies the
Palais—Smale (PS) condition, is even and bounded from below, and ®(0) = 0. If for any
k € N, there exists a k-dimensional subspace X k and pr > 0 such that

sup @ <0,
X*kNS,,

where S, := {u € X: |u|| = p}, then ¢ has a sequence of critical values ¢, < 0
satisfying ¢, — 0 as k — oo.

Last, we show that the weak solutions of (P) are bounded in L°({2). This result was
established in [31, Thm. 3.1] and proved by using the De Giorgi—Stampacchia iteration
method.

Proposition 1. Let uw € Wy be a weak solution of problem (P) and the nonlinearity is
subcritical growth. Then u € L>(§2), and there exists C > 0 possibly depending on N,
s, §2 such that

[ull Lo (@) < C(1+ lullfy)

hold for some q € [1;2%].

3 Proof of Theorems 2 and 3

The proof is motivated by the arguments in [11, 30]. We shall only give the proof of
Theorem 2 since the proof of Theorem 3 is similar. Denote by \; the first eigenvalue of
—L g with Dirichlet boundary condition on (2. As in [30], we first modify f so that the
nonlinearity is defined for all (x,u) € 2 x R.

Lemma 2. Let f(x,u) be as in (A2) and (A3). Then for any X € R, 0 < A\ < )y, there
exist € (0,6/2) and f € C(£2 x R, R) such that f(x,w) is odd in u and satisfies

fla,u) = f(z,u) V| <a, ©)

fewu - aPen) < ESP2up viww e o xR,

Nonlinear Anal. Model. Control, 22(4):521-530
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|Pla,u)| < Sl Viwu) e 2 xR, ®)

where F(z,u) = [} f(z,s)ds.

Proof. Fix A € (0, A1) and denote § = (2 — ¢g)A/2. Choose € € (0,0/14). By (A2),
there exists « € (0, §/2) such that for |u| < 2a,

|F(z,w)] <elul?,  [flz, w)u] <eluf®.
Now we choose a cut-off function p € C*(R, R) so that it is even and satisfies

pt)=1 for|t|<a,  p(t)=0 forlt| > 2a,

and 5
Ol<=, A<

Choose 8 € (0,60/16) and Fo.(u) = Blu|?. Using p and F.,, we define

F(z,u) := p(u)F(z,u) + (1= p(u)) Foo (u)

and

flz,u) = F!(z,u).
Then, for |u| < 2«, we have
Fla.u) = p/ () F (@, 0) + p(u) (. 0) + (1= p(u)) Fio(u) = p/ (1) Fo (1)
and

f(@,u) — qF (z,u) = p' (w)uF (z,u) + p(u) f(z,u)u + 2B(1 — p(u))|ul?
— B (wyulul® — gp(u) F(z,u) — gB(1 — p(u))[ul>.

It is easy to see that, for all (z,u) € 2 x R,
= 2 _ A
|, u)] < (e + B)lul? < Sl

and
Flz,u)u— qF (z,u) < (Te + 8B)|ul* < 0lul?.

Therefore, o and f defined above satisfy all the properties stated in the lemma. O

We now consider the modified problem

{—ﬂKu = b(x)|u|*2u + f(z,u) inf2, ©

u=0 in RV \ 02,
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whose solutions correspond to critical points of the functional
- 1 9
I(u) = 5 [ Julz) = u(y)|"K(z - y) dz dy

1 .
—f/b(gc)|u|ngc—/F(ac,u)dac7 u € Wy.
q

9] (9]

The construction of [ together with (8) shows that Iis C1, even, bounded from below,
and coercive, and therefore satisfies the (PS) condition.

Lemma 3. [(u) = 0= (I'(u),u) if and only if u = 0.

Proof. Clearly, if u = 0, then I(u) = 0 = (I'(u),u). Next, we assume I(u) = 0 =
(I'(u),u). Since

%/|u(sc)—u(y)|2K(x—y)dxdy—é/b(w)\uwdx—/ﬁ(z,u)dxz()
Q 7] 2

nd
/|u(x)—u(y)‘2K(x—y)dxdy—/b(m)|u|qu—/f(x,u)udxzo,
Q 2

2

a

we obtain

(;;)/hmmu@n%szdmw

(z,u) — F(x,u)) dz < (2;(;]))\ / lu|? de,
2

Il
b\
I/
RN = D
5

where we have used (8) in Lemma 2. Then the fact that 0 < A < A; impliesu = 0. [
We are ready to prove Theorem 2.

Proof of Theorem 2. Tn order to apply Theorem 4 to I, we only need to find for any k € N
a subspace X* and p; > 0 such that SUPxtns,, I < 0. Forany k € N, we find k lin-
early independent functions ey, . .., e in C§° ({2 ) We define X* := span{ey, ..., e}
By (Al), we may assume b(z) > bo > 0in U _, suppe; for some constant bo For
ue Xk, using (8) in Lemma 2, we have
7 L2 2
1) < Gllulfro = 2l + 5l
which implies the existence of p;, > 0 such that sup yxn~ S, I < 0 since the dimension of
X" is finite. According to Theorem 4, there exists a sequence of negative critical values cj,

Nonlinear Anal. Model. Control, 22(4):521-530
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of I satisfying ¢, — 0 as k — oo. For any k, let uy, be a critical point of I associated with
ci. Then uy, are solutions of (9) and they form a (PS) sequence. Without loss of generality,
we may assume that uj, — u in Wy as k — oo. Then u satisfies I(u) = 0 = (I'(u), u).
Therefore, u = 0 according to Theorem 4, and u;, — 0 in Wy as k — oo. Proposition 1
shows that u, — 01in L™ ({2) as k — oo.

In view of (7) and (9), we see that u;, with k large are solutions of (P). The proof is
complete. O

Proof of Theorem 1. If r € (p,00), then the result is a consequence of Theorem 3. If
r € (g,p), then we just apply Theorem 4 to the functional

I =5 [ ue) = u) P (e~ ) dedy
Q

1
- f/b(ac)|u\qu—/|u\rdx, u € Wy.
12 7

to obtain the result. O
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