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Abstract. The purpose of this paper is to investigate the existence and uniqueness of positive
solutions for a class of fractional differential equation with integral boundary conditions. Our
analysis relies on two fixed point theorems of a sum operator in partial ordering Banach space.
The main results obtained can not only guarantee the existence of a unique positive solution, but
also be applied to construct an iterative scheme for approximating it.
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1 Introduction

It is well known that fractional differential equations arise in many fields, such as physics,
mechanics, chemistry, economics and biological sciences, etc.; see [1-4,6-17,19,20,22—
24] and the references therein. In recent years, the study of positive solutions for fractional
differential equation boundary value problems has attracted considerable attention; see
[1,3,8,14,20,23] and the references therein. On the other hand, the uniqueness of positive
solution for nonlinear fractional differential equation boundary value problems has been
studied by some authors; see [2,9, 17, 19,22] and the references therein. In [24], by using
Guo—KTrasnosel’skii’s fixed point theorem for completely continuous operators, Zhao et
al. obtained the existence and nonexistence results of positive solutions for a class of
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fractional differential equation with integral boundary conditions, where the nonlinear
term satisfies super-linearity or sub-linearity conditions. But it is not able to construct
iterative schemes for approximating the positive solutions. In a recent paper [15], Sun
and Zhao constructed a completely continuous operator and utilized monotone iteration
method to study the following fractional differential equation with integral boundary
conditions

Du(t) +gt) f(tu(t) =0, 0<t<l,

w(0) = (0) =0, (1) = /q(s)u(s) ds,
0

where 2 < o < 3, ng is the standard Riemann-Liouville fractional derivative of
order . The authors established the existence of one positive solution for this problem,
and can construct an iterative sequence for approximating the positive solution for a given
initial value. But the uniqueness of positive solutions is not treated in [15,24].

Motivated by [15], in present paper we consider the following form of fractional
differential equation with integral boundary conditions

Dgcu(t) + f(tu(t)) + g(t,u®) =0, 0<t<1,

: 1
w(0) = w'(0) =0,  w(l) = /q(s)u(s) ds. M)
0

where 2 < o < 3, Dg‘+ is also the Riemann-Lioville fractional derivative of order «v. The
function ¢(t) satisfies the following conditions:

Q) ¢ :[0,1] — [0,00) with ¢ € L'[0,1] and o1 = [, s* (1 — s)g(s)ds > O,
1 a—1
o2 = [y 5% tq(s)ds < 1.

Our main interest in this paper is to give some alternative answers to the main results
of these papers [12, 15, 16,24]. We will use two fixed point theorems for a sum operator
to show the existence and uniqueness of positive solutions for problem (1). Moreover,
we can construct some sequences for approximating the unique solution. Comparing our
main results in this paper with ones in [15,24], we can get the existence and uniqueness of
positive solutions for problem (1). For any initial value in a special set, we can construct
an iterative scheme for approximating the unique solution. In addition, we do not assume
different requirements of super-linearity, sub-linearity or boundness of nonlinear terms.

2 Preliminaries and previous results

For the convenience, here we list some definitions, lemmas and fixed point theorems that
will be used in the proofs of our main results.
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Definition 1. (See [13, Def. 2.1].) The integral

x

o 1
IO+f(x)F(a)/(x—t)1—0‘ dt, x>0,

0

is called the Riemann-Liouville fractional integral of order o, where o > 0 and I'(«)
denotes the gamma function.

Definition 2. (See [13, pp. 36-37].) For a function f(x) given in the interval [0, c0), the

expression
o o L (AN [
D0+f(:17) - F(TL . Ol) <dx> / (1, _ t)a—n+1 dt7
0

where n = [a] + 1, [ denotes the integer part of number «, is called the Riemann—
Liouville fractional derivative of order o.

Lemma 1. (See [24].) Assume (Q) holds. Let y € C[0,1], 2 < o < 3, then the following
integral boundary value problem

Dgiu(t) +y(t) =0, 0<t<1,

has the solution

where
G(t,s) = Gi(t,s) + Ga(t,s), (t,5)€[0,1] x [0,1], 2)
1 to‘_ll—sa_l—t—s"_l7 0<s<t«l,
Gilt,s) = - L 2 G
T(a) | to=1(1 = s)o1, 0<t<s<1,
1
ta—l
Galt.s) = 1— [ Grm. () @
.
0

Lemma 2. (See [20].) The function G1(t, s) defined by (3) has the following properties:

to7 (1 —t)s(1 — s)> 1
I'(«)

s(1—s)et
Ma—1) °

< Gy(t,s) < t,s €[0,1].
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From [15] we have

ta—l(l _ S)a—l
Gt,s)< ——=2 ¢ s€0,1]. 5
On the other hand, from (2)—(4) and Lemma 2,
Ll
te-
Glt5) = Gr(t,5) + Galt.s) > Galts) = 1—— [ Galra(r)dr
9
[ 7211 7)s(1 - 5)o!

T —7)s(l—s

1 s / (o) q(T)dr
0

Therefore, we have
o15(1 — s)@ gl

(1= 02)l(e)

In the rest of this section, we introduce some notations and known results. For conve-
nience of readers, we suggest that one refer to [5, 18,21] for details.

Let (E, ||-]|) be a real Banach space and 6 be the zero element of E. A non-empty
closed convex set P C F is a cone if it satisfies: (a) x € P, A> 0= Ax € P;(b)x € P,
—x € P =z = 0. F is partially ordered by cone P,i.e.,z < yifandonlyify —z € P.
A cone P is called normal if there exists a constant N > 0 such that, for all z,y € FE,
0 < x < y implies ||z|| < N||y||; in this case, N is called the normality constant of P.
We say that an operator A : E — F is increasing (decreasing) if < y implies Az < Ay
(Ax > Ay).

For all z,y € FE, the notation x ~ y means that there exist A > 0 and p > 0 such
that Az < y < pax. Clearly, ~ is an equivalence relation. Given h > 6 (i.e., h > 6 and
h # 0), we denote by P, the set P, = {x € E: x ~ h}. Itis easy to see that P, C P.

G(t,s) > (6)

Definition 3. Let v be a real number with 0 < v < 1. An operator A : P — P'is
said to be y-concave if it satisfies A(tz) > tYAx forall ¢ € (0,1), z € P. An operator
A : E — FEis said to be homogeneous if it satisfies A(tz) = tAz forallt > 0, x € E.
An operator A : P — P is said to be sub-homogeneous if it satisfies A(tz) > t Az for all
t>0,z€P.

In recent papers [18,21], the authors considered the following sum operator equation:
Az + Bz =z, (N
where A, B are monotone operators. They established the existence and uniqueness of

positive solutions for (7) and present the following interesting results.
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Theorem 1. (See [21].) Let P be a normal cone in a real Banach space E, A : P — P be
an increasing y-concave operator, and B : P — P be an increasing sub-homogeneous
operator. Assume that

(i) there is h > 6 such that Ah € Py, and Bh € Py
(i) there exists a constant dy > 0 such that Az > dgBx for all x € P.

Then the operator equation (7) has a unique solution x* in P,. Moreover, constructing
successively the sequence y, = Ayn_1 + Byn—1, n = 1,2..., for any initial value
Yo € Py, we have y,, — z* as n — oo.

Theorem 2. (See [18].) Let P be a normal cone a real Banach space E, A : P — P be
an increasing operator, and B : P — P be a decreasing operator. Assume that:

(i) forany x € Pandt € (0,1), there exist p;(t) € (t,1) (i = 1,2) such that

A(tz) = ¢1(t) Az, B(tz) <

Buz; 8
O @®)

(ii) there exists hg € Py, such that Ahg + Bhg € P,
Then the operator equation (7) has a unique solution x* in Py,. Moreover; for any initial
values g, yo € Py, constructing successively the sequences
Ty = Axpn_1+ Byn_1, Yn=Ayn_1+Bxp_1, n=12,...,
we have x,, — x*, y, — x* asn — oo.

Remark 1. When B is a null operator, Theorems 1, 2 also hold.

3 Existence and uniqueness of positive solutions for problem (1)

In this section, we use Theorems 1, 2 to study problem (1), and we obtain some new
results on the existence and uniqueness of positive solutions.

Throughout this section, we work in the Banach space C[0,1] = {z : [0,1] — R is
continuous} with the standard norm ||z|| = sup{|z(¢)|: ¢t € [0,1]}. Let P = {z €
C[0,1]: =(t) > 0, ¢ € [0,1]}, then it is a normal cone in C[0,1] and the normality
constant is 1. We know that this space can be equipped with a partial order given by

r<y, YE C[Oa 1] — ’I(t) < y(t), te [Ov 1]
Theorem 3. Assume (Q) and

(H1) f,g:1[0,1] x [0,400) — [0,+00) are continuous and increasing with respect
to the second argument, g(t,0) # 0;

(H2) g(t, z) > Ag(t,x) for A € (0,1), t € [0,1], z € [0,+00), and there exists
a constant vy € (0,1) such that f(t,Ax) > NV f(t,z) forall t € [0,1], A €
(0,1), z € [0, 400);

(H3) there exists a constant 69 > 0 such that f(t,z) > dog(t,x), t € [0,1], z > 0.

https://www.mii.vu.lt/NA



Positive solutions for fractional differential equations with integral boundary conditions 165

Then problem (1) has a unique positive solution u* in Py,, where h(t) = t*~1, t € [0,1].
And, for any initial value vy € Py, constructing successively the sequence

Upt1(t) = /G(t, s) [f(s,un(s)) + g(s,un(s))] ds, n=0,1,2...,

we have u,, (t) — u*(t) as n — oo, where G(t, s) is given as (2).

Proof. From Lemma 1 we know that problem (1) has an integral formulation given by

u(t) = /G(t,s) [f(s,u(s)) +g(s,u(s))] ds,
0

where G(t, s) is given as in (2).
Define two operators A : P — F and B : P — FE by

Au(t) = /G(t, s)f (s u(s))ds, Bu(t) = /G(t,s)g(s,u(s)) ds.
0 0

Then we can see that u is the solution of problem (1) if and only if u = Au + Bu. From
(H1), (2)—(4) we know that A : P — P and B : P — P. In the following, we check that
A, B satisfy all assumptions of Theorem 1.

Firstly, we show that A, B are two increasing operators. For u,v € P withu > v, we
have u(t) > v(t), t € [0, 1], and, by (H1), (2)—(4),

Au(t) = /G(t, $)f (s,u(s)) ds > /G(t7 s)f(s,v(s)) ds = Av(t).
0 0

That is, Au > Av. Similarly, Bu > Bwv.
Secondly, we prove that A is a y-concave operator and B is a sub-homogeneous
operator. For any A € (0, 1) and u € P, from (H2) we obtain

A(du)(t) = /G(t, $)f (s, Au(s))ds = X7 [ G(t,s)f(s,u(s)) ds = X7 Au(t).
0

o _

That is, A(A(u)) > AN Au for A € (0,1), u € P. So the operator A is a y-concave
operator. Also, for any A € (0,1) and u € P, from (H2) we obtain

B(Au)(t) = /G(t, $)g(s, du(s))ds = X [ G(t,s)g(s,u(s)) ds = ABu(t).
0

o _
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That is, B(Au)(t) > ABu for A € (0,1), u € P. So the operator B is sub-homogeneous.
Next, we prove that Ah € Py and Bh € Pj,. From (H1), (5), and (6),

ta—l

T op(a) ) 1797 fsDds

Ah(t) = /G(t,s)f(s,s"‘_l) ds

N

O.lta—l

1
) = [ Gt (st s> s
0

From (H3) and (H1) we have

s(1—s)*"1f(s,0)ds

S O~ _

f(s, 1) > f(s,()) > 509(570) 2 0.

Note that « — 1 > 0 and g(¢,0) # 0, we can get

1 1
0/ )1 £(5,1) ds / S(1— ) £(5,0) ds

1
>0 | s )*1g(s,0)ds > 0.
[
Let
1
. 01 _ a—
"= T opT(@) O/ ST 0 > 0
1
. 1 _ a—1
Iy := A= ol 0/(1 $)*7 f(s,1)ds > 0.

Then I > 1; > 0 and thus [1h(t) < Ah(t) < l2h(t), t € [0,1]. So we have Ah € P
Similarly,

Bh(t) = /G(t,s)g(s,sa_l) ds < m /(1 —5)*1g(s,1)ds
01 ot O1

Bh(t) = /G(Ls)g(s,s“‘l) ds > m /8(1 —5)*"1g(s,0)ds,
0 0

also from g(¢,0) # 0 we can easily prove Bh € Pj,. That is, condition (i) of Theorem 1
holds.
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Further, we prove that condition (ii) of Theorem 1 is also satisfied. For u € P, by (H3),

1

Au(t) = /G(t, ) f(s,u(s))ds > 6O/G(t,s)g(s,u(s)) ds = doBu(t).

0

So we obtain Au > 0gBu, u € P.

Finally, from Theorem 1 we know that operator equation Au + Bu = u has a unique
solution ©* in Pp; for any initial value ug € P, constructing successively the sequence
Uy = AUp_1+ Buy—1,n=1,2,..., we have u,, — u* as n — oo. That is, problem (1)
has a unique positive solution u* in Py,. And, for any initial value ug € Pj, constructing
successively the sequence

Unt1(t) = /G(t, S)[f(s,un(s)) + g(s,un(s))]ds, n=0,1,2...,
0

we have wu, (t) — u*(t) as n — oo. O
Corollary 1. Assume (Q) and

(H1") f :[0,1] x [0,+00) — [0, 4+00) is continuous and increasing with respect to
the second argument, f(t,0) Z 0;

(H2') there exists a constant v € (0,1) such that f(t, \x) = XNV f(t,x) forall t €
[0,1], A € (0,1), z € [0, 4+00).

Then the following problem

Diu(t) + f(tu(t)) =0, 0<t<1,2<a<3,

has a unique positive solution u* in Pj,, where h(t) = t*~%, t € [0,1]. And, for any
initial value uy € Py, constructing successively the sequence

1
un+1(t):/G(t,s)f(&un(s)) ds, n=0,1,2...,
0

we have u,,(t) — u*(t) as n — oo, where G(t,s) is given as (2).
Proof. From Remark 1 and Theorem 3 the conclusions hold. O
Theorem 4. Assume (Q) and

(H4) f:[0,1] x [0,+00) — [0, +00) is continuous and increasing with respect to
the second argument, f(t,0) Z 0;

Nonlinear Anal. Model. Control, 22(2):160-172



168 H. Feng, C. Zhai

(H5') ¢ :[0,1] x [0, +00) — [0,400) is continuous and decreasing with respect to
the second argument, g(t,1) # 0;
(H6') for A € (0,1), there exist p;(\) € (A, 1) (1 = 1,2) such that

[t Az) = o1 (M f(t @), g(t, Ar) <

fort €[0,1], z € [0, +00).

Then problem (1) has a unique positive solution u* in Py, where h(t) =t~ t € [0,1].
And, for any initial values xq,yo € Py, constructing successively the sequences

Tnt1(t) = /G(t,s) [f(s,a:n(s)) + g(s,yn(s))] ds,
0

Ynt1(t) = /G(t,s) [f(s,yn(s)) +g(s,xn(s))] ds,

n=20,1,2..., we have x,(t) — u*(t), yn(t) — u*(t) as n — oo, where G(t,s) is
given as (2).

Proof. Similar to the proof of Theorem 3, we consider two operators A : P — FE and
B:P — Eby

= /G(t,s)f(s,u(s)) ds, Bu(t) = /G(t,s)g(s,u(s)) ds.

From (H4), (HS) we know that A : P — P is increasing and B : P — P is decreasing.
Further, from (H6) we can prove that A, B satisfy (8). So we only need to prove that
Ah + Bh € P,,. From (H4), (H5), (5), and (6),

AR(t) + Bh(t) = | G(t,s)[f(s,5*7") + g(s,s*7")] ds

o _

1_02 (1—s)*"[f(s,1) + g(s,0)] ds,

O\H

Ah(t) + Bh(t G(t a_l) +g(s7s°‘_1)} ds

O\H

tal

3]
=0T s(1—5)*"[f(s,0) + g(s,1)] ds.

O\H

https://www.mii.vu.lt/NA
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From (H4) and (H5) we have

f(s,1)+g(s,0) = f(s,0) + g(s,1) > 0.

Note that « — 1 > 0 and f(¢,0) + g(¢,1) # 0, we can get

f(s,1) + g(s,0)] s [f(s,0) + g(s,1)] ds > 0.
[or S
Let
1
— 91 s(1—38)* " f(s ] s
= <102)r(a)0/ (=)0 + gl D] ds >
1 / a—1
Iy ':(1—02)F(a)0/(1_8) [f(s,1) + g(s,0)] ds > 0.

Then Iy > I3 > 0 and thus I3h(t) < Ah(t) + Bh(t) < l4h(t), t € [0,1]. So we have
Ah + Bh € Py,

Finally, from Theorem 2 we know that operator equation Au + Bu = u has a unique
solution u* in Pj; for any initial values zg,yo € P4, constructing successively the
sequences

xn:Axnfl""Bynfla Yn :Aynfl'i_anfla n=12...,
we have z,, — =%, y, — x* as n — oo. That is, problem (1) has a unique positive

solution u* in P, where h(t) = t>~1, ¢ € [0, 1]. And, for any initial values zg, yo € P,
constructing successively the sequences

Tnt1(t) = /G(t,s) [f(s,xn(s)) + g(s,yn(s))] ds,
0

Ynt1(t) = /G(t,s) [f(s,yn(s)) +g(s,xn(s))] ds,

0
n=20,1,2..., we have 2, (t) = v*(t), yn(t) = u*(t) as n — . O
Corollary 2. Assume (Q), (H1") and

H7) for A € (0,1), there exist p(\) € (A, 1) such that f(t, x) = p(\) f(t,x) for

t€10,1], z € [0, 400).
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Then the following problem
Dgu(t) + f(tu(t)) =0, 0<t<1,2<a<3,

has a unique positive solution u* in Py, where h(t) = t*~%, t € [0,1]. And, for any
initial value ug € Py, constructing successively the sequence

1
Unt1 (1) :/G(t,s)f(s,un(s)) ds,n=20,1,2...,
0

we have u,, (t) = u*(t) as n — oo, where G(t, s) is given as (2).
Proof. From Remark 1 and Theorem 4 the conclusions hold. O

It is easy to see that there are many functions which satisfy the conditions of Theo-
rems 3, 4. Here we present two simple examples.

Example 1. Consider the following problem:

u(t)
1+ u(t)

DZ2u(t) +u'/4(t) + el +a=0, te(0,1),

! €))
u(0) = /(0) =0, u(l) = /s2u(s) ds,
0

where @ > 0 is a constant. In this example, o = 2.2, ¢(t) = t?. Then ¢ : [0, 1] — [0, c0)
with ¢ € L[0,1] and 07 = fol s12(1 — s)s?>ds = 25/546 > 0, 09 = fol s12s2ds =
5/21 < 1. Take 0 < b < a, and let

x 1
1+2 4
Clearly, f,g : [0,1] x [0,00) — [0,00) are continuous and increasing with respect

to the second argument, g(¢,0) = a — b > 0. In addition, for A € (0,1), ¢t € [0,1],
x € [0, 00), we have

fltx) =2 +b,  gt,a)= etta—-b, 4=

T e ra—b> A\x
1+ Mz “ 142

ft, x) = A4 b > AV (@A 4 b) = N f(t ).

g(t, A\x) = el + Ma —b) = \g(t, x),

Moreover, if we take 6 € (0,b/(e + a — b)], then we obtain

_ .1/4 Sp—__> . AN Tt .
ft,z)=x/*+b>20 P (e+a b)/éo{l_’_xe +a b]
:509(t793)~

https://www.mii.vu.lt/NA
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So all the conditions of Theorem 3 are satisfied. Therefore, problem (9) has a unique
positive solution in P, where h(t) = t'2, ¢t € [0, 1].

Example 2. Consider the following problem:

t

10)

where a > 0 is a constant. In this example, o, ¢(t) are the same with Example 1. Let

t
_ 1/2 _

f(t,fﬂ)—l‘ +CL, g(t’z)il—i—xl/?"

Clearly, f : [0,1] x [0,00) — [0,00) is continuous and increasing with respect to the
second argument, f(¢,0) = a > 0. g : [0,1] x [0,00) — [0,00) is continuous and
decreasing with respect to the second argument, g(¢,1) = ¢/2 # 0. In addition, let
©1(A) = A2, pa(N) = AY3. Then @1 (\), w2(N) € (A1) for A € (0,1). Further, we
have

ft, A x) = AN2212 4 g > )\1/2(m1/2 + a) =p1(N) f(t, ),

(tha) = — 1 < t )
9022) = 0B S AR a7~ )

So all the conditions of Theorem 4 are satisfied. Therefore, problem (10) has a unique
positive solution in P,, where h(t) = t'2, ¢ € [0, 1].

Remark 2. In [15,24], the nonlinear terms were required super-linearity, sub-linearity or
boundness. Here our nonlinear terms f, g in Examples 1, 2 do not satisfy these conditions.
So the conclusions of Examples 1, 2 cannot been obtained by the main results in [15,24].
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