ISSN 1392-5113 Nonlinear Analysis: Modelling and Control, 2017, Vol. 22, No. 2, 188-209
https://doi.org/10.15388/NA.2017.2.4

The existence and numerical solution for a k-dimensional
system of multi-term fractional integro-differential
equations

Manuel De La Sen?, Vahid Hedayati”, Yasser Gholizade Atani®,
Shahram Rezapour®:°

#Instituto de Investigacion y Desarrollo de Procesos,

Facultad de Ciencia y Tecnologia, Universidad del Pais Vasco,
Campus de Leioa (Bizkaia), Apdo 644, Bilbao, Spain
wepdepam@lg.ehu.es

bDepartment of Mathematics, Azarbaijan Shahid Madani University,
Azarshahr, Tabriz, Iran

“Department of Medical Research, China Medical University Hospital,
China Medical University,
Taichung, Taiwan

Received: August 23,2015 / Revised: June 2, 2016 / Published online: January 19, 2017

Abstract. First, we investigate the existence and uniqueness of solution for a k-dimensional system
of multi-term fractional integro-differential equations. Also, we apply shifted Chebyshev and
shifted Legendre polynomials to obtain an approximation solution for the k-dimensional system.
Finally, we provide some examples illustrating the presented methods.
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1 Introduction

Many researchers have investigated on fractional differential equations and inclusions by
using different views and techniques (see, for example, [1,2,5-7,12,22,23, 30, 34, 35,
37] and the references there in). In the last decade, several methods have been used to
solve fractional differential equations such differential transform method [15], Adomians
decomposition method [9] and variational iteration method [29]. On the other hand, it
has published many works about numerical solution for fractional differential equations
(see, for example, [3,8, 11, 13,16-20, 24, 25,27,28,31,36] and the references there in).
A few works have been published on systems of fractional integro-differential equations
(see, for example, [4, 10,21] and [26]). In 2014, a k-dimensional system of fractional
integro-differential equations has been investigated [6]. By using main idea of [6], we first
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study the existence and uniqueness of solution for the k-dimensional system of multi-term
fractional integro-differential equations

CDall‘l(t) = f1 (t,xl(t),l‘g(t), e ,l‘k(l‘,),lﬁllxl(t),1512$2(t), . ,IBlkxk(t)),
CDa2$2(t) = f2(t,$1(t>,.’1?2(t), N 7xk(t),1521a?1(t),Iﬂ”xg(t), .. .,Iﬁzk.’lfk(ﬁD,

9]
D% xy(t) = fr(t, w1 (t), 2a(t), ..., 2 (), P21 (t), [P 2o (1), ..., [P a4 (1)),
with boundary conditions
i 1
x;(0) + z;(1) = a4, Zlﬁ”’x —i—Z[ﬁ”sﬂ n;) bt/xl
Jj=1 0
fori = 1,2,...,k, where k is an natural number, I = [0, 1], D denotes the Caputo

fractional derivative, 1 < o; < 2,8 > 00,5 =1,...,k),0< & <--- <& 0<m <
Ny < - <ma,b eR el fi e C(I % R%,R) is continuous functions for all ¢ =
1,2, ..., k. In fact, the main difference between our results and similar results of [6] are
that here the right-hand side of the k-dimensional system have mutual couplings between
Riemann-Liouville fractional integrals, while in [6], the couplings are between Caputo
fractional derivatives. Another main difference is that the results of [6] are analytical
ones, while we provide numerical study via some new numerical examples.

By combining the main idea of the papers [6, 14, 19, 20], mixing it with the method
of [21] and using the shifted Chebyshev and Legendre polynomials, our approach in this
paper is to obtain numerical solutions for the k-dimensional system (1). Consider the
Banach space X = C/(I) endowed with the sup norm ||z|| = sup,¢; |z(t)|. Note that the
product space X* endowed with the norm ||(z1,z2, ..., z%) ||« = |z1]| + [|22|| + -+ +
||z || is a Banach space. Recall that the Riemann—Liouville fractional integral of order ¢
is defined by I9f(t) fo /(t — s)17%ds (¢ > 0) provided the integral
exists. The Caputo derlvatlve of order ¢ for a function f € C™([0,00),R) is defined by
DIf(t) =T"1(n—q) fot fM(s)/(t —s)t " dsforn — 1 < ¢ < n [6].

In what follows, we denote

FP(t,x(t)) = filt,ar(t),22(t), .., x(t), P02y (), IP22o(t), ..., [Py (t)).

2 Main results

First, we investigate the existence and uniqueness of solution for problem (1). First, we
give the following well-known result [6].

Lemma 1. Letk > 1,1 < a < 2, B1,...,0 > 0,0 < & < & < -+ < &,
O<m<m<-<ngabeR, andy € C([0,1],R). Then the unique solution of the
boundary value problem °Dx(t) = y(t) with the boundary conditions x(0) + 2(1) = a
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and Z?zl IPix (&) + Z?:l IPix(n;) = bfol x(s) ds is given by

x(t) = I“y(t) + ﬁ Ar(1 =) I%y(1) + b(1 — t)I* y(1)
k
+(t=1) Y (I Fiy(n;) + I°Piy(&)) + ai(t - 1) |,

where Ay = —b-+ 3" (€7 +n)") /T (B;+1) and Ay = —b/2+ 35, (67 40T/
F(ﬂ] + 2) with Ay — Ay 7é 0.

Now, put
ij ij ij+1 i5+1
PR o R S T ol e
71 7 pt F(sz+1)’ 12 9 = F(ﬁ13+2)

foralli = 1,..., k. Define the operator T : X* — X* by

Ti(z1,22,...,21)(t)
To(z1, w2, ..., xp)(t)
T(Ilaz2a"'7xk)(t): . ’
Ty(w1,x2,. .., 2k) (1)
where

Ti(l‘l,ﬂjg, . ,J}k)(t)

_ fot =) (s, 2(s)) ds Jyt —s)* L (s, 2(5)) ds

A (11—t
Fa) Ay o)
t ]
i, — g)itBi—1 B s, x(s))ds
ce-ny (= P(s.2(s))
e I(ai + Bij)
Ei(g OéiJrﬁij*lFﬁ d 1
4 Jo (& —s) 7 (s,x(s)) s) +a; A (t—1)
(i + Bij) A1 — Ay

for i = 1,2,...,k. The uniqueness of the solution for problem (1) is proved in the

subsequent result which uses Lemma 1.

Theorem 1. Suppose that there exists L > 0 such that

2k
| filt, @1, ma, ... wap) — filt, 2, ah, .. why)| < LZ |z —
j=1
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and

)3

=1

1y ! { L [4a
—T(Bis+1) ) [T(a; +1)  [Ain = AiaT(ci + 1)

b PR B /i }
[Ain = Apo[U(ei +2)  [Aa = Aio| 4= Tlai + Bij +1)

1

+ <7

foralli=1,2,... .k t€0,1], z;,2; € Rand j = 1,2,...,2k. Then problem (1) has
a unique solution.

Proof. Let (w1,22,...,71), (y1,Y2,...,yx) € X¥ and t € I be given. Then we have

‘Ti(ml, T2y .. 7.%‘k)(t) — Ti(yhyg, e ,yk)(t)|
_ Jot =) THE (s, 2(5)) — B (s, 9(s))] ds

I'(ov)
1 S (=) EP (s, m(5) = F (s, y(s))] ds
* | A1 — Az il (1 =) (o)
Jo (1 —9)i | El (s,2(5)) — F(s,y(s))| ds
= [bil(1 =)= T(as + 1)
k 7j o Pi— B8 B
B (g — 8) B P (s, 2(s)) — F{ (s, y(s))| ds
e 1|Z< [(a; + Bij)
) YE (s, 2(s)) — Ff<s,y<s>>|ds>
(Olz + Bz])

L sz: ! L. 144
) F(ﬁzs + ].) F(Oél + 1) |/111 — AZQ|F(041 + 1)

g e
Ty e
[Ai — Ago|T (e + 2) |/111 12\ oy + Bi; +1)

k
> s — sl
j=1

fori = 1,..., k. This implies that

HT (x1,...,2) — (yl,...,yk)H

. Z L |Aa1|
pot 3“) +1) )| T(a; +1) A — AT + 1)

. b Z £
|Ai1 — AZQ‘F(OQ + 2) |A11 — ‘ F OéZ + Bij + ]-)

k
D Nz — sl
j=1
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fort =1,...,k and so

HT(CEla"wwk) _T(y17"'7yk)

*

k
= Z |Ti(z1, - mn) = Ti(ya, - - un)|
i=1
k k
1 1 | A1 ]

<L 1+ +

; < ; L(Bis + 1)) (F(Oéi +1)  |An — Ap|D(es +1)
|bs| n;t+ &

k
1
+ +
[Ain — AT (o +2)  |Ain — As2] ; I'(ow + Bij + 1))

X H(:cl,...7xk)—(yl,...,yk)

.
Hence, T' is a contraction, and so by using the Banach contraction principle, 7" has

a unique fixed point 2* € X*. By using Lemma 1, one can easily get that =* is the
unique solution for problem (1). O

One can find next result in [32].

Lemma 2. Let E be a Banach space, C a closed and convex subset of E and V' an open
subset of C such that 0 € V. Suppose that T : V. — E is continuous and completely
continuous operator. Then either T has a fixed point in V or there exist v € OV and
A € (0,1) such that v = XT.

Now, we present a different conditions for the existence of solution for problem (1).

Theorem 2. Suppose that there exist continuous nondecreasing functions 1, ..., 0y :
[0,00) — (0, 00) and continuous functions hy, ..., hy : [0,1] — (0, 00) such that

2k
it w2, won)| < ha(t) > i (|51)
j=1

fori=1,... k, and there exist a number M > 0 such that

. k M a;|| A -
M(z @||h7;||;(w<M>+¢i<r<@j+1)>)+MD o

i=1

where

__ 1 |41 |bi]
?; = + +
F(Oti + 1) |A11 — A12|F(Otz + 1) |A11 — AiQ‘F(OLi + 2)
k o a;
1 nst + &5

- [ Air — Aig| 7= D0 + Bis +1)

forall xq,...,20p € Ryt € T andi = 1,2,... k. Then problem (1) has at least one
solution.

https://www.mii.vu.lt/NA



Numerical solution of a k-dimensional multi-term fractional system 193

Proof. First, we show that the operator 7 : X* — X" is completely continuous. Let
{(z,2%,...,2%)} be a sequence in X* with (a7, 2%,...,2%) — (29,29,...,20).

Then we have

sup |I’8”x;?(t) - Iﬁijx?(t)f

tel

¢ ¢

= ; _ &\Bij—1m _ 1 _ \Bij—1,0

=S T, 0/ (=i (9)ds = 1 0/ (f =)™ aj(s) ds
t

_ &\Bii—1| . _ 0
< Stlell? T 03:,) O/(t s) !;vj (s) —x5(s)| ds
1 1

niy _ 0 _ b a0
<r(5ij+1) 21615)|$j(t) a3 (t)] F(/Bij"'l)ij 2|

fori,j =1,2,... k. Since |27 —2%|| — Oforall j = 1,2,...,k, (I?7)x?(t) converges
uniformly to (Iﬁif)x?(t) on [0,1] fori,j =1,2,...,k. Since

HT(J:?,xS, ... ,xZ) — T(a:(lj, xg, .. ,x%) H*
= sup ‘Tl (x?,xg’, .. ,xZ)(t) — (w(l), a:g, . ,xg)(t)‘

te[0,1]

+ sup |T2(:c?,xg,...,m}:)(t) fTQ(x[l),zg,...,:cg)(tﬂ + .-
te[0,1]

+ sup |Tk (1.7117‘%;1 s 7‘%2) (t) =T (LU%LC% cee 7x2)(t)|a
te[0,1]

by using above inequalities and the continuity of the functions f1, ..., fi, we get
HT(.’E?,.}?37 o ,xﬁ) — T(w(l), ajg, ... ,362) H* — 0.

Thus, 7T is continuous on X*. Letr >0, B(r)={(z1,...,71) € X" ||(z1, ..., 21)|[«<7}
be a bounded ball in X*, k(xl,xg, ...,xx) € B(r) and t € [0,1]. Then we have
T (21, @2, ..., 2k) ()] = > i g |Ti(x1, 22, ..., 2x)(t)| and

|T(x1,x2, . ,:ck)(t)|

k ¢ ai—1 (s x(s))|ds La—s)i—1 P (s, 2(s))| ds
gZ[fo@s) Fz)( (s))Id +<|Aﬂ|<1t>f0“ ) r'éif’ (s))Id

Jo (1= )| F (s, x(s))| ds

k nj a; =11 B
B o) (nj — )Pl FP (s, 2(s))| ds
ol 1|;< [(a; + Bij)
Jo (& = )P B (s, @(s)) [ ds 1
* (o + Bij) > + }alAll(t 1)| | A1 — Ajs
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k
|(z1, z2, - xp) ||
ZKMHZ%HWW, )+ o (Lt ))

i=1 -
“ LR |4 n |3
].—‘(O[Z + 1) |A741 — A742|].—‘(O[1 + ].) |A741 — A742|].—‘(O[1 + 2)
ne 4 £ |ail| A
Jr
|Azl — Ajo| ZF Oéz+ﬁis+1)> | Ain — Asa]
k
1 [ A1
< h; i(r) + ¥ +
2 l(' | Zw v ( (@jﬂ))) (r(am) Ao~ A T (s + 1)
i o+ € |ail| A
+ .
|Ai1 — Aj2|T (0 + 2) |/121 - | Z I'(a; + Bis +1) |[Ain — Asa]
Hence,

||T(x1,3327 e, Tk ||

y " 1 |41
<D Kllh HZ% "F"/}z(F(ﬁij +1)>> (F(a,» T —Aig|lr(a,» =y

i=1 =

k a1 o
|b:] 1 st + & |ai| A
[Air — Aig|D(a +2)  [Aiy — Aig| 7= D0 + Bis + 1) |Ain — iz

+

This implies that the operator 7" is uniformly bounded. Now, we show that 7" maps
bounded sets on equicontinuous sets of X*. Let 0 < t; < ty < 1 and (1, %2,...,71) €
B(r). Then we have

’Ti(xl,xg, P ,Z‘k)(tg) — Ti(Il, T2y ... ,J}k)(tl)‘
Glta = 8) T (s,2(5) ds Jy' (= 8) T E (s, m(s)) ds

0

F(Oéi) F(ai)

1 — s a;—1 ,3 s. (s 5

+An1AnlA”(t1 — iyl P<Z>( e
F(1— ) B (s, x(s)) ds

“i‘*‘ﬁw_lF-’H(s, x(s))ds

- i 0’7;‘ (77j - S) i
(0 t2) Z (o + Bij)

[57(&5 — s)itPu—1EP (s, 2(s)) ds
[ + Bij)

+ > +aidi (ty — @)1 ‘
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r tot — 1" |Ai|(t2 — t1)
(”h | Z% =+ wL<F(ﬁij + 1))) (F(Ozi +1) + |Ai1 — Ag2|T (0 + 1)

bi|(ts — t ty —t o+ g0 At —t
n |bil(t2 — 1) 2 —t Z 3 +|a 1/(t1 — t2)
| A1 — Ago|T (0 + 2) |Ai1 — 12| (o + Bis +1) |[Ai1 — Asa|

for all ¢ = 1,..., k. Obviously, the right-hand side of above inequality tends to zero
as to — t1. Now by using the Arzela—Ascoli theorem, one can conclude that the op-
erator T : X¥ — X% is completely continuous. Let V = {(x1,22,...,7;) € Xk:
(@1, za,. .., 2zk)|l« < M} and (21,29, ...,25) € V. Then we have

HT(£C1, Zo,... ,xk)H

*

< s h . [(z1, 20, ..., 2) ||«
< | Il ol ezl + s (R

i=1 j=1

1 n | A1 i |4
Tlag+1)  |Ajn — AT (e + 1) |Adin — A2|T(ey + 2)

k o L o
N 1 ngt + &8 L _laillAa]
[ Ain — Aiz| “= Do + Bis + 1) |Ain — Az

k k
<y [(mn > (M) W(me))

(ot el b
F(Ozi + 1) ‘A“ — Ai2|F(Ozi + 1) ‘A“ — Ai2|F(Ozi —|— 2)

k : .
. e+ & |ail[Air |
[ Air = Aig| 7= T + Bis + 1) |Ai1 — As

X
/N

< M.

If there exist (z1, . ..
then

,x) €0V and A € (0,1) such that (xq,...,2) =AT(21,...,2k),

M = ||(a:1,,xk)H* = )\HT(xl,...,xk)H*

k (21, 22, .. zr) |«
)\Z |h||Z¢zHa:1,m2,---v Wll,) + i T(B; +1)

(ot el b
F(Ch + 1) ‘Aﬂ — A12|F(a1 + 1) ‘Aﬂ — A12|F(az + 2)

N 1 A L aillAa]
[ Ay — Aiz| = T(ai + Bis +1) [Ain — Az
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|ai| Aa|

k k v
=)\ D\ h; i (M il =———— e S M,
; | ||;(¢( )+ ¥ (F(ﬁij‘f'l))) " | Ai1 — Az =

which is a contradiction. Now by using Lemma 2, the operator 7" has at least one fixed
point such z*. One can check that x* is a solution for problem (1). O

We shall use the Chebyshev and Legendre series expansion for finding approximate
solution for problem (1). As you know, the well-known shifted Chebyshev polynomials
in [0, 1] have the recurrence relation

T () = 2(2¢ = VT3 (2) = T4 (2)

foralln > 1, where Tj () = 1 and 75 (z) = 22 —1 [33]. The analytic form of the shifted
Chebyshev polynomials 77 (x) is given by T} (z) = ny (=11 (2%(n + i— 1)/
(21) (n —4)!))x? for all n > 1 [33]. We have the orthogonahty condition fo Tx(x) x
T (z )/\/x — 22 daz = 0 whenever m # n, fo T (x)T} () /Vx — 22 dz = 7/2 when-
everm = n # Oandf0 T (2)Tr (x)(z — 22)~ 1/2d33 = 7 whenever m = n = 0.
Every function u € L2([0, 1]) can be expressed by the sh1fted Chebyshev polynomi-

als as u( ) = El o ¢iTF (x), where ¢g = (1/m) fo (t)/vVt—t2dt and ¢; =
(2/7) fo (t)/v/t —t2dt for all ¢ > 1 [33]. One can con51der the first (m + 1)

terms of the shlfted Chebyshev polynomials w,,(z) = Y..* ;T (x) for all m > 1
[33].

Theorem 3. Let o > 0 be given. Then °D*(u,(x)) = ZZZM] ZZ:[Q] ciwff),?xk_a
and

where
B ol _ ik 22K+ k= DIC(k+1)
-~ T(a+1)’ 2 (i —k)2K)T(k+ 1+ )

and
(@) _ (_qyi-k 2%+ k— DIC(k +1)
i = Y @R T 1 —a)

Proof. By using the linear properties of the Caputo fractional derivative, we get

D (um (2)) = D* (eoTg (2)) + 3 D (T})(x)

_ e * . i— 22k(Z+k_1)c o
=D (coTO(x))+Z ci(—1) kWD( ").
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Since °D*(x*) = 0 whenever k = 0,1,...,[a] — 1 and °D*(z*) = (['(k + 1)/T(k +
1 — a))z*~* whenever k > [a], we have

cya _ z 2 (Z‘l’k’*l)'F(kﬁ*l) —a
D (um () _z%] kz[;ﬂ ci(—1)F k).(2k;)!F(k+1+a)xk

Z Z cw Ei)xk a

i=[a] k=[]

Also, by using the linear properties of the Riemann—Liouville fractional integral, we get

I (um () = I*(coTy (z —|—ch]0‘ T)(

= I%(coT5 (2 +chz )"~ eZhii k= L, (2;).122;)1_) 1*(a%).

i=1 k=0

Since I%z% = (T'(k + 1)/T'(k + 1 + «))z**%, we obtain

U 22k(i 4+ k — 1)IT(k + 1)
I . z k k+a
(tm (@) = r ) ; s ) G e T+ 1)
= Z cl@gfx)kara
i=0 k=0
This completes the proof. O

For solving problem (1) by using the Chebyshev method, we approximate x1(t), . ..,
zy(t) by

m

m m
02> enTr(t), wo(t) =) ey (1), ..., x(t) =) ey (h)
=0 1=0 =0

By substitution these relations in (1) and applying Theorem 3, we obtain

Z Z C1W ((Xl)ts a1

i=[a1] s=[o1]

—f1< chz Zcﬂ* Zch 5,33 @t

=0 s=0

(512) s+,6’12 (ﬁlk) s+B1k
Z Z Co 6 t .. Z Z Cki 9 t

=0 s=0 =0 s=0

3

Nonlinear Anal. Model. Control, 22(2):188-209
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m

Z Z CoiW (a2)ts (o)

i=[az] s=[az]

= f2 (t, Z CliTi* (t), Z 627;114* (t), ey Z CkiTi* (t), Z CM@E’B;l)terﬁZl 5
=0 =0

1=0 i=0 s=0

m [
Z Z 62i6§i22)t8+ﬁ22 ) Z Z ¢ 19 /82k)t5+52k
i=0 s=0 =0 s=0

m

Z Z CliW (@k)ts ap

i=[ar] s=[ak]

= fk: ( chz ZC2ZT* chz
=0 s=0
Z Z Coi @(5k2 ts+,8k2 o Z Z Ckieiikk)ts+5kk

=0 s=0

<.

Ms
S

.@Eﬁkl)t&i—ﬁm’

7

=0 s=0

In the relation

Z Z cjiw;’ O‘J)ts a;

i=[a;] s=[a;]]

m m m m 1
= fj (t, Z CliTi* (t), Z CQiTi* (t), RN Z CkiTi* (t), Cu@gijl)ts+ﬁjl,
i=0 =0 =0

i=0 s=0

f: 21: czi@gijz)t”ﬁﬂ, . Z Z Ch @(ﬂj’“)ts“}]k)

=0 s=0 =0 s=0

weputt =z, forp=0,...,m+1—[a;]and j =1,..., k. Then we obtain

Z Z C”w(aj) s—ay

i=[a;] s=[a;]

m i
(Bj1) ;
= f] (1?17, E c1iT, xp E coi T, E el JUp s § Clz@ ] SJDBJl:

=0 s=0

(@)

i=0 s=0 i=0 s=0

ZZC%@§€J2)$;+51‘2’” ZZC @(Bﬂc) a+[3Jk>

forallj=1,... k.
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For calculating the unknowns cj; fori = 0,...,mand j = 1,..., k, we consider the

roots z, of T\, ](t) forall j = 1,...,k and use the conditions

k k L
i (0) +2;(1) = aj, Zfﬁ”%(&ﬁzfﬁ’%(m):bj/:vj(s)ds
t=1 t=1 0

7=1,2,... k. Then we get

chz‘ (T7(0) + T; (1)) = aj,

k- m 1 m o q (3)
Bjt) ( ¢s+Bit s+Bj¢ 1
DD O (G ) =303 il
t=1 =0 s=0 =0 s=0
forall j = 1,..., k. Note that equations (2) and (3) generate km + k nonlinear equations,
which can be solved by using the Newton iterative method. Thus, we can find the un-
knowns ¢;;j fori = 0,...,mand j = 1,...,k, and so one can calculate z1 (), . . ., x ().

Similar to last case, the shifted Legendre polynomials in [0, 1] have the recurrence
relation

2n+1)(2z -1
L) = EEVE Dy - @)
forall n>1, where Lj(z) =1 and Lj(z) =2z — 1 [19]. In fact, L}, (z) =3_;_o(—~1)"*'x
((n—i—z)'/(n —i)(i?)z’ foralln > 1, fo L (z)L, () dz = 0 whenever m # n, and
fo Li(z)L;, (z)dz = 1/(2m + 1) whenever m = n [19]. Every function u € L?([0, 1])
can be expressed by the shifted Legendre polynomials as u(z) = Y.~ d; L (x), where
di = (2i+1) fo L (t)dt for all i > 1. Again, we consider the first (m + 1)-terms
of the shlfted Legendre polynomials um(x) = >0 d; Li(z) for all m > 1. Similar to
Theorem 3, we have next result.

Theorem 4. Let o > 0 be given. Then “D*(um(z)) = 31 ZZ:M] diAﬁ)x’“_a
and

1=0

_ in: - diBl(,Ol;)x/c-&-a’
=0 k=0
where
(@ _ (=16 +k)! gl _ DR+ k).
W= BRI T(E+1—a)’ WG =B (BT (k+ 14 )
Sforall v and k.

Again, for solving problem (1) by using the Legendre method, we approximate x1 (t),
zy(t) by

()= duLi(t), @a(t) =Y dyLi(t), ..., @p(t) =Y diLi(t)
i=0 1=0 i=0
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By substitution these relations in (1) and applying Theorem 4, we obtain

Z Z dy A e

i=[a1] s=[a1]

=h (t, i dii Ly (t), i doi L (1), -, Xm: dpi L (1), f: ZZ: dliggill)ts+ﬂll’
i=0 = part

i=0 s=0

i i d2i8£ﬂ512)t8+612 ) sz B Bu ts+’81k>
=0 s

=0 =0 s=0

m

S % e

i=[az] s=[a2]

= f2< ZdhL* nglL* del ),
= i=0 s=0

=0 s=0 =0 s=0

%

d i6§i21)ts+521 ,

Ms

i i dkiAgik)tS_ak
i=[ok] s=[vi]

%

= fk (ta Zm: dlzL* Z d22L* Z d]ﬂL* ,Z d Z.Bgikl)t5+/3k17

3

1=0 s=
3 m %
Z Z do B(Bk2)ts+,3k2 o Z Z dkiBl(ikk)ts+ﬁkk
=0 s=0 =0 s=0

Again, in the relation
m

Z i djiAEzj)ts—aj

i=[a;] s=[a;]

(t,ZduLj Zdzz dez ),
=0 1=0 s=0
ZZd B s tBia sz B ts+ﬂ1k>

=0 s=0 1=0 s=0

%

d iB’gijl)tS+le>

Ms
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weputt =x,forp=0,...,m+1—[a;]andj =1,..., k. Then we obtain

> Y A

i=[a;] s=[ay]

= (a:,,, > AL (wp), Y daiLi(wp), ., Y driL ()
— g g

RIS 3 WAL L
=0 s=0 =0 s=0
Z Z dy, B(B;k) €+[39k> @)
i=0 s=0
forall j =1,..., k. For calculating the unknowns d;; fors =0,...,mandj =1,... k,
we consider the roots zpof Ly .\ fa;] (t) forall j = 1,...,k and use the conditions
k k 1
5 (0) +a;(1) =aj, Y Ias(&) + D T i (m) = b / z;(s) ds
t=1 t=1 s

forj =1,2,..., k. Then we get

; m ¢ (5)

Zi ; dsz 6Jt) S+Bjt + 77:+Bjt) - bj ZZdﬂBE}S)

t=1 =0 s=0 =0 s=0

forall j = 1,..., k. Note that, equations (4) and (5) generate km + k nonlinear equations,
which can be solved by using the Newton iterative method. Thus, we can find the un-
knowns ¢;; fori =0,...,mand j = 1,..., k, and so one can calculate z1 (z), . . ., zx(2).

3 Numerical examples

In this section, we provide three examples for illustrating our results. In the first and
second ones, we know the solution, and we provide these examples to demonstrate the va-
lidity of the presented methods. In the third example, by using the presented methods, we
solve a 3-dimensional system of fractional integro-differential equations with unknown
exact solution. In the first and second examples, we denote by Z; (t) and Z2(t) the Cheby-
shev approximations of x1(t) and x2(t). Also, we denote the Legendre approximations
i‘l (t) and jg (t)

Nonlinear Anal. Model. Control, 22(2):188-209
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Example 1. Consider the 2-dimensional system of fractional integro-differential equa-
tions

t T
4
CD3/2x1(t)=f(t)+100< ) + @t //xl )drdr + I3yt ))

D)=+ g0 i [ ]

with the boundary conditions

(6)
T)drdrdr 4+ 1 /2372( ))

Pay(1/2) + 1321 (3/4) + Pay(1/3) + 132, (1/3)
1
= 1.286734952 / 1 (s
0

Pao(1/2) + 1V229(3/4) + Paa(1/4) + I 224(1/3)

— 0.7984935672 / 2a(s) ds,
0
331(0) + 331(1) =1 and xz(O) +$2(1) =1.

Put f(t) = 2/T(3/2)t}/2 — (4/100)(¢> + 3 + t*/12 + 6t10/3/T'(13/3)), g(t) = 6/
D(11/4)t7/* — (4/100)(t% + ¢ 4+ °/60 + 6t7/2/T(9/2)) for t € [0,1], L = 4/100,
k=201 =3/2 a,=>5/4 p11 =2, Pa1 =3, fra = 1/3, faz = 1/2, & = 1/2,
& =3/4,m =1/4, 1m0 =1/3, a1 = as = 1, by = 1.286734952, by = 0.7984935672,
J1(t,y1,y2,y3,ya) = f(t) +4/100(y1 4+ y2 +y3 +ya) and fo(t, y1,y2, Y3, ya) = g(t) +
4/100(y1 + y2 + y3 + ya) for y1,y2, ys, ya € R. One can check problem (6) satisfy the
conditions of Theorem 1. Thus, problem (6) has a unique solution in C[0, 1] x C[0, 1]. We
know that the exact solution for problem (6) is z1 () = t? and z2(t) = t3. We apply the
presented methods with m = 6 for obtaining the numerical solution for the problem. One
can see that the numerical solution coincides the exact solution as we show it in Figs. 1-4
and Tables 1 and 2.

Table 1
1 Coefficient value of Chebyshev method Coefficient value of Legendre method
c1i C2i di; da;
0 3.7500e —01 3.1250e —01 3.3333e 01 2.5000e —01
1 5.0000e —01 4.6875e —01 5.0000e —01 4.5000e —01
2 1.2500e —01 1.8750e —01 1.6667 e —01 2.5000e —01
3 5.8364e—13 3.1250e —02 1.0066 e —12 5.0000e —02
4 —2.5264e—-14 4.1786e —13 —1.0651e—13 2.1053e—13
5 1.2623e—13 2.7998 e —13 1.6516e —13 3.2886e —13
6 —8.1630e—14 —3.9504e—13 —1.1141e—13 —4.8534e—13
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x,(v=¢ x, =t

~—— Exact Solution
*— Numerical Solution

Exact Solution

*— Numerical Solution

02 04 06 08 1 0 02 04 06 08 1

Figure 1. Comparison of t2 with &1 (t). Figure 2. Comparison of t3 with &2 (t).

X, (0=t x{0=t

T T

S

———— Exact Solution ~——— Exact Solution
. #— Numrical Solution . *—— Numrical Solution

-02 : : : - -02 : : : -
0 02 04 06 08 1 0 02 04 06 08 1
t t
Figure 3. Comparison of 2 with &1 (¢). Figure 4. Comparison of 3 with @2(t).
Table 2

t; Absolute error of Chebyshev method Absolute error of Legendre method
|z1(t:) — &1 (t)|  |w2(t) — F2(t:)| [21(t:) —21(t)] [w2(ts) — E2(t)]
0.0 8.4621e—-10 1.8512e—10 8.4695e —10 1.8695e —10
0.1 6.7698e —10 1.4970e—10 6.7746e —10 1.5061e—10
0.2 5.0864e—10 1.1532e—10 5.0881e—10 1.1536 e —10
0.3 3.4030e-—10 7.9691e —11 3.4030e —10 7.9581e—11
04 1.7171e—10 4.2905e —11 1.7168 e —10 4.3065e —11
0.5 2.9101e—-12 5.8084e —12 2.8692e —12 6.1029e —12
0.6 1.6604e—10 3.1049e —11 1.6617e—10 3.1102e —11
0.7 3.3522e-—10 6.7879e —11 3.3552e —10 6.8697e —11
0.8 5.0484e—-10 1.0553e—10 5.0535e —10 1.0711e—10
0.9 6.7515e—10 1.4480e —10 6.7581e —10 1.4669e —10
1.0 8.4621e—10 1.8512e—10 8.4695e —10 1.8695e —10
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Example 2. Consider the following 2-dimensional system of fractional integro-differential
equations

Dz (t) = f(t) + % (21(t) + w2 (t) + I P2y (t) + TV 2s(t)),
(7

D (a1 (1) + alt) + V() + 1V2aa(1)),

D32 5(t) = g(t
z2(t) = g(t) + 100

with the boundary conditions

T2 (1/3) + IV 420 (1)2) + 152, (1/5) + IY*2,(2/5)
1

= 2.5824/:v1(s) ds,
0
IMY325(1/3) 4+ I 229(1/2) + 1'329(1/5) + I'?25(2/5)

= 1.502378 [ z2(s)ds,
/
21(0) +21(1) = (e +2)/2 and 22(0) + 22(1) = &* + 2.

Put f(t) = S5 tF+H1/4 /(20 (k + 5/4)) — (5/100) (e?* +-et +2+¢+1%/5 /(2T (11/5)) +
219/4 [T(13/4) + Y5 013 /(20 (K + 6/5)) + o5 25051/ T (k 4 5/4), g(t) =
2612 T (3/2)+ > pe 22 TREFHY/2 T (k43 /2) — (5/100) (¥ +e +2+1+t4/3 /21 (7/3)+
205/2 )T(7/2) + S pe o tFHY3 /(20 (k + 4/3)) + S pey 2KF /2 )T (k + 3/2)) for t €
[0,1], L = 5/100, k = 2, ay = 7/4, ag = 3/2, f11 = 1/5, B12 = 1/4, B21 = 1/3,
Boz = 12,& = 1/3,& = 1/2,m1 = 1/5,m2 = 2/5, a1 = (e +2)/2, az = e + 2,
by = 2.5824, by = 1.502378, f1(t,y1, Y2, Y3, ya) = f(t)+(5/100)(y1 +y2+ys+y4) and
fa(t,y1,y2,¥3,y4) = g(t)+(5/100) (y1 +y2+y3+ya) for y1,y2, y3, ya € R. Itis easy to
check that problem (7) satisfy the conditions of Theorem 1 and so has a unique solution in
C[0,1] x C[0, 1]. We know that the exact solution for problem (7) is z1 () = (e + 1)/2
and x5(t) = e?' + t2. We apply the presented methods with m = 6 for obtaining the
numerical solution for the problem. One can see that the numerical solution coincides the
exact solution as we show it Figs. 5-8 and Tables 3 and 4.

Table 3
1 Coefficient value of Chebyshev method Coefficient value of Legendre method
c1q c2i diq do;
0 1.1267e+-00 3.8165e+00 1.1091 e 400 3.5279e+00
1 6.7520e—-01 3.5725e+00 6.7258 e —01 3.5000 e +00
2 5.2604e—-02 8.6299e —01 6.9932e —02 1.1393 e +00
3  4.3610e—03 1.2051e —01 6.9655e —03 1.9151e—01
4 2.7172e—-04 1.4909 e —02 4.9631e —04 2.7129e —02
5 1.3624e—-05 1.4951e—03 2.7639e —05 3.0209e —03
6 5.6154e—07 1.1232e —04 1.2400e —06 2.4796e —04
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X, t=(e"+/2 x,(U=e?4t
2 : - 9 . .
—— Exact Solution ] —— Exact Solution
*— Numerical Solution g * Numerical Solution d
St
15|
st ]
st
at ]
1 ]
3t J
2f ]
05 : - - 1 . . . .
0 02 04 06 08 1o 02 04 05 08 1
t t
Figure 5. Comparison of (e? + 1)/2 with 1 (¢). Figure 6. Comparison of e2 + 2 with Z2(t).
X, =(e+t)2 X, (U=e?4€
2 : : . - 9 ; .
—— Exact Solution | ~—— Exact Solution
#— Numical Solution 8 + Numical Solution
st
15|
ol
st
o
W
sl
2t
05 : : . . 1 : : . -
0 02 04 06 08 1o 02 04 06 08 1
t t
Figure 7. Comparison of (e? + 1)/2 with £1 (¢). Figure 8. Comparison of e2? + 2 with £2(t).
Table 4
t; Absolute error of Chebyshev method Absolute error of Legendre method
|z (ti) — &1 (ta)|  |wats) — T2(t)| w1 (ts) — 21(E:)|  |wa(ts) — 22(t:)]
0.0 3.5844e—-07 1.8357e¢—05 1.9321e—-08 2.0529e —05
0.1 2.5476e—-07 1.0470e —05 1.4957e —08 1.6873 e —05
0.2 7.7343e—08 1.2016e —05 8.5637e —09 2.8404 e —06
0.3 8.4717e—-08 1.8416e —05 4.6269e —08 1.6024e —05
0.4 1.2544e—-07 9.0712e —06 9.2186 e —09 3.4776 e —06
0.5 5.4960e —08 4.7901e —05 9.9099 e —08 1.9716 e —05
0.6 1.8931e—-08 5.5556 e —05 1.9331e—07 2.0469e —05
0.7 1.0541e—-08 1.1674e —05 1.9383e —07 1.4928 e —05
0.8 1.4883e—-07 4.9921e—05 1.1307e —07 5.4189e —05
0.9 2.8506e—07 5.8188e —05 5.3172e —08 4.2059e —05
1.0 3.5844e—-07 1.8357e—05 1.9321e—-08 2.0529e —05
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Example 3. Consider the 3-dimensional system of fractional integro-differential equa-
tions

Vg, PO cone[_Lal8) + [aalt)
L+ [z1(2)] L+ [ao(t)] + |o3(t)]
+ cos I 2z, (t) + sin([1/3x2(t) + Il/4x3(t)) )
¢ 3 —lz2 ()] (42 4 1
CD\/gxg(t)— i (®) ¢ (" + )—I—tcosxg(t)

14z ()P 242 ®)
e ™ 12 Bxy (t) + T 3xo(t) + 17/ 33(t)|

10v/m(1 + [127321(t) + I3a5(t) + I5/3as(t)])’

D7/ x4(t) = tsinzy (t) 4 cos zo(t)
2 |zs(t) + IV 2y (t) + IY525(t)| tIY Py (t))3

V(L |as(t) + IV A2y (8) + TV 0z3()]) 14 [1H/522(2)3

+

with the boundary conditions

IV220(1/4) + IV32,(1/3) + IV 421 (1/2)

+ 1Y22.(1/6) 4+ IY32,(1/5) 4+ 1M 421 (1/4) = /1w1(s) ds,
I?Bay(1/4) + I*325(1/3) + I°/325(1/2) 0

+ I?325(4/3) 4+ I°/325(1/5) + IV 42, (1/4) = /1351(5) ds,
IV %25(1/4) + I'M525(1/3) + I'S25(1/2) 0

+ IY%%25(1/6) 4+ IY524(1/5) + 1Y%, (1/4) = /1951(8) ds,
z1(0)+z1(1) =1, z2(0)+z2(1)=1 and x3?0)+x3(1):2.

Put K = 3, oy = \/i, g = \/g, g = 7/4, ﬂll = 1/2, ﬂlg = 1/3, ﬁlg = 1/4,
Ba1 = 2/3, Poz = 4/3, Bag = 5/3, Ba1 = 1/4, B3z = 1/5, 33 = 1/6, & =
1/4, & = 1/3, & = 1/2,m = 1/6,m2 = 1/5, 13 = 1/4, a1 = 1, ax = —1,
az = 2, bl =1, b2 = —1, b3 = 27f1(tay17y23y3,y47y57y6) = ‘y1|/(1+|y1|) +
e [(|y2| + lysl) /(1 + |y2| + lys])+cos ya+sin(ys+ye). f2(t, y1, Y2, Y3, Ya, Y5, Y6) =
ety P/ (1 + |y |?) e w2112 1) /(#2 + 2) +tcos yz + e~ ™ ys + ys + ys|/(104/7 x
(L4 lya +ys +y6l))s f3(t, y1, Y2, Y3, Ya, Ys, Ys) = tsinyy + cos ya + t2|ys + ya + yel/
(V1 + |y + ya +yel)) + tlys[*/(1 + |ys|?) for t € [0,1], y1,y2,Y3,Y4, Y5, 96 € R.
One can check that problem (8) satisfy the conditions of Theorem 2 with 11 = 12 =
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3 r T r 3
Numerical Solution of x (t)

25 «— Numerical Solution of x 1) 1 e

Numerical Solution of x 0
Numerical Solution of x _t)
Numerical Solution of x ()

Numerical Solution of x 3(‘)

s

0 0.2

04

06 08

Figure 9. Chebyshev method.

02

08 1

Figure 10. Legendre method.

Table 5
7 Coeficient values of Chebyshev method Coeficient values of Legendre method
c1i Cc2i c3i dy; da; ds;
0 3.1086e—01 4.3468e¢—01 9.0987e¢—-01 2.5006e—01 4.1217e¢—01  8.7998¢ —01
1 4.5506e —01 —6.7931e—01 1.5371e+00 4.6415e—01 —6.7931e—01 1.5266 ¢ +00
2 1.836le—01 6.6594e—-02 8.9756e¢—02 2.3807e¢—01 9.0421e¢—02 1.1801e—-01
3 —1.3902e—02 5.1344e—03 6.7440e—03 —1.9944e—02 8.1119e—03 1.0342e—02
4 —2.0399e¢—-03 —1.2617e—-03 1.0886e¢—03 —3.0047e¢—-03 —2.4608e¢—-03 2.0997e—03
5 —1.0226e —02 —6.4247e—-04 1.5461e—04 —1.7063e —02 —1.0749e¢—-03 4.0757e—04
6  7.5645e—03 —1.6293e—-05 —2.4232e¢—-05 1.4873e—-02 —3.2794e—-04 —8.5696¢e —05
Table 6
tE) —E )] [B2(8) — 22(H)]  |B3(t) — £3(8)]
0.0 3.7905e — 03 2.6263e — 02 6.6857e — 03
0.1 1.2589e — 03 2.1241e — 02 5.1368e — 03
0.2 4.9394e — 03 1.6554e — 02 3.6195e — 03
0.3 2.9277e —03 1.1625e¢ — 02 2.2606e — 03
0.4 2.6737e¢ —03 6.3281e — 03 1.0412e¢ — 03
0.5 7.6077e — 03 7.6994e — 04 1.2149e — 04
0.6 8.4750e — 03 4.8740e — 03 1.3145e¢ — 03
0.7 4.4869e — 03 1.0459e — 02 2.5899e — 03
0.8 2.0412e — 03 1.5909¢ — 02 3.9472e — 03
0.9 6.4560e — 03 2.1198e — 02 5.3369e — 03
1.0 3.7905e — 03 2.6263e — 02 6.6857¢e¢ — 03

Yy = 1, hi(t) = 14 3¢5, ho(t) = et + t(ta + 1)/(t* + 2) + (e7™)/(10/7),
h3(t) = ta/\/m 4+ 2t + 1 and M > 195. Hence, problem (8) has a solution in C[0, 1] x

C[0,1] x C[0,1]. Similar to Examples 1 and 2, we can approximate the solution by the
Chebyshev and Legendre methods. We denote numerical solution of the Chebyshev and
Legendre methods by Z1, 2, T3, £1, T2 and Z3. One can see that the numerical solution
coincides the exact solution as we show it in Figs. 9, 10 and Tables 5 and 6.
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