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Abstract. Based on the relation between Leray—Schauder degree and a pair of strict lower and
upper solutions, we focus on the bifurcation analysis for a singular differential system with two
parameters, explicit bifurcation points for relative parameters are obtained by using the property of
solution for the akin systems and topological degree theory.
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1 Introduction

Bifurcation theory is the mathematical study of changes in the qualitative or topological
structure of a given family, such as the integral curves of a family of vector fields, and the
solutions of a family of differential equations. Bifurcations can occur in either continuous
systems described by ODEs, DDEs, PDEs or discrete systems described by maps. Gen-
erally, a bifurcation often occurs when a small smooth change made to the bifurcation
parameter values of a system causes a sudden ‘qualitative’ or topological change in its
behaviour [2].

There is considerable interest in understanding bifurcation phenomena because it
answers important questions like how many solutions (or steady-states) exist in different
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operating regions, and how the system behaves with changes in various parameters. In
fact, a bifurcation study helps provide insights about the physics by classifying the param-
eter space into different regions and aids further numerical explorations. For example, by
using a two-mode lumped model, Alam et al. [1] presented theory and comprehensive
bifurcation analysis of thermally coupled homogeneous-heterogeneous combustion of
propane and methane in short monolith. Mann et al. [19] stated the bifurcations and limit
cycle behavior in milling process can be predicted from a nonlinear time finite element
analysis.

In mathematics framework, several interesting theoretical results on bifurcation phe-
nomena of system have been obtained. Among them, Jodo et al. [9] studied a local
superlinearity for elliptic systems involving parameters

—Au= h(|$\,uvv) in A(r1,72),
—Av = k(|x|,u,v) in A(rq,72), (1)
(u,v) = (0,0) on|z[=ry,

(u,v) = (a,b) on|z|=rg,

where a, b are non-negative parameters, A(ry,72) = {z € RY | r; < |z| < r2} with
N > 3 is an annulus. Perform the change of variable

N-2 2
42N () T
t=Ar + B, A=+ N—2> B= %= N—2>
T2 - T2 -

1), (@)

where the nonlinearities f and g are given by

) A2/(N=2) A \V/(N-2)
f(t,u,v,a,b) = (17N) (B_t)Q(N_l)/(N_Q)h<<B_t> ) U+t(l, 'U+tb>a

¢ b= (1_Np_ AT A . ¢ th
glt-uv.a.b) = (=N g F\ \ B )

Under the conditions where the nonlinearities f and g are superlinear at the origin as
well as at infinity, by using the fixed-point theorem together with the upper-lower solu-
tions method and degree arguments, bifurcation arcs of parameters, which guarantee the
existence, non-existence, and multiplicity of positive solutions, were obtained, that is,
there exists a simple arc I", which splits the positive quadrant of the (a, b)-plane into two
disjoint sets S and R such that (2) has at least two positive solutions when (a,b) € S,
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Bifurcation analysis for a singular differential system 33

has at least one positive solution when (a, b) is on the boundary of S, and has no positive
solutions when (a,b) € R. Then Liu et al. [17] studied the following singular nonlinear
systems on the half-line:

—(p1 () (1)) = Agn (t
—(p2(t)0' (1)) = Aot
anu(0) — fi t1_1>%1+ p1(t)u’(t) =0,

f1( ,v(t),a,b), 0<t< o0,

).f1 (¢ u(t)
)f2(t,u(t),v(t),a,b), 0<t<+oo,

3)

12 t£+mm U(t) + 512 tkglm P1 (t)ul(t) = 0,
O[Ql’l)(()) — 521 lim pz(t)’l)/(t) = 0,
t—0+

oz i v(0)+ B2 I _p0)0'(1) =0,

where A > 0 is a parameter, a,b > 0 are constants and f, f» € C((RT)5 R*) are
superlinear at infinity. By using the upper-lower solutions method and the fixed-point
theorem on cone in a special space, some results for the existence, nonexistence and
multiplicity of positive solutions for the problem are obtained. For other works on the
existence of positive solutions, we refer the reader to [3-8, 11-16, 18,21-24].

Coupled boundary value problems (1)—(3) arise naturally in the research of Sturm-—
Liouville problems, reaction-diffusion equations, mathematical biology, and so on. Of
course, the investigation of the model of abstract dynamics systems for coupled boundary
value problems plays important role for getting an in-depth understanding of the systems
oneself. Moreover, these theoretical results will then shed light on the development of the
related sciences and technologies, further improve the efficiency and reliability of these
systems. In view to this aim, in this paper, we are firstly concerned with the multiplicity
of positive solutions for the following singular differential system with coupled boundary
conditions:

u” (t) + ay ()’ () + by (B)u(t) + cr(6) fr (¢, u(t),v(t)) =0, te(0,1),
V() + ax(t)v'(t) 4 ba(t)v(t) + c2(t) f2(t, v(t), u(t)) =0, te€(0,1),
g1 u(l) = /hl(s)u(s) ds, 4)

u(0) =
v(0)

1
/ (s)u(s) ds,

0

1
/gg(s)v(s) ds, v(l) = /hg(s)v(s) ds,

0 0
where a; € C[0,1], b; € C([0,1],(—00,0)), fi € C([0,1] x RT x R*,RT), ¢; €
C((0,1),R*), ¢;(t) # 0, gi, h; € L*(0,1) are nonnegative, i = 1,2. Then, by using
the property of solution for the akin systems (4) as well as topology degree theory,
we establish the bifurcation analysis for the corresponding differential system with two
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parameters
u(t) + a1 (E)u' () + br(E)u(t) + Aer (8) f1 (¢, u(t),v(t)) =0, t€(0,1),
0" (t) + az(t)v' () + ba(t)v(t) + pea(t) f2 (¢, v(t),u(t)) =0, t€(0,1),

~—

u(0) = /gl(s)u(s) ds, u(l) = /hl(s)u(s) ds, (5)
01 01

v(0) :/gg(s)v(s) ds, v(1) :/hg(s)v(s) ds,
0 0

where A, u > 0 are parameters, a; € C[0,1], b; € C([0,1], (—00,0)), f; € C([0,1] x
R x R, RY), ¢; € C((0,1),RY), ¢;(t) £ 0, gs, hi € L*(0,1) (i = 1,2). In the above
two systems (4) and (5), ¢;(t) (i = 1, 2) is allowed to be singular at t = 0, 1.

The paper is organized as follows. In Section 2, we give some preliminaries and
establish several lemmas. In Section 3, we establish the relation between Leray—Schauder
degree and a pair of strict lower and upper solutions for a second-order differential system
with integral boundary conditions. The main results shall be established in Sections 4
and 5.

2 Preliminaries and lemmas

Let E = C[0,1] = {u | u : [0,1] — R is continuous} be a Banach space with the
norm [|u|| = maxe(o,1) [u(t)|. Throughout the paper, RT = [0,400), R = (0, +00)
and the symbol of the form C'(M, N) is denoted as the set of all continuous mappings
uw: M — N, where M and N are two arbitrary set. In the following, we shall work in
Banach space E x E, which is endowed with the norm ||(u, v)|| = max{||u]|, |[v|} for
any (u,v) € E x E. We also define a cone on E as follows:

P ={ueC[0,1] | u(t) > 0and u(t) is concave on [0, 1] }.
In order to establish the bifurcation structure of the coupled boundary value prob-

lem (4), we firstly introduce the following lemmas.
Lemma 1. (See [18].) Suppose that a; € C[0,1], b; € C([0,1],(—00,0)). Let @1 ; and
p2,i be the unique solution of the following problems:

Pa(t) + ai(t)eh i (1) + bi(t)pri(t) =0,

¢1,i(0) =0, p1i(1) =1
and

053 (1) + ai(t)ph i (1) + bi(t)p2,i(t) =0,

©2,i(0) =1, ¢2,i(1) =0,

respectively. Then @1 ; are strictly increasing on [0, 1], while o ; are strictly decreasing
on [0,1], where i = 1, 2.
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For convenience, we now list some assumptions to be used in the rest of the paper:

(H1) a; € C[0,1],b; € C([0,1], (—00,0)),i = 1,2,

(H2) gi, h; € L'(0,1) are nonnegative with k1 ; > 0, ks ; > 0, k; > 0, where

1

1
kii=1- /902,1‘(3)91'(5) ds, koi= [ ¢1,i(s)gi(s)ds,
0

O\H O\

1
ks; = /<P27i(3)hi(5) ds, ki;=1-
0

ki = k1 ks — koikss, i=1,2.

(H3) fi € C([0,1] x R* x R* RT), ¢; € C((0,1),R"), ¢;(t) # 0 and

1
J(s)ei(s)ds < 400, i=1,2,
0

where () is defined in Lemma 3.

©1,i(8)hi(s) ds,

Lemma 2. (See [16].) Assume that (H1) and (H2) hold. Then, for any y; € C(0,1) N

L*(0,1), the BVP

w () + a; ()u' () + b (t)u(t) +yi(t) =0, t e (0,1),

1 1
u;(0) = /gl(s)uz(s) ds, u;(1) = /hi(s)ui(s) ds
has a unique solution i ’
u;i(t) = /Hi(t7s)yi(s) ds, telo0,1],
0

where

1
1 k 1 Z k 1
mw@:@w@mg+%()3+@ & [ G mela
0

+WﬁWﬂWMW%/@nwmmmw,

ks
t
pi(t) = exp </ a;(s) ds),
0
Gi(t,s) = l {@1’2'@)90271.(8)7 Ustsesh pi =¢1,(0), i=1,2
Pi | @1,i(8)p24(t), 0<s<t <,
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Clearly, u;(t) > 0on [0,1] if y;(¢) > 0on (0,1) (: = 1,2).
Lemma 3. (See [16].) Suppose that (H1) and (H2) hold, then, for any t,s € [0,1], we

have
0 < Gi(t,s) < Gi(s,s), 0 < Hi(t,s) < J(s), )
where
kit hay [
() = Gils,pils) + L [ G s)p(9)gur) dr
’ 0
Fiat ko [
+ 2L [ G (o)) dr
! 0
and

Hi(t,s) = 7(t) A (s), (10)

where v;(t) = min{¢1 ;(t), $2,:(t)}, t € [0,1] (¢ = 1, 2).

Since ¢; € C((0,1),RT) and ¢;(t) # 0, there exists o ; € (0, 1) such that ¢;(tg;) > 0
(i =1,2). Choose ¢ € (0,1/2) such that ¢y ; € (J,1 — §), then we have

Hi(t,s) = v5i(s), tel[6,1-46], se[0,1],

where

0< = i i i(t), () = i i i&, (1=0)F < 1.
= min min {$1i(t),¢2u(0)} = min min{g,:(9), ¢2:(1-6)}

Let

K ={ueP|ut) >, t €[0,1]},

where y(t) = min{v;(t),y2(¢)}. Then K is a subcone of P. It is easy to verify that, for
any u € K, we have miny(51 s u(t) > vsul|. Forany r > 0, let K, = {u € K |
lul| < r}, 0K, ={ue K | ||u|| =r}and K, = {u € K | ||u|| <7}

Next, we define several operators A, : K - P,B, : K - P,T: K xK - PxP
and T; : E — F as follows:

Hy(t,s)c1(s) f1(s,u(s),v(s))ds, t€0,1], (11)

o(u)(t), Bu(v)(t)), tel0,1], (13)

B.(v)(t) = /HQ(t,S)CQ(S)fQ (s,v(s),u(s))ds, te0,1], (12)
(A
/ Hit, s)ei(s)u(s)ds, ¢ e [0,1]. (14)
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It is well known that if (u, v) € K x K solves the operator equation (u,v) = T'(u, v),
then (u, v) is a positive solution of system (4).
Forany 7: 0 < 7 < 6, we define T ; : E — E by

(Tru)(t) = / H;(t,s)ci(s)u(s)ds, te€]0,1]. (15)

Lemma 4. (See [16].) Suppose that (H1)-(H3) are satisfied, then, for the operators T;
defined by (14) and T, ; defined by (15), we have

(1) T; : K — K are completely continuous linear operators.

(ii) The spectral radius r(T;) # 0, T; has positive eigenfunction corresponding
to its first eigenvalue \1; = (r(T;))~', and Ty ; has positive eigenfunction
corresponding to its first eigenvalue A, ; = (r(Ty;))

(iii) There exists an eigenvalue \1 ; of T; such that A\ ; — X1 ; as T — ot.

The first eigenvalue A ; and the eigenvalue XM (¢ = 1, 2) will be used in the assump-
tions of nonlinearity of f; (¢ = 1, 2) in Section 4.

Lemma 5. (See [16].) If (H1)~(H3) hold, then

() Forany R >r >0andv € K, A, : Kr \ K, — K is completely continuous.
(ii) Forany R>r > 0andu € K, B, : Kg \ K,, — K is completely continuous.
(iii) T : K x K — P x P is completely continuous.

Lemma 6. (See [7].) Let X be a Banach space, and let P; C X be a closed convex
cone and W; a bounded open subset of X with boundary OW; (i = 1,2). Suppose that
A; : P,NW,; — P;is a completely continuous mapping and that Ayu; # w; for all
u; € P, N OW,, then

Z(A, PlXPQﬂ(WlXW2)7P1XPQ):i<A1,PlﬂWhPl)-i(Ag,PgﬁWQ, PQ),

where A(u,v) := (Aju, Agv) for all (u,v) € (P x Py) N (W7 x Wa).

Lemma 7. (See [7].) Let X be a Banach space, and let P; C X be a closed convex cone
and W; a bounded open subset of E with boundary OW; (i = 1,2) and P = Py X Py,
W =W, x Wa. Assume that T : PN W — P is completely continuous and that there
exists compactly continuous mappings A; : P,N\W; — P;and H : (PNW) x[0,1] — P
such that
() H(-,1) =T, H(-,0) = A, where A(u,v) := (Ayu, Ayv) for all (u,v) € PONW.
(i1) Alul 7é uifor allu; € P; N 8Wt
(i) H(w,0) # w forall (w,0) € (PNOW) x [0,1].

Then
(T, PONW, P)=1i(Ay, PPNWy, Py)-i(As, PN Wy, Ps).

Nonlinear Anal. Model. Control, 22(1):31-50
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Lemma 8. (See [IO]i Let P be a cone in Banach space X. For r > 0, denote P, =
{zeP||z| <r}, Pr={x€ P||x| <r}and OP. = {x € P | ||z| = r}. Suppose
that A : P, — P is a completely continuous operator.

(i) If there exists ug € P\ 6 such that
u— Au # pug, u € 0P, p>=0,
then the fixed point index i(A, P., P) = 0.
@) 1f
AU#M% ueap’r’a,u>1a
then the fixed point index i(A, P, P) = 1.

Lemma 9. (See [IOD Let P be a cone in Banach space X. For r > 0, denote P, =
{rePl|z|<r} P.={xeP||z||<r}and 0P, = {z € P | |z| = r}. Suppose
that A : P, — P is a completely continuous operator.

() If || Au|| < ||u|| for uw € OP,, then the fixed point index i(A, P,, P) = 1.
(1) If||Au| = ||u|l for u € OP,, then the fixed point index i(A, P,, P) = 0.

3 Upper-lower solution and Leray—Schauder degree

In the following, we will define the (strict) lower solutions and (strict) upper solutions of
the integral boundary value problem (4). Theorems 1 and 2 are keys to the existence of at
least two positive solutions of systems (4) and (5), see the proof of Theorems 3 and 4.

Definition 1. For v, a, € C?([0,1],R), () is said to be a lower (strict lower)
solution of (4) if

ha(s)a,(s) ds.

St~ o —

An upper (strict upper) solution (3,,8,) € C?([0,1],R) x C?([0,1],R) can also be
defined if it satisfies the reverse of the above inequalities.

Definition 2. For a function F : [0, 1] x R? — R, F'(t,u,v) is said to be quasi-monotone
nondecreasing with respect to v (or u) if, for fixed ¢,

F(t,u,v1) < F(t,u,ve) asv; < vg (or F(t,uy,v) < F(t,ug,v) asu; < UQ).
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Bifurcation analysis for a singular differential system 39

Let us consider the fixed point of operator associated with (4), i.e., a compact operator
T :C[0,1] x C[0,1] — C[0,1] x C[0,1] defined by 7 (¢, ) := (u,v) if
u”(t) + ar()u'(t) + br(tu(t) + cr(®) fi(t (1), (1)) =0, € (0,1),
V() + az(t)v' (t) + ba(t)u(t) + c2(t) f2(t, o (1), 90 (1)) =0, t € (0,1),
1

u0) = [ @p(s)ds, (1) = [ h(s)els)ds (16)
0

The following theorem provides the relation between Leray—Schauder degree of com-
pactly continuous field id — .7 and a pair of strict lower and upper solutions for (4).
Firstly, let us define a set
2 = {(u,v) € C[0,1] x C[0,1] — C[0,1] x C[0,1] |
(Q, i) < (u,v) < (Bu, By) on [0, 1]}

Theorem 1. Let (o, o) and (B.,By) be a strict lower solution and a strict upper
solution of (4), respectively, and

() (au(t)vav(t)) < (ﬁu(t)vﬁ’u(t))ﬂ)r all't € [Ov 1];
(i) &7 == {(t,u,v) € [0,1] x R? | ay,(t) < u < Bu(t), ay(t) < v < B,(t)} C
[0,1] x R?;
(iii) f1(t,u,v) is quasi-monotone nondecreasing with respect to v, and fa(t,u,v) is
quasi-monotone nondecreasing with respect 1o u.

Then
deg(id— T, 12, (9,9)) =1,

furthermore, problem (4) has at least one solution (u, v) such that
(u®), au(®)) < (u(®),v(t)) < (Bult), Bu(H) Yt € [0,1].
Proof. The proof of this theorem is similar to the proof of Theorem 2.4 in [3]. O
In the similar way, we can prove the following theorem.

Theorem 2. Let (cvy, «vy) and (By, By) be a lower solution and an upper solution of (4),
respectively, and

() (au(t), o (t)) < (Bult), Bu(t)) forall t €10, 1];
(i) 28 = {(t,u,v) € [0,1] x R? | a,(t) < u < Bult), au(t) < v < Bu(H)} C
0,1] x R?;
(iii) f1(¢t,u,v) is quasi-monotone nondecreasing with respect to v, and f5(t,u,v) is
quasi-monotone nondecreasing with respect to u.

Nonlinear Anal. Model. Control, 22(1):31-50
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Then problem (4) has at least one solution (u,v) such that

(u(t), () < (u(t),v(t)) < (Bu(t), Bu(t)) Vi€ [0,1].

4 Positive solutions of system (4)

For any y > 0, we denote

t t
f1,0(y) = liminf min 7fl( ,x,y)’ f1,00(y) = liminf min 7fl( ,x,y),
z—0t t€[0,1] x T—+00 t[0,1] x
t t
f(y) = limsup max 7fl( ,x,y)’ fi°(y) = limsup max 7fl( ,x,y).
w0+ tE[0,1] T s +oo t€[0,1] x
For any x > 0, we denote
t t
f2,0(xz) = liminf min 7fl( ,x,y)’ f2,00(z) = liminf min 7fl( ,x,y)’
y—0t te[0,1] Yy y——+o0 te[0,1] Yy
t t
f3(z) = limsup max M, f5°(x) = lim sup max M
y—0+ t€[0,1] Y y—+oo t€[0,1] Y

Lemma 10. (See [20].) Suppose conditions (H1)—(H3) are satisfied.

inf A
yl fl,O(y) > AL,

then, for any v € K, there exists r1 > 0 such that
(A, K, K) =0, 0<r<r.

(i) If
zier]%ﬁ fa,0(z) > A12,

then, for any u € K, there exists ro > 0 such that
i(Bu, K,y K) =0, 0<71<ro.
Lemma 11. (See [20].) Suppose conditions (H1)—(H3) are satisfied.

0 1If )
inf o A1,
ylenw fi, (y) > 1,1

then, for any u € K \ {0}, there exists Ry > 0 such that

i(AU,KR,K) =0 VR>R;.

A7)

(18)

19)

(20)
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Bifurcation analysis for a singular differential system 41

(i) If ~
a:ierﬁ%er fo,00(x) > A1 2, (21)

then, for any v € K \ {0}, there exists Ro > 0 such that
i(Bu,KR,K) =0 VR > Rs.

Now let us finish our presentation to announce our main results that can be stated as
follows:

Theorem 3. Suppose that (H1)-(H3) and the following conditions hold:

H4) f1(t,x,y) (resp. f2(t,x,y)) is quasi-monotone nondecreasing w.r.t. x (resp. y);
(H5) infyer+ f1,0(y) > A1, infoers fao(z) > A1

(H6) infyer+ fio0(y) > A1, infucps fo,00(2) > Apo;
(H7) f; € C([0,1] x Rt x RT,R{), where R§ = (0, +00), i = 1,2.

If system (4) has a strict upper solution (By, By), then system (4) has at least two positive
solutions.

Proof. From Lemma 10 and (HS), we can find r1, v > 0 such that

(A, K., K)=0 YveK, re(0,rm];
i(By, K, K)=0 YueK,re(0,r

Denote g = min{ry,ro}. Since A, : K - K, B, : K - K, T: K x K - K x K
are completely continuous, from Theorem 6, we get

(T, Ky x K, K % K) = i(Ay, Ky, K) X i(Bu, K, K) =0 ¥r € (0, 7).
Similarly, from Lemma 11 and (H6), we can find Ry > 0 such that
(T, Kp x Kp, K x K) = i(Ay, K, K) % i(Bu, Kz, K) =0 VR € [Ro, +00).
Since f; € C([0,1] x R* x R*,RY) (i = 1,2), we can expand f; as

fi(t,(l?,y), z>0andy >0, t6[071]7

il x,y) = 22
fitey) {fi(ta|9€»y|)7 z<0ory<0,tel0,1], (22)

then f; (i = 1, 2) is even with respect to u and v. Let € > 0 small enough and (v, a,,) =
(—€Buy, —€By), then we can prove that (v, @) is a strict lower solution to system (4).
Denote

2 = {(u,v) € C[0,1] x C[0,1] | (aty, ) < (u,0) < (Bu, Bu) },
then from Theorem 1 we have

i(T, (K x K)N R, K x K) = deg(id — T, £2,(,0)) = 1. (23)

Nonlinear Anal. Model. Control, 22(1):31-50



42 L. Liu et al.

Now select 0 < 7 < min{rg, mingc[o,11{Su(t), Bo(t)}} and R > max{ Ry, || (Bu, Bo) |}
in view of Lemmas 10 and 11, we get
i(T, K, x K,, K x K)=4(T, Kp x Kp, K x K) =0. 24)
Combining with (23)—(24) and by the additivity of fixed point index, we obtain
(T, [(K x K)NQJ\ K, x K,, K x K) =1, 05
i(T,(Kgr x Kgr) \ (K, x K,)N 2, K x K) = —1,

which means that system (4) has at least two positive solutions. O

S Bifurcation analysis for singular differential system with two pa-
rameters

In this section, we shall apply the property of solution for the akin systems (4) and
topology degree theory to study explicit bifurcation points for relative parameters to
system (5).

Theorem 4. If (H1)-(H4), (H7) and the condition

t,x,0 t,0
(H6") liminf min 7f1( . 2,0) = 400, liminf min 7]01( 0:9) =400
z—00 tel0,1] x y—oo t€(0,1] Y

hold, then the following conclusions are valid:

(1) There exist Ay, phs € R(‘f and a simple arc I, excluding both end points (M, 0)
and (0, j1.), such that Iy C RY x RY separates Rf x Ry into two disjoint
subset O and 05 such that system (5) has no solutions, at least one or at least
two nontrivial positive solutions according to (\, u) € Oa, Iy or 01, respectively.

(1) There exist \* > Ao and p* = . such that system (5) has no solutions for
A p) € {N0) | A > MPU{0,u) | > u*}, at least one semi-trivial
positive solution for (A, 1) € {(A*,0),(0,p*)} and at least two semi-trivial
positive solutions for (A, ) € {(A,0) | A € (0,A*)} U{(0,p) | p € (0, )}

Now, for any given 7 € [0, 1], we define

91.r (t,u(t), U(t)) =Tf1 (t,u(t), U(t)) +(1-7)f (t,u(t),()),

26
gor (bu(®).0(0)) = T (tu(®,0(0) + (1= D (t,0,0(0).
For any (), 1) € Rt x R*, we define the mappings Ay ., B, and T ,, by

1

( ;Uu) (t) = )\/Hl(ts)cl(s)gLT (s,u(s),v(s)) ds, 27
01

(Bluv)(t) = / Hy(t, s)ca(s)g2.+ (s, v(s), u(s)) ds (28)
0
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and
T3 u(us0)(8) = ((AF o) (1), (BL,0)(#))- (29)
By Lemma 5, we know that, for any u,v € K and A, > 0, 7 € [0, 1], the operators
Al By K= K, IY , : K x K — K x K are well defined and 7Y | : K x K —
K x K are completely continuous.
It is obvious that the existence of positive solutions of system (5) is equivalent to the
existence of nontrivial fixed points of Ty p K XK

Lemma 12. Assume that (H1)-(H4) and (H7) hold, then, for any r > 0 there exists
a (A, pr) € R x R such that, for any (A, 1) € ([0, ] x [0, 1,]) \ {(0,0)}, Ty , has
a nontrivial fixed point in K,. x K,.

Proof. By (H3) and (H7), for any given r > 0, we can denote

a= sup |Ayul, B = sup ||Byv].
1

ue r )€ r

It is easy to see that o and 3 are both positive. Set (A, 1) = (r/(2a0), 7/(23)), then, for
any (A, 1) € [0, Ar] x [0, ptr], we have

AL ()] € Aa <r=|ul| Y(uv)e€dK, x K
and

HB1 W) <pB<r=|v|]| VY(uv)e€K x0IK,.

o

It follows from Theorem 6 and Lemma 9 that

i(Ty 0 K x K, K x K) =i(A},, K, K) xi(B,

o

K, K)=1,
together with (H7), which implies that Ti} ., has a nontrivial fixed point in K’ x K, for
all (A, ) € ([0, Ar] x [0, 1)) \ {(0,0)}. a
Lemma 13. Assume that (H1)—(H4), (H6") and (H7) hold. Denote

Su={ul| A} ,(u)=u, A€, 7 €[0,1] and (u,v) € K x K}
and

Sy={v|B],(v)=v, pel, vecl0,1]and (u,v) € K x K},
where I C [p,+00) for some constant p > 0. Then there exists a constant C such that

lul| < Cr forallu € S, and ||v|| < Cy forallv € S,,.

Proof. First, we prove that there exists a constant C; such that ||u|| < C} forall u € S,,.
Suppose, by the contradiction, that there exist sequences {(A,,7,)} C I x [0,1] and
{(un,vn)} C K x K such that Af\’:“% (up) = uy, and lim,, o ||uy|| = +o00. By (HE'),

for
1-6 -1

k> (p’Yé/H1<;,s)cl(s)ds) ,
é
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there exists an R > 0 such that
fi(t,u,0) > ku V(t,u) € [0,1] x [R, +00).

Now choose un € {uy,} such that uy (t) = vs5lun] = Rforall ¢t € [9,1 — 4], by (H4),
(H7) and the above inequality, we obtain that

1
1 1
fuwl > A o (5) 20w [ #0505 )er (61 (5w 0) ds
1-¢

0
1
Ek)\N/H1<2,s)c1(s)uN(s)ds
5

1—
1
> s [ (5o )er(9)as- Junl > ul,
3

which is a contradiction.
Similarly, we can show that there exists a constant C/ such that ||v|| < C7 for all
v € S,. Let C; = max{C}, C/}, then the proof is completed. O

Lemma 14. Assume that (H1)—(H4), (H6') and (H7) hold and T—lyﬁ has a nontrivial fixed
point (u,v) € K x K for some (\, i) € (RT x RT)\ {(0,0)}, then Ty ,, has a nontrivial
fixed point in K x K for any (A, p) € ([0, A] x [0, z]) \ {(0,0)}.

Proof. Forany given (\, 1) € ([0, A\]x[0, ii])\{(0,0)}, itis easy to verify that (cv,, o) =
(0,0) and (5, By) = (@, ) are a pair of lower and upper solutions to system (5). From
Theorem 2 and conditions (H4), (H7), we know that system (5) has at least one positive
solution for (X, 1) € ([0, ] x [0, 7]) \ {(0,0)}, that is, Ty ,, has a nontrivial fixed point
in K x K for any (A, ) € ([0, ] x [0, z]) \ {(0,0)}. O

In what follows, denote

7 ={(\p) eRT xRt | T){)# has a fixed point in K x K},

o (30)
int . = {the interior of .¥’}.

We will discuss the properties and the structures of sets . and int . in the subsequent
lemmas.

Lemma 15. Assume that (H1)—-(H4), (H6") and (H7) hold, then

@ {(0,0)} ¢ .7
(ii) .7 is closed and bounded,
(iii) int . is nonempty, open and bounded.

http://www.mii.lt/NA



Bifurcation analysis for a singular differential system 45

Proof. (i) Clearly, (0,0) € .. By Lemma 12, . \ {(0,0)} is nonempty.

(ii) From Lemmas 13 and 14, the compactness of T/\17 ., and Lebesgue dominated
convergence theorem, . is closed.

Next, we prove that . is bounded. If .¥ is bounded, then there exist sequences
{(un, o)}y € K x K and {(An, 1) }52; € RT x R such that Ty, (un,vn) =
(tn, vy) and lim,, o0 Ay, = 400 or limy, s 00 fy, = +00.

Without loss of generality, suppose that lim,,_,,, A\, = +00. From Lemma 13, we
know that there exists a constant M > 0 such that ||u,| < M, n = 1,2,.... Let
g = min{ f1(¢,u,0) | (t,u) € [0,1] x [0, M]}, then ¢ is positive and

1
1 1
[unll = A}, ,, tn (2) > An/Hl(Ts)cl(s)fl (s,u(s),0) ds
0

1-5
1
2qAn/Hl<2,s>cl(s)ds—>oo asn — +o0,
5

which is a contradiction. Here .% is bounded.

(iii) From Lemma 12, it is easy to see that int . is nonempty. It is clear that int .7 is
open and bounded. O

For convenience, we introduce the following notations:
J(int .#) := {the boundary of int.”},
d(int .#’) := {the derived set of int.”},
int .7 := {the closure of int.”}.

Based on the work of [3—6], we can easily get the following result.

Lemma 16. (See [3].) Assume that (H1)-(H4), (H6') and (H7) hold, then there exists
a (A, ps) € RJXR(T such that {(\,0) | X € [0, \,]}U{(0, ) | p € [0, ps]} C O(int &)
and int .~ C [0, \,] x [0, f1.].

Now define a family of straight lines
Lty ={(\p) eR* | p=A—t, t € [—ps, A} (31)
Moreover, by view of Lemma 16, for all t € [—pu., As],
A(t) =sup{A | (A, u) € L(t) Nint .7},
u(t) = A(t) —t and  I'(t) = (A1), (1)

are well defined. Then we have

(32)

Lemma 17. (See [3].) Assume that (H1)—(H4), (H6') and (H7) hold, then I'(t) € L(t) N
A(int ), t € [—pra, A
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Lemma 18. (See [3].) Assume that (H1)—-(H4), (H6') and (H7) hold, then the following
conclusions are valid.:

(i) A(t) is monotone nondecreasing and p(t) is monotone nondecreasing, which
implies that {I'(t) | t € [—px, \i]} is a simple arc;
(i) O(int.s) is a simple closed curve, and O(int %) = {I'(t) | t € [—fix, Ax]} U
{A0) [A € [0, A} U0, ) [ 1 € [0, ]}
(iv) int . = Uei—p g {A 1) € L) [0 S A S A() and 0 < pu < () }-

Lemma 19. (See [3].) Assume that (H1)—(H4), (H6") and (H7) hold, then there exist
M < Ayoand p* < py such that O(int ) = {I(t) | t € [—ps, M U{(X,0) | X €
[0, T} U{(0, ) | € [0, 7]}

Proof of Theorem 4. (1) From Lemma 18, {I"(t) | t € [—p«, A«]} is a simple arc with

both end points (A, 0) and (0, ;z.) and separates RY x R{ into two disjoint subsets
int.# and R& x Ry \ int.#. Denote

Lo={I(t)|t€[-p,Ad}, Or=int.” and O =R{ xRy \int.7. (33)

From Lemmas 18 and 19 and the fact that system (5) has zero solution iff (A, 1) = (0, 0),
we obtain that system (5) has no solutions for (A, 1) € &5 and at least one positive
solution for (A, u) € Iy U O7. Next, it is sufficient to show that system (5) has at least
two nontrivial positive solutions for (A, ) € 07.

By (\, 1) € Oy, thereis a (A, i) € € with A\ < X and p < fi. First, we show that
there exists an open bounded set W C C?([0, 1], R) x C?([0, 1], R) such that

i(Th,, WN(K x K), Kx K) =1. (34)

Assume that (1, ?) is a nontrivial positive solution to system (5) with (A, i) = (), fi).
Let

D;(t) = ks3,i03,i(t) + kaitp2,i(t) + k1,:01,i(t) + koip2,:(t), 1=1,2.

From the uniform continuity of f1, fo on compact subsets, there exists an € € (0, 1) such
that, for all € € (0, €],

/\[fl (t,ﬂ(t) —|—€¢1(t> —|—€@2 t ) fl( ’D(t))] < (;\ - /\)ql, te [0, 1],
f[f2(t,a(t) + e® (), 0( +@n) fa(t,a(t),o(t))] < (2 —pge, tel0,1],

where Q1 = min{fl(t,u,()) ‘ (ta u) € [071] X [07 ||ﬂ||]} > 0, q2 = min{fQ(taovv) ‘
(t,v) €10,1] x [0, |&]|]]} > 0. Then

A1t at) +e®q(t),0(t) +ePa(t)) — Af1(t, ult),v(t))

2
<A =N = f(t a(t),0)] <o, te[o,l],
Am@mw+@w)(ﬂw%w) fifa(t,a(t),o(t))
(,u u)[qz—fg(tOv )]g(), t €[0,1].
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By Lemma 1, we have that

—(at) +e@1(t))" — ar(t) (a(t) + @1 (1)) — by (t) (a(t) + ed: (1))
> Aer (8) f1 (8, a(t) + ey (t), (t) + eDa(t)), te€(0,1),
—(0(t) + £®2(t))" — a2 (t) (0(t) + Pa(1))" — ba(t) (0(t) + e®a(t))
>,u02(t)f2(t u(t) + ey (1), ()+€@2(t)), t e (0,1).

By (H2) ad Definition 1, it is easy to see that (3, (), B,(t)) = (u(t) + eP1(t), v(t) +
e®4(t)) is a strict upper solution of (5). From Theorem 3, we know that system (5) has at
least two nontrivial positive solutions as (X, u) € 0.

(i1) For convenience, denote

L={\0)[Ae[0, )} u{0,p)|nel0,u)}
L'={(\0) [ A>XFu{(0,p) | p>p}.

By Lemma 19, we have that
{(x*,0),(0,p")} UL C O and L'NS =0.

From item (ii) of Lemma 15 and the fact that system (5) has a zero solution iff (A, ) =
(0,0), we obtain that system (5) has no solutions for (A, ) € L’ and at least two semi-
trivial positive solution for (A, u) € {(A*,0), (0, x*)} U L'\ {(0,0)}. Now it is sufficient
to show that system (5) has at least two semi-trivial positive solutions for (A, ) € L\
{(0,0)}.

Without loss of generality, assume that A € (0, A*), p = 0 and (u*, 0) is a semi-trivial
positive solution of system (5) with (A, u) = (A*,0). Since f is uniformly continuous
on closed intervals, then there exists an € € (0, 1) such that, for all € € (0, €],

A1t u +eP1(1),0) — fr(t,u*,0)] < (A —=N)g, te][0,1],
where ¢ = min{f;(t,u,0) | (t,u) € [0,1] x [0, |[u*||]} > 0. Thus,
At +edq(t),0) — X fi(t,u*,0) < (A = A)[g— fi(t,u*,0)] <0, tel0,1].
Furthermore, by Lemma 1, we have that
—(w(t) + e®1(£))" — ar (¢ (u* (t) + e®1 (1)) — bi(t) (u* (t) + ed (1))
> Afi(t,u () +e®1(¢),0), te(0,1).

By (H2) and Definition 1, we get that u*(t) + g2 1 (%) is a strict upper solution to the first
equation (with v = 0) of system (5).

Hence, by Theorem 3, the first equation (with v = 0) of system (5) has at least two
positive solutions uy, ug for A € (0, A*). Thus, system (5) has at least two semi-trivial
positive solutions (u1,0), (ug,0) for A € (0, A*) for u = 0. O
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Example 1. Consider the following integral boundary value system:

o (t) — ul(t) + %(1 +u®(t) +0°(t)) =0, te(0,1),

() —v(t) + %(1 + et 4 e”(t)) =0, te(0,1),

-
-

u(0) = /u(s) ds, u(l) = [ u(s)ds, (35)

System (35) is a special case of form (5), where a1 (t) = az(t) =0, b1(¢) = bo(t) = —1,
ci(t) = cot) = 1/t, ha(t) = ha(t) = g1(t) = g2(t) = 1, filt,z,y) = 1+ 2° + ¢,
fa(t,z,y) = 1+ e” + e¥. Obviously, c¢1(t), co(t) are singular at ¢ = 0.

Based on Lemma 1, let ¢ ; and 9 ; be the unique solutions of the following two
boundary value problems, respectively:

@y i(t) —p1i(t) =0, te(0,1),
01,00 =0, ¢1,(1)=1, i=1,2,

@y (t) — p2,(t) =0, te(0,1),
02:(0) =1, ¢2,(1)=0, i=1,2.

Then it is easy to verify that

__ ¢ t_ ot _ 1 2-t _ .t
Sol,i(t)— 62_1(6 —e€ )7 (pgﬂ‘(t)— 62_1(6 —e)7
2 e—1 4—(e—1)2
kii=Fkyi=—-, koi=ksi=—°, ki=———=—3—>
BT e 2T T et (e +1)2
2e
/
i = = ) i =1,
pi = ¢1:(0) = 35— pi(t)
1 et — 275 —e%), 0<t<s<1,
P S e )
2(e* = 1) | (e* — S(e2*tfet)7 0<s<t< L
By computation, we know that 0 < G;(t, s) < 2s, ¢, s € [0,1] and
1 1
1 4s
Hi(s) = (s,7) d’7'+ Gi(s,7)07<2s+? < 80s, se€]0,1],
0 0

then fol H(s)ci(s)ds < +oo. It is obvious that fi, fo satisfy (H4), (H7) and (H6').
Therefore, the conclusions of Theorem 4 are hold.
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