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Abstract. In this paper, we introduce the concept of partial cone b-metric spaces as a generalization
of partial metric, cone metric and b-metric spaces and establish some topological properties of
partial cone b-metric spaces. Moreover, we also prove some common fixed point theorems for cyclic
contractive mappings in such spaces. Our results generalize and extend the main results of Huang
and Zhang [Cone metric spaces and fixed point theorems of contractive mappings, J. Math. Anal.
Appl., 332:1468-1476, 2007], Stani¢ et al. [Common fixed point under contractive condition of
Cirié’s type on cone metric type spaces, Fixed Point Theory Appl., 2012:35, 2012] and Latif et
al. [Fixed point results for generalized (v, 1)-Meir—Keeler contractive mappings and applications,
J. Inequal. Appl., 2014:68, 2014]. Some examples and an application are given to support the
usability of the obtained results.

Keywords: partial metric spaces, cone metric spaces, b-metric spaces, contractive mappings,
common fixed point.

1 Introduction and preliminaries

There are many generalizations of concept of metric spaces in the literature. In particular,
many fixed point theorems transpose from metric spaces to b-metric spaces, partial metric
spaces, cone metric spaces considered in the current literature.
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The concept of b-metric spaces was introduced by Bakhtin [7] and extensively used
by Czerwik [8]. Since then, some interesting results have been presented about the ex-
istence of a fixed point for single-valued and multi-valued mappings in b-metric spaces
(see [5,6,9,15,27]). In [21], Matthews introduced the concept of a partial metric space
as a part of the study of denotational semantics of dataflow for networks. Moreover,
Matthews showed that the Banach contraction principle could be generalized to the par-
tial metric context for applications in program verification. After that, many fixed point
results for mappings satisfying different contractive conditions in partial metric spaces
have been proved (see [2, 4, 23]). Moreover, Shukla [30] defined the notion of partial
b-metric spaces as a generalization of partial metric and b-metric spaces. Mustafa et
al. [22] introduced a modified version of partial b-metric spaces in order to guarantee
that each partial b-metric p;, generalizes a b-metric dp, .

In [11], Huang and Zhang introduced the notion of cone metric spaces and extended
the Banach contraction principle to cone metric spaces over a normal solid cone. More-
over, they defined the convergence via interior points of the cone. Such an approach allows
the investigation of the case that the cone is not necessarily normal. Since then, there were
many references concerned with fixed point results in cone spaces (see [3, 13, 16,20, 25,
26,29, 32-34]). In 2011, Malhotra et al. [19] and Sonmez [31] defined a partial cone
metric space; Hussain and Shah [12] introduced a cone b-metric space and established
some topological properties in such spaces.

We first recall some definitions from b-metric spaces and partial metric spaces.

Definition 1. (See [7].) Let X be a nonempty set and s > 1 be a given real number.
A function d : X x X — R7T is a b-metric on X if, for all z,y,z € X, the following
conditions hold:

(b1) d(x,y) = 0if and only if x = y;

(b2) d(x,y) = d(ya SU);

(b3) d(z,y) < sld(z, 2z) + d(z,y)].

In this case, the pair (X, d) is called a b-metric space.

Definition 2. (See [21].) A partial metric on a nonempty set X is a functionp : X x X —
R+ such that for all z,7, z € X:

(p1) p(z,z) = p(z,y) = p(y,y) if and only if z = y;
(p2) p(z,z) < p(z,y);
(p3) p(z,y) = p(y,z);
(pe) p(z,y) < p(z,2) +p(z,y) — p(2, 2).
In this case, the pair (X, p) is called a partial metric space and p is a partial metric on X.
Now, we recall some definitions from cone metric spaces.

Let E be a topological vector space. A cone of F is a nonempty closed subset P of E
such that

(1) ax + by € P foreach z,y € P and each a,b > 0, and
(i) PN (—P) = {0}, where 0 is the zero element of E.
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Common fixed point theorems for cyclic contractive mappings 809

Each cone P of E determines a partial order < on E by z < yifandonlyify—z € P
for each =,y € E. We shall write z < y to means z < y and x # y.

A cone P of a topological vector space F is solid if int P # (), where int P is the
interior of P. For each z,y € E with y — x € int P, we write x < y. A cone P of
a normed vector space (E, ||-||) is normal if there exists K > Osuchthat§ < = < y
implies that ||z|| < K]y|| for each =,y € P, and the minimal K is called a normal
constant of P.

Definition 3. (See [11].) Let X be a nonempty set, and let P be a cone of a topological
vector space F. A cone metric on X is a mapping d : X x X — P such that for all
z,y,2 € X:

(d1) d(x,y) = 0 if and only if x = y;

(d2) d((L’,y) = d(yvx)’
(d3) d(z,y) < d(z,2) +d(2,y).

The pair (X, d) is called a cone metric space over P.

It is obvious that b-metric spaces, partial metric spaces and cone metric spaces gener-
alize metric spaces.

In [38], Zhu et al. introduced the following definition and extended the notion of
a cyclic mapping in [17].

Definition 4. (See [38].) Let X be a nonempty set, m be a positive integer, A1, Aa, ...,
A be subsets of X, Y = J"; A;,and S, T : Y — Y be two self-maps. Then Y is said
to be a cyclic representation of Y with respect to S and 7' if the following two conditions
are satisfied:

(i) S(A;),i=1,2,...,m, are nonempty closed sets;

(i) T(A1) € S(A), T(A2) C S(As), ..., T(Ay) € S(Ay).

Let X be a nonempty set, S, T : X — X be two mappings. A point x € X is said
to be a coincidence point of .S and 1" if Sz = T'x. A point w € X is said to be a point
of coincidence of S and T if, for some z € X, w = Sx = Tz. The mappings S, T
are said to be weakly compatible if they commute at their coincidence points (that is,
TSz = STz, whenever Sz = Tz2).

Lemma 1. (See [18].) Let E be a topological vector space and P be a cone, and {u, }
be a sequence in E. Then u,—|.||0 implies that for each c € int P, there exists a positive
interger ng such that ¢ + u,, € int P, that is, u, < cforalln > ng.

Recently, without using the normality of the cone, Malhotra et al. [19] and Jiang and Li
[14] extended the results of [12] to #-complete partial cone metric spaces. Latif et al. [18]
presented a fixed point theorem for generalized («, 1)-Meir-Keeler contractive mappings
in complete metric spaces. Meantime, other authors also obtained some interesting results
in this area (see [1,10,17,24,28,35-40]).

The aim of the paper is to introduce the concept of partial cone b-metric spaces and
establish some topological properties of the partial cone b-metric spaces. Moreover, we
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obtain some common fixed point results for cyclic ag-Hardy—Rogers contractive map-
pings and generalized cyclic («, 1) s-Meir—Keeler contractive mappings in such spaces.
Also, we use one of our obtained results to prove an existence theorem of a common
solution of integral equations. It is worth pointing that our results generalize and extend
the main results of [1-4,13,16,18,26,29,32-34].

2 Basis definitions and properties of partial cone b-metric spaces

In this section, inspired by the notion of partial b-metric spaces in [22], we introduce the
concept of a partial cone b-space and deduce some properties of partial cone b-metric
spaces.

Definition 5. Let X be a nonempty set and P be a cone of a topological vector space F,
and s > 1 be a given real number. A partial cone b-metric on X is a mapping p :
X x X — Psuchthatforall z,y, 2z € X:

(p1) p(x,x) = p(r,y) = ply,y) if and only if 2 = y;

(p2) p(z,z) < p(x,y);

(p3) p(z,y) = p(y,z);

(pa) p(x,y) < slp(x, 2) +p(2,y) — p(z,2)] + (1 = s)[p(x, ) + p(y, y)]/2.

The pair (X, p) is called a partial cone b-metric space with coefficient s > 1, and p is
called a partial cone b-metric on X. Since s > 1, from (p4) we have

p(x,y) < s[p(x, 2) +p(2,9) = p(z,2)] < s[p(x, 2) +p(2,9)] —p(z2).

It should be noted that in a partial cone b-metric space (X, p), if p(x,y) = 6, then
from (p1) and (p2) imply that = y. But if x = y, p(x, y) may not be 6. On the other
hand, it is obvious that partial cone b-metric spaces generalize partial metric, cone metric
and b-metric spaces. Now, we give some examples to illustrate the partial cone b-metric
spaces.

Example 1. Let X = E = C([0,T]) and P = {u € E: u(t) > 0forall ¢t € [0,T]}.
Define a mapping p : X x X — P by
pla,y)(t) = £(t) max {]a(t) —y(t)|" + 8}

0<t<T

forall z,y € X, where ¢ > 1, 3 > 0, and f : [0,7] — R™ is a function such that
f(t) = €' forall t € [0,T]. Then (X,p) is a partial cone b-metric space with coefficient
s =211

Example 2. Let E = C}[0,1] with the norm [u|| = [u]ls + [|t/]lec and X = P =
{u € E: u(t) > 0, t € [0,1]}, which is a non-normal solid cone. Define a mapping

p: X xX — Pby
2

2%, z =y,
p(x,y)={

(r+1y)? otherwise.

Then (X, p) is a partial cone b-metric space with coefficient s = 3.
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The following conclusion is valid and its proofs is referenced to [33].

Proposition 1. Let (X, p) be a partial cone b-metric space with coefficient s > 1. For
each x € X and each ¢ > 0, ¢ € E, let By(z,c) = {y € X: p(z,y) < p(z,z) + ¢}
and B = {B,(z,c): x € X, ¢>> 0}. Then B is a subbase for some topology T on X.

Proof. For each ¢ > 6, we have p(z,z) < p(z,z) + c for all z € X. It follows that
X=U B,cB B,,. Hence, B is a subbase for some topology 7 to on X. O

We present the following example to show that B is not a base for any topology on X.
Example 3. Let X = {i,j,k} andputp: X x X — RT as follows:

(1) p(i,i) = p(],]) =2 andp(k,k) =1

(i) p(i,j) = p(j,9) = 3, p(j, k) = p(k, j) = 2 and p(i, k) = p(k,7) = 6.

It is clear that (X, p) is a partial cone b-metric space with coefficient s = 3. For
each z € X and each ¢ > 0, let By(z,c) = {y € X: p(z,y) < p(z,z) + c} and
B = {By(z,c): x € X, ¢ > 0}.

Since p(i,j) = 3 < 2+ 1 = p(4,7) + 1, we have j € By(i,1). For any ¢ > 0,
since p(j,k) = 2 < 2+ ¢ = p(4,j) + ¢, we have k € B,(4,1). On the other hand,
p(i, k) =6 >3=2+1=p(4) + 1 implies k€B, (4, 1). Hence, B is not a base for any
topology on X.

Let (X, p) be a partial cone b-metric space. In this paper, 7 denotes the topology on X,
B denotes a subbase for the topology 7, and B, (z, ¢) denotes the p-ball in (X, p), which
are described in Proposition 1.

Definition 6. Let (X, p) be a partial cone b-metric space over a solid cone P of a normed
vector space (E, ||-||), {zn} be a sequence in X and z € X.

(i) {zn,} converges to x with respect to p if, for every ¢ € E with ¢ > 0, there exists
no € Z7T such that for all n > ng, p(z,,z) < p(x,x) + c. We denote this by
Tn—X.

(i) {z,} is said to be a Cauchy sequence in (X, p) if there exists u € P such that
limy, oo P(Zsm, ) = u. The partial cone b-metric space (X, p) is complete if
each Cauchy sequence {x,} of X converges to a point € X with respect to p
such that p(z, z) = u.

(iil) {zn} is said to be a #-Cauchy sequence in (X, p) if, for each ¢ € int P, there
exists a positive integer ng such that p(z,,x,,) < c for all m,n > ng. The
partial cone metric space (X, p) is #-complete if each §-Cauchy sequence {z, }
of X converges to a point z € X with respect to p such that p(z, z) = 6.

Note that if P is a normal solid cone of a normed vector space (E, ||-||), then every
0-Cauchy sequence in (X, p) is Cauchy sequence (X, p) and each complete partial cone
b-metric space is 6-complete.

On the other hand, in partial cone b-metric spaces, the limit of convergent sequence
may not be unique. In fact, if (X, p) is a partial cone b-metric space, then (X, 7) is T
space, but need not be 77. Now, we give the following example.
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Example 4. Let E = R2, P = {(x,y) € E: 2,y > 0} C R? and X = R*. Define
p: X xX — Pby

p(z,y) = (; max{z, y}, max{z,y} + B)

for all z,y € X, where 8 > 0 is constant. Then (X, p) is a f-complete partial cone
b-metric space with coefficient s = 1. Now, we define a sequence {z,, } in X by z,, = 2
forall n € N. Note that if y > 2, we have p(z,,,y) = (y/2,y + 8) = p(y,y). Thus, for
every ¢ > 0, we have § < p(z,,y) — p(y,y) < cforeachy > 2 and foralln € N.
Hence, {x,} converges to y with respect to p for all y > 2. Then the limit of convergent
sequence in the partial cone b-metric space may not be unique. Now, we show that (X, p)
is a Ty space, but it is not a T space. In fact, for any given x1, 2 € X, x1 # x2. Suppose
that 21 < x5 for any ¢ > 6, we have By, (z1,¢) = {y € X: p(z1,y) < p(x1,21) + ¢} D
[0,21] and Bp(xa,c) = {y € X: p(z2,y) < p(x2,z2) + ¢} D [0,22]. Hence, z1 €
[0,21] C [0, 23] C Bp(xe,c), thatis, (X, p) is not a T} space. Lett = zo —x1 > 0, there
exists co = (¢/2,t/2) such that zo€ By, (1, ¢). Then (X, p) is a Ty space.

3 Common fixed point theorems in partial cone b-metric spaces

In this section, we first give some properties of partial cone b-metric spaces. The following
properties will be used (particularly when we deal with partial cone b-metric spaces in
which the cone need not be normal).

Remark 1. Let (X, p) be a partial cone b-metric space over a solid cone P of a normed
vector space (E, ||-||). Then the following properties are used:

(1) ifaxband b < ¢, then a K c;
(i) ifa < band b < ¢, then a K ¢;
(iii) if 8 < u < cforeach ¢ € int P, then u = 6,
(iv) if ¢ € int P, a,,—#, then there exists a £ € N such that for all n > k, we have
an K C;
(v) if a,, < b, and a,,—a, b,,—b, then a < b for each cone P;
(vi) if a < Aa, where 0 < A < 1, thena = 6.

Now, we introduce the concepts of generalized a-admissible mappings and cyclic
ag-Hardy—Rogers contractive mappings.

Definition 7. Let X be a nonempty set, S,7 : X — X be two mappings and « :
X x X — [0,+00) be a function. S and T are called generalized a-admissible if, for
x,y € X such that a(Sz, Sy) > 1, we have o(Tx, Ty) > 1.

Example 5. Let X = [0,00), Sz =logy(1 + ) forall z € X,

T, z € (0,9, 2, xz,y € (0,3,
Tx:{f 0.9] and a(a:,y):{ yelo3]

2?4+ 2z, z € (9,00), 1/2  otherwise.
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Common fixed point theorems for cyclic contractive mappings 813

In fact, if 2,y € X, a(Sz, Sy) = a(logy(1 + x),logy(1 + ) = 1, then x,y € [0,7] C
[0,9]. Hence, for 2,y € [0, 7], we have Tz, Ty € [0,/7] C [0, 3], and so (T, Ty) > 1.
Thus, S and T are generalized a-admissible.

Definition 8. Let (X,p) be a partial cone b-metric space with coefficient s > 1, « :
X xX — [0,400) be a symmetric function. Let mn be a positive integer, A1, As, ..., Ay
be nonempty subsets of X, Y = J;", A;,and S, T : Y — Y be two mappings. Then T" :
Y — Y is said to be cyclic ag-Hardy—Rogers contractive if Y is a cyclic representation
of Y with respect to .S and T for any x and y lying in different adjacently labeled sets A;
andAiH,i = 1,2,.. ., m,

a(Sz, Sy)p(Tx, Ty) < a1p(Sz, Sy) + asp(Tx, Sx) + asp(Ty, Sy)
a as
+ fp(Tx, Sy) + —p(Ty, Sz), (1)
where A,,,11 = Ay and a; > 0foré = 1,2,...,5 such that 2a1s + (s + 1)(az + a3z +
a4 + a5) < 2.

Theorem 1. Let (X, p) be a 6-complete partial cone b-metric space over a solid cone P
of a normed vector space (E., ||||), m be a positive integer, A1, A, ..., Ay, be nonempty
subsets of X, Y = U:il A, T 'Y = Y be a cyclic ag-Hardy—Rogers contractive
mapping satisfying (1). Suppose that the following conditions hold:

(1) S and T are generalized a-admissible;
(ii) there exists xg € A such that a(Sxzg, Txo) > 1;
(i) if {yn} is a sequence in X such that a(yn,Yn+1) = 1 foralln € N and y,—y
asm — oo, then a(yn,y) = 1 for sufficiently large n.

Then S and T have a coincidence point in X, that is, there exists z € X such that
Sz =Tz Moreover, if S, T are weakly compatible and A is the set of coincidence points
of Sand T forall x,y € A, we have a(Sx,Sy) > 1, then S and T has a unique common
fixed point in X.

Proof. Since T'(A1) C S(A2) and 2y € Ay, there exists an ©1 € Ay such that Sz; =
Tzg. Since T'(A2) C S(As) and z1 € A, there exists an x2 € Ag such that Sxo =
Tz;. Continuing this process, we can construct two sequences {z, } and {y,} defined
by Yynt1 = Sxpy1 = T, forall n € N, and there exists 4, € {1,2,...,m} such that
Ty € Ain and 2,41 € Ain+1-

By condition (ii) we get a(Sxzg, Sz1) = a(Sxzo, Txo) = 1. It follows from (i) that
a(Txo,Tx1) = a(Sz1,Sx2) > 1. By induction we have

a(Yny Ynt1) = a(Szp, Swpi1) =1 foralln € N. 2)

Since « is symmetric, we have a(yp41,Yn) = @(SZpi1,Sz,) = 1foralln € N.

Without loss of generality, assume that y,,1 # y,, for all n € N (otherwise, Tx,, =
SThot1 = Yng+1 = Yny = STp, for some ng € N, then z,,, is the coincidence point of
S and T'. Hence, the conclusion holds).
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Since z,, € A;, and 1 € A, +1, by (1) and (2) and using the triangular inequality,

we have

in

p(yn+1, yn+2) = p(Txnv Txn+1) < O‘(ana an—i—l)p(Tmna T-rn+1)
< a1p(Stp, Stni1) + asp(Txy, Sxrn) + asp(Tni1, STry1)

aq Qa,
+ ?p(Txn, S’Jln+1) + fp(Txn_H, S:En)
= a1D(Yn,> Yn+1) + @2D(Yn, Ynt1) + a3P(Ynt1, Ynt2)
aq as
+ ?p(yn-i-lv yn+1) + ?p(yn-i-?a yn)

a4
< (a1 + a2)p(Yns Ynt1) + azp(Yni1, Yni2) + ;p(ynﬂ, Yn+1)
+ a5 [P, Ynt1) + PYnt1s Ynt2) — P(Yn+1, Yns1)]
< (a1 + a2 + as5)p(Yn, Yny1) + (a3 + as)p(Yn+1, Yn+2)

+ md‘;ﬁp(ynﬂ, Ynt1)- (3

Similarly,
P(yn+2, ynJrl) = P(T$n+17 Txn) < a(SiL‘n+1, Swn)p(T'Tn+17 Tl'n)
< a1D(Yns Yn+1) + @20(Yn+1, Yn+2) + a30(Yns Yn+1)
ayq as
+ gp(ym Ynt2) + ?p(ynﬂ, Yn+1)
< (a1 + a3 + aa)p(Yn, Ynt1) + (a2 + a2)p(Yn+1, Yn+2)

Mp(yn-&-la Ynt1)- 4)

Hence, from (3) and (4) we have

p(yn+17 yn+2) < Ap(yn, ynJrl)a

where A = (2a1 +as+as+as+as)/(2—as—as—as—as). Since 2a15+ (s+1) x
(ag 4+ ag + a4 + as) < 2,wehave 0 < A < 1/s.

Similarly, we also have p(yn,¥Yn+1) < AP(Yn—1,Yn). Thus, for all n € N, by
repetition of the above process n times we deduce that

PYn>Yn+1) S APWn-1,Yn) S A°P(Un—2,9n-1) < -+ < A"p(yo, 1)-
Hence, for any m,n € 7t with m > n, it follows that
PWnym) < 8[PWns YUns1) + P(Yn1, Ym)]
< DY, Ynt1) + 82 [P(Yn+1s Ynt2) + P(Unt2, Ym)] <+
< P(Wns Ynt1) + PYns1: Yng2) + -
+ 5™ p(Ym—25 Ym—1) + PYm—1, Ym)]
< DY Ynt1) + DYnt1, Ynv2) + -
+ 5" p(Ym—2,Ym—1) + 8D (Y1, Ym)-
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Common fixed point theorems for cyclic contractive mappings 815

Now, p(Yn, Yn+1) < A"p(yo,y1) foralln € Nand 0 < sA < 1 imply that
)\’I’L

T o PWo y).

Let < c be given, choose 6 > 0 such that ¢ + Ns(f) C P, where N5(0) = {y €
E: |ly]] < é}. Also, choose a natural number N; such that (A" /(1—X))p(yo,y1) € Ns(0)
forall n > Nj. Then (sA"/(—sA))p(yo,y1) < cforall n > Nj. Thus,

A’n
1—sA
for all m > n > Nj. Hence, {y,} is a §-Cauchy sequence in (X, p). Since (X,p) is
a f-complete partial cone b-metric space, there exists y* € X such that {y,} converges
to y* with respect p and p(y*,y*) = 6. Since S(Y) = S(Ui~, 4i) = Ui~, S(4;) is
closed and {y, } C S(Y'), we obtain that y* € S(Y). Hence, there exists z € Y such that
y* =95z

Now, we will prove that T'z = Sz. For this, we have

PYns Um) < (SA" 4+ A" o TN (Yo, 1) <

P(Yny Ym) < (Yo, 1) < ¢

1
gp(Tz, Sz) x p(Tz,Txy) + p(Txn, Sz) = p(Tz, Txy) + p(Ynt1,¥"). (5)

AsY = J!", A; is acyclic representation of Y with respect to S and T', the sequence
{z,,} has infinite terms in each A; for i € {1,2,..., m}. First, suppose that z € A;, then
y* € S(4;), Tz € S(A;+1), and we take a subsequence {z,, } of {z,} withz,, € 4,4
(the existence of this subsequence is guaranteed by above mentioned argument).

Since a(yn,Yn+1) = 1 for all n € N and y,—y* as n — oo, by (iii) we have
a(Yn, y*)=a(Szy, Sz) =1 for sufficiently large n. Hence, we also have o(Sz, Sx,,) >1
for sufficiently large n. For x,,, € A;_; and z € A;, by (1) we have

p(Txy,,Tz) < a(Sxy,,S2)p(Tey,,T2)
< a1P(Yny» Y*) + @2D(Yni s Yny+1) + asp(T'z, S2)
+ %p(ynﬁu y*)+ %p(T 2, Yn)
< a1p(Yngs ¥7) + a2P(Yny s Ynp+1) + azp(T'z, 52)

+ %p(ynkﬂ, y*) + as[p(T2,82) + p(y*, yn,)] (6)
and, similarly,
p(Tz,Try,) < a(Sz, Sy, )p(Tz, Tty,)
< a1p(Yny»y*) + a2p(Tz,52) + azp(Ynys Yny+1)

aq as *
+ ?p(TZa ynk) + ?p(y7lk+17 Y )

< a1p(Yn,,y") + a2p(Tz, Sz) + azp(Yn,, > Yni+1)
+ay [p(TZ, SZ) + p(y*, ynk)]

as «
+ ?p(ynﬁhy )- (7
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From (5)—(7) we get

2
( — Q9 — a3 — a4 — a5>p(Tz, Sz)

S

< (2&1 +as + a5)p(ynkay*) + (aQ + a3)p(ynk?ynk+1)

as +a «
+ (485 +2>p(ynk+1,y ) ®)

Since 2a1s+ (s+1)(az+as+as+as) < 2, it follows that g = 2/s —as —ag —ag —
as > 0. Let M = max{2a; + a4 + as, as + a3, (ag + a5)/s + 2}/q. Since y, — y*,
for each ¢ > 6, choose a natural number Na such that p(yn, , Yn,+1) < ¢/(3M) and
P(Yn,, ¥*) < ¢/(3M) for all k > N. Hence, for k > Ny, it follows from (8) that

C C C
p(TZ,SZ)<<§+§+§—Ca

which implies that p(T'z, Sz) = 0. Then Tz = Sz. Hence, S and T have a coincidence
point in X.

Now, we will prove that S and 7" have a unique point of coincidence. Suppose that
Tw = Sw is another point of coincidence of S and T" with T'z = Sz # Tw = Sw, then
a(Sz,Sw) > 1. By (1) we have

P(T2,Tw) < oSz, Sw)p(T2, Tw)
< a1p(Sz, Sw) + asp(Tz, Sz) + azp(Tw, Sw)
+ %p(Tz7 Sw) + %p(Tw, Sz)
=a1p(Tz,Tw) + asp(Tz,Tz) + asp(Tw, Tw)
+ %p(Tz7 Tw) + %p(Tw, Tz)

ayq + as

< (a1 + )p(Tz, Tw) + asp(Tz,Tz) + azp(Tw, Tw)

< (a1 + az + a3 + ag + a5)p(Tz, Tw).

Since 2a1s + (s + 1)(az + ag + a4 + a5) < 2, we get Zle a; < 1. Thus, p(T'z,
Tw) = 6. This is a contradiction. Hence, Tz = Sz = Tw = Sw = v is a unique point
of coincidence of S and T'. Since S and T are weakly compatible, we have Sv = STz =
TSz = Twv. Thus, v = Sv = T'v by the uniqueness of point of coincidence of S and T'.
Hence, Tz = Sz is the unique common fixed point of S and 7. O

Remark 2. Taking a(z,y) = 1, in Theorem 1, it extends and generalizes Theorem 2
in [4] and Theorem 12 in [2]. If we take m = 1 and A; = X in Theorem 1, then we get
immediately the following corollary.

Corollary 1 [« s-Hardy-Rogers typel. Let (X, p) be a 0-complete partial cone b-metric
space over a solid cone P of a normed vector space (E, ||-||), a : X x X — [0, +00) be

http://www.mii.lt/NA



Common fixed point theorems for cyclic contractive mappings 817

a symmetric function. Suppose that the mappings S, T : X — X satisfy the contractive
condition

a(Sz, Sy)p(Tz,Ty) < a1p(Sz, Sy) + azp(Tx, Sx) + asp(Ty, Sy)
+ %p(Tx, Sy) + %p(T% Sx)

forallz,y € X, wherea; >0,i=1,2,...,5 and 2a1s+(s+1)(as+az+as+as) < 2.
Also assume that the following conditions hold:

(i) T(X) C S(X), S(X) is closed, S and T are generalized a-admissible;
(ii) there exists xo € X such that a(Sxzg, Txo) = 1;
(iil) if {yn} is a sequence in X such that &(yn,Ynt1) = 1 foralln € N and y,—y
asn — oo, then a(yn,y) = 1 for sufficiently large n.

Then S and T have a coincidence point in X, that is, there exists z € X such that
Sz=Txz.

Remark 3. Taking a(x,y) = 1 in Corollary 1, it extends and generalizes Theorem 3.3
of [32] and so also the famous Hardy and Rogers fixed point theorem to that in the setting
of partial cone b-metric spaces.

Example 6. Let E = R%, P = {(x,y) € E: z,y > 0}, and X = R*. Define p :
X xX — Pby
(|$—y|27‘$—y|2), T,y € [074)a
p(z,y) = ) .
(max{z,y},|r —y|?) otherwise
forall z,y € X. Then (X, p) is a f-complete partial cone b-metric space with coefficient
§=2.

Suppose that A; = [0,3], A2 = [3,4], A3 =1[0,3]and Y = U?:l A; = 0,4]. Define
S,T:Y -Yanda: X x X — [0,+00) by

St ==, Tr =

(@) 1/4, 2€[0,3], y=4orz=4,y€]0,3],
alz,y) =
Y 1 otherwise.

It is not difficult to prove that conditions (i)—(iii) of Theorem 1 are satisfied. Let a; = 1/9
fort =1,2,...,5. Now, we verify inequality (1) in Theorem 1. We consider the following
four cases:

Case I. If z € A1,y € As, then, for x € [0,3] and y € [3,4), we have [Tz — Ty|? =
1 — 1 = 0, which implies that (1) holds.
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Case 2. If x € Ay, y € As, then, for x € [0, 3] and y = 4, we have

max{Sz, Sy} = 4, max{Sz, Tz} > 3, max{Sy, Ty} = 4,
max{Sxz, Ty} > 1, max{Sy, Tz} = 4,

|Sz — Sy|* > 1, |Sz — Tz|* >0, 1Sy — Ty|* =9,
|Sz — Ty|*> >0, |Sy — Tx|> = 1.
Hence,
3 1 1
a(Sz, Sy) max{Tz, Ty} = 7 < 9<4+3+4+ 5+ 2)
1
<9 (maX{Sl“, Sy} + max{Sz, Tz} + max{Sy, Ty}

N max{ix,Ty} n max{iy,Tx})

and

1
ol@,y)|Tx = Ty|* = 4|Tw = Ty =1

1
< 5 <|Sa: — Sy|? + |Sz — Tx|* + |Sy — Ty/|?

Sz — Ty|? Sy — Tx|?
n i | 18y | ’
2 2
which implies that (1) holds.
Case 3. If x € Ay, y € A3 = A;. As in the previous case, we also have (1) holds.

Cased. If x € Az, y € Ay, then, forz € [0,3]andy € [0, 3], we have |Tz—Ty| =0,
which implies that (1) holds.

Thus, all the conditions of Theorem 1 are satisfied. Therefore, S and T" have a com-
mon fixed point in Y, indeed, x = 3 is a common fixed point of .S and T'.

Now, we introduce the concepts of mapping v and generalized cyclic («, ¢)s-Meir—
Keeler contractive mappings.

Definition 9. Let (X, p) be a partial cone b-metric space with coefficient s > 1. Let ¥
stand for the family of nondecreasing mappings ¢ : P — P such that

(i) ¥(0) =0and 0 < Y(x) < z/sforx e P\ {0};
() Y ||s™p"(x)|| < +oo for each z € P, where 9™ is the nth iterate of 1.
n=1

Example 7. Let E' = C[0, 1] with the norm ||u[| = max;c[o 1) [u(t)] and X = P = {u €
E: u(t) >0, t €[0,1]}. Define ¢1,%2 : P — P,p: X x X — Pby

4, 0< 1; 2, =,
| wm):{x/ Iell < p(x,y)={x Ty

2x/7 otherwise, (r +y)? otherwise.

dile) = 3
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It is clear that ¥1, 12 € W. Note that 1)1, 1o are examples of continuous and discon-
tinuous functions in V.

Definition 10. Let (X, p) be a partial cone b-metric space with coefficient s > 1, « :
X x X — [0,400) be a function, m be a positive integer, A1, Ao, . .., A, be nonempty
subsets of X, Y = |J", A; and S,T : Y — Y be two mappings. T : Y — Y is said
to be a generalized cyclic (o, 1) s-Meir—Keeler contractive if Y is a cyclic representation
of Y with respect to .S and T for any x and y lying in different adjacently labeled sets A;
andAiH,i = 1,2,.. .,m,

a(Sz, Sy)p(Tz, Ty) < ¥ (ulz,y)), ©
where A,,+1=A41, Y €W and u(z,y) € {p(Sx, Sy),p(Tz, Sx),p(Ty, Sy), p(Tz, Sy)}.

Theorem 2. Let (X, p) be a 0-complete partial cone b-metric space over a solid cone P
of a normed vector space (E, ||||), m be a positive integer, Ay, A, ..., Ay, be nonempty
subsets of X, Y = " A, T : X — X, be a generalized («,v)s-Meir-Keeler
contractive mapping satisfying (9). Suppose that the following conditions hold:

(1) S and T are generalized a-admissible;
(ii) there exists xg € Aj such that a(Sxzg, Txo) = 1;
(iil) if {yn} is a sequence in X such that &(yn,Ynt1) = 1foralln € N and y,—y
asn — oo, then a(yn,y) = 1, for sufficiently large n.

Then S and T have a coincidence point in X, that is, there exists z € X such that
Sz =Tz Moreover, if S, T are weakly compatible and A is the set of coincidence points
of S and T, for all x,y € A, we have a(Sx,Sy) > 1. Then S and T have a unique
common fixed point in X.

Proof. From the proof of Theorem 1 we can construct two sequences {z, }, {y,} C X
such that y,, 41 = Sz, 1 = T, forall n € N, and there exists 4, € {1,2,...,m} such
that z,, € A;, and 2,41 € A;,11. By condition (ii) we deduce

a(Yny Ynt1) = a(Stp, Stpi1) =1 foralln € N. (10)

Since x,, € A;, and z,,41 € A;, +1, by (9) and (10) we have

p(ynayn-i-l) = p(Txn—laT-rn) < a(an—la an)p(Tmn—thn)
< "r/)(u(mn—hxn))v
where
U(In—la xn) S {p(Szn—ly Szn)ap(T-Tn—h Szn—l)vp(Txvu SIn)»I)(Txn—lv an)}

= {PWn—1,Yn), PWUn> Yn—1), PWn+1,Yn), D(Yn, Yn) }
= {P(Yn-1,Yn), P(Yn+1,Yn), P(Yns Yn) }-
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Thus, we get the following cases:

Case 1. p(Yn:Yn+1) < V(P(Yn-1,Yn))-

Case 2. p(Yn,Yn+1) < Y(©OYn,Yn+1)), it follows from Definition 9(i) that p(ys,
Ynt1) = 0.

Case 3. p(Yn: Yn+1) < V(OYnsYn)) < VP(Yn—1,Yn))-
Then, in all cases, we have p(Yn, Yn+1) < V(P(Yn—1,Yn)). Therefore,

PWns Yn+1) < V(PWn-1,9n)) < V> (P(Yn—2,Yn-1)) < -+ <" (p(yo, 1))
For n,m € Z* with m > n, it follows that

p(y'm ym) < Sp(yn, yn+1) + Szp(yn+1a yn+2) + -+ Sm_np(ymfh ym)
< sU™ (p(yo, y1)) + s°%" T (p(yo, 1)) + -+ + 8™ ™ (p(yo, y1))
s ¢ (p(yo,y1)) + " " (p(yo, 1)) + -+ ™™ (p(yo, y1))

Z yanl))~

Since Y07, [|s"¢™ ()| < oo forall z € P, then for any given € > 0, there exists
Ni € Z* such that )2 ||s"¢¥(z)|| < e foralln > N;. Hence,

A

m—1

> R (p(yo. 1))

k=n

Z [|s* 0" (p(yo, 11)) Z [[s"¢* (p(yo, y1)) || < e

Thus, Zzlfnl s** (p(yo, y1)) —. 0. It follows from Lemma 1 that for any ¢ >> 6, there
exists ng € N such that 31"~ s¥9* (p(z0, 21)) < ¢ for all n > ng. Thus,

n

m—1

P ym) < > 5" 0 (p(yo, 1)) < c

k=n

for all n, m > ng. Therefore, {y, } is a f-Cauchy sequence. Since (X, p) is a f-complete
partial cone b-metric space there exists y* € X such that y,,—y* and p(y*,y*) = 6.
Since S(Y) = S(Ui~, Ai) = Ui~ S(4;) is closed and {y,} C S(Y), we know that
y* € S(Y). Hence, there exists z € Y such that y* = Sz.

Now, we prove that Tz = Sz. AsY = |JI", A; is a cyclic representation of Y with
respect to S and T', the sequence {x,, } has infinite terms in each A4, fori € {1,2,...,m}.
First, suppose that z € A, then y* € S(A;), Tz € S(A;+1), and we take a subsequence
{zp, } of {z,,} with x,,, € A;_1(the existence of this subsequence is guaranteed by above
mentioned argument).

Since a(yn,yn+1) = 1 foralln € N and y,—y* as n — oo, by (iii) we have
a(Yn,y*) = a(Sz,,Sz) > 1 for sufficiently large n. Let ¢ > 6, choose a natural
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number N3 such that p(yn, , Yn,+1) < ¢/2 and p(yn,,y*) < ¢/2 for all k > Ns. For
ZTp, € Ai—1 and z € A;, by (9) we have

1
—p(Tz,S52) < p(Txp,,Sz) + p(Tay,,Tz)
s

p
< p(ynk+17 y*) + a(S‘rnk’ S’z)p(T‘T”lk ) TZ)
< p(ynk+17 y*) + w(u(xnkaz))v
where

w(zy,,2) € {p(ank,Sz),p(Txnk_,ank),p(Tz,Sz),p(Txnk_,Sz)}

= {p(ynk ) y*)7p(ynk ) ynk+1)7p(Tzv Sz)ap(ynkJrlv y*)}
Thus, we get the following cases:

Case 1. (1/s)p(Tz,52) < p(Yns+1,Y") +V(0Yns» ¥*)) < PWngt1,y%) + (1/5) X
P(Yny» y*) < cimplies p(Tz, Sz) = 6

Case 2. (1/8)p(T’szz) < p(ynk+1ay*> + w(p(ynk7ynk+l>) < p(ynk+1;y*) +
(1/8)P(Yny» Ynp+1) < c implies p(T'z, Sz) = 6;

Case 3. (1/8)p(Tz,52) < p(Ynp+1,y*) + v(p(Tz,52)) < ¢+ Y(p(Tz,5%))
implies (1/8)p(Tz,52) < ¥(p(Tz,52)). If p(Tz,52) # 0, then (1/s)p(Tz,5z2) <
Y(p(Tz,8z2)) < (1/s)p(Tz,Sz). This ia a contradiction. Thus, p(T'z, Sz) = 6,

Case4. (1/s)p(T'z,52) < P(Yny+1: ")+ (0 Yni+1,Y7)) < P(Ynyt1,y™)+(1/5) x
P(Yny+1,y") < cimplies p(T'z, Sz) = 6.

Then, in all cases, we have p(T'z, Sz) = 6. Hence, Tz = Sz. Thus, S and T have
a coincidence point in X.

Now, we prove that S and 7" have a unique point of coincidence. Suppose that Tw =
Sw is another point of coincidence of S and T with Tz = Sz # Tw = Sw, then
a(Sz, Sw) = 1. By (9) we have

p(Tz,Tw) 5 oSz, Sw)p(Tz, Tw) < ¥ (u(z,w)),
where
u(z,y) € {p(Sz, Sw), p(Tz, Sz), p(Tw, Sw), p(Tz, Sw) }
= {p(T2,Tw),p(T2,T2),p(Tw,Tw),p(Tz,Tw) }
={p(Tz,Tw),p(Tz,Tz),p(Tw, Tw)}

Thus, we get the following cases:
Case 1. p(Tz,Tw) < Y(p(Tz, Tw)) implies p(Tz, Tw) = 6.
Case 2. p(Tz,Tw) X ¢Y(p(Tz,Tz)) < Y(p(Tz,Tw)) implies p(T'z, Tw) = 6.
Case 3. p(Tz,Tw) < Y(p(Tw,Tw)) < Y(p(Tz, Tw)) implies p(Tz, Tw) = 6.
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Then, in all cases, we have p(T'z, Tw) = 6. This is a contradiction. Hence, Tz =
Sz = Tw = Sw = v is a unique point of coincidence of S and 7. Since S and T
are weakly compatible, we have Sv = STz = T'Sz = Tw. Thus, v = Sv = Tv by
uniqueness uniqueness of point of coincidence of S and 7T". Hence, Tz = Sz is the unique
common fixed point of .S and 7T". O

Remark 4. If we take a(x,y) = 1 in Theorem 2, it extends and generalizes Theorem 1
in [4], Theorem 9 in [2]. If we take m = 1 and A; = X in Theorem 2, then it extend and
generalize Theorem 3.1 in [32], Theorems 15 and 17 in [18].

In Theorem 2, taking ¥ (z) = Az with 0 < A < 1/s, we get the following corollary.

Corollary 2. Let (X,p) be a partial cone b-metric space with coefficient s > 1, « :
X X X — [0,400) be a function, m be a positive integer, A1, Aa, . .., Ay, be nonempty
subsets of X, Y = U/, A;, and S,T : Y — Y be two mappings. Y is a cyclic
representation of Y with respect to S and T for any x and y lying in different adjacently
labeled sets A; and A;v1,1=1,2,...,m,

a(Sz, Sy)p(Tz, Ty) < Au(z,y),

where A1 = A1, 0 < A < 1/s, and u(z,y) € {p(Sz,Sy),p(Tx,Sx),p(Ty, Sy),
p(Tx, Sy)}. Also assume that the following conditions hold:

(1) S and T are generalized a-admissible;
(ii) there exists xo € Aj such that a(Sxzg, Txo) = 1;
(iii) if {yn} is a sequence in X such that &(Yn,Yn+1) = 1 for alln € N and y,—y
asmn — oo, then a(yn,y) = 1 for sufficiently large n.

Then S and T have a coincidence point in X, that is, there exists z € X such that
Sz=Txz.

Remark 5. If we take o(z, y) = 1, in Corollary 2, it extends and generalizes Theorem 14
in [34].
Now, in order to support the usability of our results, we present the following example.

Example 8. Let = C[0, 1] with the norm ||u|| = max,c[o, 7 [u(t)] and X =P={uc E:
u(t) >0, t € [0,1]}. Define a mapping p : X x X — P by

2
x? l‘:y7
p(%y):{

(r+1y)? otherwise.

Then (X, p) is a f-complete partial cone b-metric space with coefficient s = 3. Define
S,T:X - X,a: X xX —[0,400) by

/ 1, =<y,
/ w(s)ds,  alzy) =
0

Sx(t) =
0 otherwise.

N —
| =

O/ 2(s)ds,  Ta(t) =
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It is not difficult to prove that (i)—(iii) of Theorem 2 are satisfied. Define ¢y : P — P by

) = {x/47 0< ||lz|| <1,

2x/7 otherwise.

Let Az(t) = fot x(s)ds. Then Sz = (1/2)Az and Tz = (1/6)Ax. Letm = 1, A; = X.
Now, we verify inequality (9) in Theorem 2. We consider the following three cases:

Case 1. If x > y, then a(x,y) = 0 and «(Sx, Sy) = 0, which implies that (9) holds.
Case 2. If x = y = 0, then p(Tz, Ty) = 6, that is, (9) holds.
Case 3. If x = y # 0, then a(Sz, Sy) = 1, and we have

2
a(Sz, Sy)p(Tx, Ty) = (éAm) < 227(Ax)2 = %p(Tx, Sz) < ¢(p(Tz, Sx)),
which implies that (9) holds.

Case 4. If x # y and x < y, then o(Sz, Sy) = 1, and we have

1
oSz, Sy)p(Tz, Ty) = (GA.I +tedy) <

which implies that (9) holds.
Thus, all the conditions of Theorem 2 are satisfied. Therefore, S and T have a coinci-
dence point in X, indeed, x = € is a coincidence point of S and 7T'.

4 An application: the existence of a common solution to integral
equations

In this section, we apply Theorem 2 to study the existence of solutions to a class of system
of nonlinear integral equations.
We consider the following system of integral equations

x(t):/f(s,x(s)) ds,
Ot (11)

forallt € I =[0,T], where T > 0, f : I x R — R is a continuous function.
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Let X = E=C(I,R) be the set of all real continuous functions on I and P={uc E:
u > 0}. We endow X with the partial cone b-metric

plz,y)(t) = ¢ e, |2(t) — y(1)]

for all z,y € X. It is clear that (X, p) is a f-complete partial cone b-metric space with
coefficient s = 2. We endow X with the partial order < given by

x <y ifandonlyif z(¢) < y(t) forall t € [0,T].

Let u,v € E such thatu < v,

t t t t

[uoas= [fve)ds ad [oods> [fsu)ds

0 0 0 0

forallt € [0,7]. Let A1 = {z € E: x < v}, A2 = {z € E: z < u} be two closed
subsets of X and Y = A; U As.
Now, define the mappings S,7: Y — Y by

Sz(t) = /x(s) ds, Tx(t) = /f(s,x(s)) ds
0 0

for all x € Y. Then the existence of a solution to (11) is equivalent to the existence of
a common fixed point of S and 7T'.

Theorem 3. Suppose that the following hypotheses hold:

(i) forall s € [0,T), f(s,-) is a nondecreasing function, that is, for all t;,t3 € R,
t1 < to implies that f(s,t1) < f(s,t2);
(i) if f(s,x(s)) = x(s) for all s € [0, T, then we have

f<s,/x(w) dw) = O/f(w,x(w)) dw forall s €[0,T7;

0
(iii) there exists a continuous function K : [0,T] — R™ such that
f(5,y(s)) = f(s,2(s)) < K(s)[y(s) — x(s)]

forall s € [0,T), x and y lying in different adjacently labeled sets Ay and As
with x <X y;
(iv) there exists L € [0, 1) such that sup e 71 K (s) < L/2.

Then the integral equation (11) has a solution z* € X.
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Proof. From condition (i) it is easy to verify that Y is a cyclic representation of Y with

respect to .S and T". By condition (ii) we can prove that .S and T" are weakly compatible.
Define : P — P,a: X x X — [0,+00) by

L? L z=xy,

Y(x) = 5% a(z,y) = {

0 otherwise.

Then S and T are generalized a-admissible, and (ii)—(iii) of Theorem 2 are satisfied. Now,
for all z and y lying in different adjacently labeled sets A; and As with = < y, by (iii)
and (iv) we have

| Ta(t) - Ty(t)|’
= /f(s,a?(s)) ds—/f(s,y(s)) ds| = l/(f(s,y(s)) —f(s,a:(s)))ds]
< L/K(S)(y(é’) —w(S))dS] < Lzlﬁft]ms)o/(y(s) —a(s)) dS}

[ (o=t | < st - st

Hence, for all ¢ € [0, T, we have

a(Sz, Sy)p(Tx, Ty)(t)
2

_ ‘ - 2<£ : - 2
a(Sxz, Sy)e tg&)}”T:ﬂ(t) Ty(t)|” < 1 (e t§3§]|Sx(t) Sy(t)| )

— %Qp(sqj, Sy)(t) < Au(z, y)(t),

where \=L12/3 € [0,1/s) and u(x,y) € {p(Sx, Sy), p(Tx, Sz),p(Ty, Sy), p(Tx, Sy)}.
It follows that (9) holds.

Thus, all the conditions of Theorem 2 are satisfied. Then S and 7" have a common
fixed point z* € X, thatis, * is a solution of the system of integral equations (11). [

References

1. S.H. Abusalim, M.S.H. Noorani, Fixed point and common fixed point theorems on ordered
cone b-metric spaces, Abstr. Appl. Anal., 2013:815289, 2013.

2. R.P. Agarwal, M.A. Alghamdi, H. Shahard, Fixed point theory for cyclic generalized
contractions in partial metric spaces, Fixed Point Theory Appl., 2012:40, 2012.

3. L. Altun, B. Damjanovi¢, D. Djori¢, Fixed point and common fixed point theorems on ordered
cone metric spaces, Appl. Math. Lett., 23:310-316, 2010.

Nonlinear Anal. Model. Control, 21(6):807-827



826

C. Zhu et al.

. 1. Altun, F. Sola, H. Simseki, Generalized contractions on partial metric spaces, Topology

Appl., 157:2778-2785, 2010.

. A. Amini-Harandi, Fixed point theory for quasi-contraction maps in b-metric spaces, Fixed

Point Theory, 15:351-358, 2014.

. H. Aydi, M.F. Bota, E. Karapinar, S. Mitrovi¢, A fixed point theorem for set-valued quasi-

contractions in b-metric spaces, Fixed Point Theory Appl., 2012:88, 2012.

. A. Bakhtin, The contraction principle in quasi metric spaces, Funkts. Anal., 30:26-37, 1989.

8. S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostrav., 1:5—

10.
11.

12.

14.

15.

16.

18.

19.

20.

21.
22.

23.

24.

25.

11, 1993.

. S. Czerwik, Nonlinear set-valued contraction mappings in b-metric spaces, Atti Semin. Mat.

Fis. Univ. Modena, 46:263-276, 1998.
X. Ge, S. Lin, A note on partial b-metric spaces, Mediterr. J. Math., 13:1273-1276, 2016.

L.G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings,
J. Math. Anal. Appl., 332:1468-1476, 2007.

N. Hussain, M.H. Shah, KKM mappings in cone b-metric spaces, Comput. Math. Appl.,
62:1677-1684, 2011.

. S. Jankovié, Z. Kadelburg, S. Radenovi¢, On cone metric spaces: A survey, Nonlinear Anal.,

Theory Methods Appl., 74:2591-2601, 2011.

S.J. Jiang, Z.L. Li, Extensions of Banach contraction principle to partial cone metric spaces
over a non-normal solid cone, Fixed Point Theory Appl., 2013:250, 2013.

M. Jovanovié, Z. Kadelburg, S. Radenovi¢, Common fixed point results in metric-type spaces,
Fixed Point Theory Appl., 2010:978121, 2010.

Z. Kadelburg, S. Radenovi¢, A note on various types of cones and fixed point results in cone
metric spaces, Asian Journal of Mathematics and Applications, 2013:ama0104, 2013.

. W.A. Kirk, P.S. Srinivasan, P. Veeramani, Fixed points for mappings satisfying cyclical

contractive conditions, Fixed Point Theory, 4:79-89, 2003.

A. Latif, M.E. Gorgji, E. Karapinar, W. Sintunavarat, Fixed point results for generalized («, )-
Meir—Keeler contractive mappings and applications, J. Inequal. Appl., 2014:68, 2014.

S.K. Malhotra, S. Shukla, R. Sen, Some fixed point results in §-complete partial cone metric
spaces, J. Adv. Math. Stud., 6:97-108, 2013.

S.K. Malhotra, S. Shukla, R. Sen, N. Verma, Generalization of fixed point theorems in partial
cone metric spaces, Int. J. Math. Arch., 2:610-616, 2011.

S.G. Matthews, Partial metric topology, Ann. N. Y. Acad. Sci., 728:183-197, 1994.

Z. Mustafa, J.R. Roshan, V. Parvaneh, Z. Kadelburg, Some common fixed point results in
ordered partial b-metric space, J. Inequal. Appl., 2013:562, 2013.

S. Oltra, O. Valero, Banach’s fixed point theorem for partial metric spaces, Rend. Ist. Mat.
Univ. Trieste, 36:17-26, 2004.

R. Popovié, S. Radenovi¢, S. Shukla, Fixed point results to tvs-cone b-metric spaces, Gulf
J. Math., 1:51-64, 2013.

S.H. Rezapour, A review on topological properties of cone metric spaces, in Conference on
Analysis, Topology and Applications (ATA °08), Vrnjacka Banja, Serbia, May 30—June 4, 2008,
University of Kragujevac.

http://www.mii.lt/NA



Common fixed point theorems for cyclic contractive mappings 827

26.

217.

28.

29.

30.

31.
32.

33.

34.

35.

36.

37.

38.

39.

40.

S.H. Rezapour, R. Hamlbarani, Some notes on the paper cone metric spaces and fixed point
theorems of contractive mappings, J. Math. Anal. Appl., 345:719-724, 2008.

J.R Roshan, V. Parvaneh, I. Altun, Some coincidence point results in ordered b-metric spaces
and applications in a system of integral equations, Appl. Math. Comput., 226:725-737, 2014.

B. Samet, C. Vetro, P. Vetro, Fixed point theorem for a-i)-contractive type mappings,
Nonlinear Anal. Theory Method. Appl., 75:2154-2165, 2012.

M.H. Shah, S. Simi¢, N. Hussain, A. Sretenovic¢, S. Radenovié¢, Common fixed points theorems
for occasionally weakly compatible pairs on cone metric type spaces, J. Comput. Anal. Appl.,
14:290-297, 2012.

S. Shukla, Partial b-metric spaces and fixed point theorems, Mediterr. J. Math., 11:703-711,
2014.

A. Sonmez, Fixed point theorems in partial cone metric spaces, 2011, arXiv:1101.2741.

H.P. Stani¢, A.S. Cvetkovi¢, S. Simi¢, S. Dimitrijevi¢, Common fixed point under contractive
condition of Ciri¢’s type on cone metric type spaces, Fixed Point Theory Appl., 2012:35,2012.

D. Turkoglu, M. Abulohai, Cone metric spaces and fixed point theorems in diametrically
contractive mappings, Acta Math. Sin., Engl. Ser., 26:489—496, 2010.

S.Y. Xu, S. Radenovié, Fixed point theorems of generalized lipschitz mappings on cone metric
spaces over Banach algebras without assumption of normality, Fixed Point Theory Appl.,
2014:102, 2014.

C.X. Zhu, Several nonlinear operator problems in the Menger PN space, Nonlinear Anal.,
Theory Methods Appl., 65:1281-1284, 2006.

C.X. Zhu, Research on some problems for nonlinear operators, Nonlinear Anal., Theory
Methods Appl., 71:4568-4571, 2009.

C.X.Zhu, C.F. Chen, X.Z. Zhang, Some results in quasi-b-metric-like spaces, J. Inequal. Appl.,
2014:437,2014.

C.X. Zhu, W.Q. Xu, Z.Q. Wu, Coincidence point theorems for generalized cyclic (kh, pL)s-
weak contractions in partially ordered Menger PM-spaces, Fixed Point Theory Appl., 2014:214,
2014.

C.X. Zhu, Z.B. Xu, Inequalities and solution of an operator equation, Appl. Math. Lett.,
21:607-611, 2008.

C.X. Zhu, J.D. Yin, Calculations of a random fixed point index of a random sem-cloosed
1-set-contractive operator, Math. Comput. Model., 51:1135-1139, 2010.

Nonlinear Anal. Model. Control, 21(6):807-827


http://arxiv.org/abs/1101.2741

	Introduction and preliminaries
	Basis definitions and properties of partial cone b-metric spaces
	Common fixed point theorems in partial cone b-metric spaces
	An application: the existence of a common solution to integral equations
	References

