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Abstract. In this paper, using a new comparison result and monotone iterative method, we
consider the existence of solution of integral boundary value problem for second-order differential
equation. To obtain corresponding results, we also discuss second-order differential inequalities.
The interesting point is that the one-sided Lipschitz constant is related to the first eigenvalues
corresponding to the relevant operators.
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1 Introduction

We will devote to considering the existence of solution of the following integral boundary
value problem for second-order differential equation, using the method of upper and lower
solutions and its associated monotone iterative technique
—a"(t) = f(t.z(t)), t€(0,1),
1

; 1
x(O):/x(s) dA(s), x(l):/x(s)dB(s), o
0 0

where f € C([0,1]xR,R); A and B are right continuous on [0, 1), left continuous at ¢t =1;
and nondecreasing on [0, 1], with A(0) = B(0) = 0, fol u(s)dA(s) and fol u(s)dB(s)
denote the Riemann—Stieltjes integrals of u with respect to A and B, respectively.
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The theory of integral boundary value problems for differential equations is an impor-
tant and significant branch of nonlinear analysis [1,6,10-12,18-20,22,23,25-28,30-32].
It is worth mentioning that integral boundary value problems for differential equations
appear often in investigations connected with applied mathematics and physics such as
heat conduction, chemical engineering, underground water flow, thermo-elasticity, and
plasma physics [8,9,21]. One of the basic problems considered in the theory of integral
boundary value problems for differential equations is to establish convenient conditions
guaranteeing the existence of solutions of those equations.

To obtain existence results for differential equations, someone used the monotone
iterative method [2, 5, 14]. There is a vast literature devoted to the applications of this
method to differential equations with different boundary conditions, for details, see [4,7,
15,16,24,29]. In [3], Alberto Cabada and Susana Lois successfully investigated different
maximum and anti-maximum principles for the operator L[M|u = —u" + Mu with
separated boundary conditions. Motivated by [3], in this paper, we first present a new
comparison theorem for the operator —u” — Au with integral boundary value condition,
and then, by using the monotone iterative technique, we investigate the extremal solutions
of (1). We should note that the constant ) is related to the first eigenvalues corresponding
to the relevant operators.

Throughout this paper, we always suppose that

(H1) k1 > 0,k4 > 0,k = K1Kk4 — Kokg > 0, where

1 1
= /14 YAA(t @:/tdA(t),
0 0

1 1
/l—t dB(t le—/tdB(t).
0 0

2 Preliminaries and lemmas

Let X be the Banach space C[0, 1] with ||z|| = sup;¢o 1) [z(?)|. Define a set P C X by
P={zeX:xz(t)>0,tel0,1]}.

It can be easily verified that P is indeed a cone in X.

For o € X and pi1, 2, A € R. Consider the following linear integral boundary value
problems

—a"(t) = Ax(t) +o(t), te(0,1),

1 = [ x(s s 9. @
O/x St a()= [2(5)dBls)
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To study (2), consider the operator 7' : X — X defined by

10 = [esoas+ra-nn (1) (fo aA() J; k(t,s>x<s>ds>

0 fol dB(t) fol k(t,s)z(s)ds

o=z ) ()

where k(t, s) is given by
t1—s), 0<t<
k(t,s) =
s(1—1), 0<s<

Then if (H1) holds, by [27,28], 2 € C?[0, 1] is a solution of (2) if and only if z € X is
a solution of the equation

and the function

Y

(I =Xz =To+ p. 3)

For the function k(t, s), it is easy to know that
t(1—1t)s(1—s) <k(ts) <s(l—s), tsel0,1]. 4)

Take

t(l1—t), A(t)=B()=0,

(1—1t), A(@)#£0, B(t) =0,

e(t) =
t, A(t) =0, B(t) £ 0,
1, A(t) £ 0, B(t) £ 0.

For sake of simplicity, we only prove the following Lemma 2 in the case that A(¢) = 0
and B(t) # 0 hold. Similar arguments applies when the other condition hold with cones
Ky ={z € P: z(t) > t(1 —t)||z||, t € [0,1]}, Ko = {x € P: z(t) > 72(1 —1¢) X
lz]l, t € [0,1]}, K3 = {z € P: x(t) > v3||z||, t € [0, 1]}, respectively, where

V2 = o 11— D44 tdA(), 0<nz==-<1,
K1+ fo dA(t) p
1

1
1

p=1+— ((m +r3) [ dA(t) + (k2 + K1) dB(t))7
(i [0 |

0

V= min + (((1 — 1)Ky + tK3) /t(l —t)dA(t)

tel0,1] K
0

1
+ (1= t)ro + thr) /tl—t ) dB(t )
0
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Now, the operator T' can be simplified as

1 1
/k‘ts ds—t—f/dB /kts 5
0 0

Define a set K C X by
K ={z € P: x(t) > ~t|z||, t € [0,1]},

where y = fol t(1 —t)dB(t)/(ka + fol dB(t)). It can be easily verified that K is indeed
aconein X and K C P.

Lemma 1. T(P) C K and the map T : K — K is completely continuous.

Proof. Inequality (4) and the definition of 7" imply that T'(P) C K. The completely
continuity of the integral operator 7" is well known. This completes the proof. O

Definition 1. (See [13].) Let e be a fixed nonzero element in the positive cone P of the
Banach space X. The linear operator 7T is said to be increasing if T'(P) C P. The linear
operator 7' is said to be e-bounded if, for every nonzero x € P, a natural number n and
two positive numbers «, 3 can be found such that ae < T"x < Se.

Lemma 2. The operator T defined by (5) is a e-bounded operator, in which e is given by

e(t) =t

Proof. Forall z & P\{e} take a( ) 1/k:4 ) [ dB(t) [ k( s)ds and B(z) =
f z(s)ds + (1/ks) fo dB(t fo s) ds. It follows from (5) that

a(@)t < (T2)(t) < flo)t, te 0,1,
So, T is a e-bounded operator. This completes the proof. O

By Lemma 2 and Krein—Rutman theorem [13], we know that the operator 7" defined
by (5), the spectral radius 7(7") # 0 and T has a positive eigenfunction corresponding to
its first eigenvalue A\; = (r(7)) .

Remark 1. Let * be the positive eigenfunction of T" corresponding to A1, thus, \yTp* =
©*. Then by Definition 1, there exist a(¢*), 8(¢*) > 0 such that

ae(t) < (Tg")(t) = Ailwt) < Belt).

Hence, we obtained that 7" is ¢*—bounded operator.

We present a new comparison result, which is crucial for our discussion.
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Lemma 3. Supposed that X < \;. If u € C?(0, 1] satisfies

—u"(t) = Au(t), te(0,1),
u(0) > / w(s)dA(s),  u(1) > / u(s) dB(s),
0 0

then u(t) > 0, ¢t € [0, 1].

Proof. Set o(t) = —u'(t) — Mu(t), p1 = u(0) — fol u(s)dA(s), p2 = u(l) —
fol u(s)dB(s). Then 1 > 0, pa > 0, 0(¢) > 0and p(t) > 0, t € [0,1]. Moreover,
by (3), Lemma 2 and Remark 1, there exists 5 > 0 such that

u(t) = MTu)(t) = —[A\[(Tlul) (t) = — [N Be" (). (6)
Thus, there exists d > 0 such that
u(t) + 60" (t) =0, telo,1]. )

When A = 0, the result is obviously true by (6). So, in the rest of this proof, we assume
that A # 0. We prove the result from two cases:

Casel. A\ > 0. LetTix = \XTz,x € X. ThenT; : X — X is a bounded linear
operator and 71 (P) C P. Moreover, we have r(T1) = A\r(T) = A/A; < 1. Therefore,
the inverse operator (I — T7) ™! exists and

(I-T) ' =T+T +TP+ -+ TP+

It follows from 73 (P) C P that (I — Ty)~'(P) C P. So, we have u = (I — T7)~!
(I —T1)u = 0 by (6).

Case 2. )\ < 0. Suppose the contrary. Therefore, by (7), there exists a smallest positive
number 4, says dg, such that u(t) + do* (t) = 0, ¢ € [0, 1]. Now, @(t) := u(t) + dop™(t)
satisfies

—a"(t) = M+ Moop™(t) > M+ Nop*(t) = Ma(t), te(0,1),

a(0) >

o—__

a(s)dA(s),  a(1) > / (s) dB(s).

We first show that %(¢) > 0, ¢ € (0,1). In fact, if there exists ¢y € (0, 1) such that @(t) =
mingep,1) @(t) = 0, we have 0 > —a"(to) > Au(to) = 0, which is a contradiction.
Next, we prove that @(t) > d1e(t) for some 6; > 0 and ¢ € [0,1]. Otherwise, we can
find {t,}22, C [0,1] such that a(¢,) < e(t,)/n. So, we have lim,,_, @(t,) = 0.
Notice that @(t) > 0, t € (0,1), we necessarily have, by passing to a subsequence if
needed, lim, . ¢, = 0 or/and lim,,_, ¢, = 1. Considering the continuity of u, we
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have @(0) = 0 or/and @(1) = 0, and hence @' (0) > 0 or/and @ (1) < 0 by Theorem 4
in [17, Chap. 1]. So, the inequality %(t) > d1e(¢) holds for some d; > 0 and ¢t € [0, 1].
By Remark 1 and (6), we can find § > 0 such that @(t) > 0p*(t) and hence u(t) +
Sop*(t) = —0/(|A|B)u(t), that is, u(t) + do(1 4+ 6/(|\|8)) " ¢*(t) > 0 contradicting
with the minimality of dq. Therefore, the case min,c(g 1) u(t) < 0 does not occur. This
completes the proof. O

Lemma 4. For o € X and \ < )y, the linear integral boundary value problems (2) has
an unique solution in X.

Proof. To obtain the required results, we only need to prove that the operator equation
(I-XT)x=To+p (3)

has an unique fixed point in X. From Lemma 3 operator equation (I — AT)z = 6 has
only a zero solution. Then by Lemma 1 and the Fredholm alternative theorem for linear
compact operator, the operator equation (8) has an unique solution in X for any given
o € X and p € X. This completes the proof. [

3 Main results

In this section, on the basis of Lemma 3 and Lemma 4, using the monotone iterative
technique, we shall show an existence theorem of extremal solutions of (1).

Definition 2. uy € X is called a lower solution of the differential equation (1) if

—ug(t) < f(t,uo(t)), te(0,1),
1

uO(O)g/uo(t)dA(t), uo(l)g/uo(t)dB(t).

0

Analogously, vy € X is called a upper solution of the differential equation (1) if

—vy(t) = f(t,wo(t)), te(0,1),

v0(0)>/v0(t)dA(t), vo(l)>/v0(t)dB(t).
0

0

In what follows, we assume that
u()(t) < 'U()(t)7 te [0, 1]
and define the order interval

[uo, vo] = {z € X: uo(t) < z(t) <wolt), t €0,1]}.

Nonlinear Anal. Model. Control, 21(6):828-838



834 Y. Cui, Y. Zou

Theorem 1. Assume the following conditions hold:
(H2) ug,vo are lower and upper solutions of (1), respectively, such that ug(t) <
vo(t) on [0, 1].
(H3) There exists A < A1 such that
f(ty) = f(t,x) = Ny — 2),
whenever ug(t) < x <y < vo(t), t € [0,1].
Then there exist monotone sequences {u,,(t)}, {vy,(t)}, which converge uniformly to

the extremal solutions of (1) in the order interval [ug, vy, respectively.

Proof. For all £ € [ug, vg], consider (2) with

U(t) = f(t7§(t)) - )‘f(ﬂv Nl - /~L2 == 0
By Lemma 4, problem (2) has an unique solution z € X. Denote an operator S :
[ug, vo] = X by 2 = SE. Then the operator S has the following properties:
(i) uo < Sug, Svg < vo.
Let uy = Sug, p(t) = u1(t) — ug(t). By (H2) and (H3), we have that
7p//(t) 2 )\p(t), te (07 1)7
1 1
p0) > [pe)das).  p1)> [p(s)dn
0 0

which implies by virtue of Lemma 3 that p(t) > 0 for all ¢ € [0,1], i.e., ug < Suo.
Similar argument show that vy < Swvyg.

(ii) S is nondecreasing in [ug, vo].

Let &1, &2 € [ug, vo] be such that & < &;. Suppose that p = S&; — S¢;. By (H2) and
(H3), we have

—p”(t) Z )\p(t)v te (07 1)7
1

p(0) = / p(s)dA(s),  p(1) = / p(s) dB(s),

0

ing. This together with (i) implies that S : ] [uo7 Vo).

which implies by virtue of Lemma 3 that p(¢ ) 0 forall t € [0, 1], i.e., S is nondecreas-
[

Now let u,, = Suyp_1, v, = Sv,_1,n =1,2,3,.... Following (i) and (ii), we have

U KU < KU KU <K K0 KU1 Ko< <0 (9)

Using the standard arguments, it is easy to show that {u,} and {v,} are uniformly
bounded and equicontinuous in [ug, vg]. By (9) and the Arzela—Ascoli theorem, we have

Jim o (8) = (), lim on(t) = 0" (t)

uniformly on ¢ € [0, 1], and u*, v* satisfy (1). Moreover, u*, v* € [ug, vo]. Thus, u* and
v* are solutions of (1) in [ug, vg).

http://www.mii.lt/NA
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Next, we prove that «* and v* are extremal solutions of (1) in [ug, vg]. In fact, we
assume that x is any solution of (1). That is,

—2"(t) = f(t,z(t)), te(0,1),
1 1
o0) = [2aA®), =) = [ ol s
0 0
By (H2), (H3) and Lemma 3, it is easy by induction to show that

Up KT KUy, n=123.... (10)
Now, letting n — oo in (10), we have ©v* < x < v*. That is, ©v* and v* are extremal
solutions of (1) in [ug, vo]. This completes the proof. O
4 Example
Consider the following problem:
1 t
—a(t) = é(t - :E(t))3 + t%sin %, te(0,1),

| 1D
z(0) =0, z(1) = /x(s) ds.
0

Obviously,
1
f(t,2) = 5t —2)> 4+ *sin %, At)=0, B(t) =t

Let ug(t) = 0, vo(t) = 7t. Then it is easy to verify that

1 1
k1 =1, kg =0, K3 = k4 = 7, K= K1k4 K2R3 = 5,

2
1 t
= 6(t — uo(t))3 + t%sin “OT(), t € (0,1),

vo(t)

(tfvo(t))3+t2sin T te(0,1),

[

<
SR
—~
o~
~
I
| =

0 > E(ST(*Q(T(* 1)3) >

v(0) =0, vo(l) =m > g = /vo(s) ds.
0

Conditions (H1) and (H2) hold.

Nonlinear Anal. Model. Control, 21(6):828-838
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Let A; be the first eigenvalue of the linear operator T given by (5) with B(t) = ¢, and
™ be an eigenfunction corresponding to eigenvalue ;. Thus, we have

O+ X*(t) =0, te(0,1),

(0)=0, (1) = / 5 (5) ds.
0

By ordinary method, we get ¢*(t) = csin /A1t for some ¢ € R and \; € (0, 72), where
A1 is the unique positive solutions of the equation

\/Esin\/x—kcos\/)\il—l:Q A1 € (0,7?2).

Set A(\) = VAsin VA + cos VA — 1. Noting that h(472/9) = (27/3)sin(27/3) +
cos(2m/3) — 1 = (27/3)(v/3/2) — (1/2) — 1 > 0 and h(7?) = —2 < 0, we have
472

)\1>T.

In addition, for 0 < = < y < 7t, t € [0, 1], we have

(mr—1)2 472

flty) = ft2) 2 ——F—y—-2) > —— W)

So, conditions (H3) holds. Therefore, (11) satisfies all conditions of Theorem 1. By The-
orem 1, there exist monotone iterative sequences {u,, }, {v,, }, which converge uniformly
on [0, 1] to the extremal solutions of (11) in [ug, vo].
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