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Abstract. We study some estimators of the Hurst index and the diffusion coefficient of the fractional
Gompertz diffusion process and prove that they are strongly consistent and most of them are
asymptotically normal. Moreover, we compare the asymptotic behavior of these estimators with
the aid of computer simulations.
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1 Introduction

Many applications make use of processes that are described by stochastic differential
equations (SDEs). Recently, much attention has been paid to SDEs driven by the fractional
Brownian motion (fBm) and to the problems of statistical estimation of model parameters.
Statistical aspects of the models driven by the fBm have been studied in many articles.
Especially much attention has been paid to the estimation of the parameters of drift. We
focus on estimators of the Hurst index and the diffusion coefficient. Recently, some new
estimators of the Hurst index and of the diffusion coefficient have been proposed (see
[1,2,13,14]). This paper aims to compare them using discrete observations of the sample
paths of the solution of the SDE.

As the test process, we will consider the fractional Gompertz diffusion process (fGd)

t t
Xt:/(axs—5X81nxs)ds+a/xsd3§’, Xo=20>0,0<t<T, (1)
0 0
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where «, 3 # 0, and o are real parameters and BY is a fBm with the Hurst index H €
(1/2,1). Almost all sample paths of B have bounded p-variation for each p > 1/H
on [0, 7] for every T' > 0. The second integral in (1) is the pathwise Riemann—Stieltjes
integral with respect to the process having finite p-variation.

The reasons we have chosen fGd as the test process are as follows. Firstly, it is a non-
linear process. To equation (1) it is possible to apply a pathwise approach and use a chain
rule for the composition of a smooth function and a function of bounded p-variation
with 1 < p < 2. This approach allows to easily obtain the unique explicit solution of
equation (1) for H € (1/2, 1) in the class of processes, almost all sample paths of which
have bounded p-variation with 1 < p < 2. Secondly, the structure of the increments of
fGd allows us to apply a wider class of estimators without imposing additional restrictions
on the process. The normalization of quadratic variation by the square of the process value
at a fixed point allows us to derive the asymptotic normality of these estimators. The
application of this approach allows to consider similar statistics for the equations with
time-dependent coefficients. Moreover, in case of the standard Brownian motion, i.e., for
H = 1/2, this process plays an important role in the modeling of population growth.

Dung [7] proved that a class of fractional geometric mean reversion processes ex-
pressed by a fractional SDE of the form

t t
X; = /(ochs — BsXsIn X,)ds + /USXS AWH, Xo=20>0,0<t<T,
0 0

where W is a fractional Brownian motion of the Liouville form, has a unique solution.
It follows from his results that, if the coefficients in the equation above are constant, its
solution will be of the form

t t
X, = exp{e_ﬁt Inzg + a/e_B(t_s) ds + U/e_’g(t_s) dWSH} 2)
0 0

In the Appendix, it will be shown that equation (1) has the solution of the same form even
without the assumption required by Dung.

In case of the fractional Ornstein—Uhlenbeck process and the geometric Brownian
motion, a comparison of various estimators of the Hurst index was presented in [11].
The estimators based on quadratic variations were compared to some of the other known
estimators. It should be noted that these estimators are not asymptotically normal. More-
over, only one of the estimators considered in the aforementioned paper is included in the
comparison presented in this article.

A reader interested in the existence of the solution of the Gompertz diffusion process
with respect to the standard Brownian motion and the estimation of its parameters is
encouraged to read [15,9, 8] and the references therein.

The structure of the paper is as follows. Section 2 presents the estimators considered
in the rest of the paper. Section 3 contains the numerical comparison of the estimators’
performance. Sections 46 are dedicated to proofs of strong consistency of the considered
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estimators in case of the fractional Gompertz diffusion process. In the Appendix, the
existence and uniqueness of the solution of equation (1) is proved.

2 Estimators

In the rest of the paper, we will deal with the problem of estimating the Hurst index and
the diffusion coefficient of the fractional Gompertz diffusion process based on discrete
observations of its sample paths. The estimation of the trend parameters « and 3, although
not included in the present paper, can be performed using the least squares method. Using
the change of variable Z; = In X}, equation (1) can be reduced to the fractional Vasicek
model, to which the least squares method is then applied (see, e.g., [17]).

2.1 Hurst index estimators

Letm, = {r,"", k=0,...,m,},n > 1,N 3 m, 1 co, be asequence of partitions of the
interval [0, T']. If partition 7, is uniform, then 7" = kT'/m,, forall k € {0,...,my}.
If m,, = n, we write ¢}, instead of 7,/"". Let (X¢)c[o,] be a stochastic process and

AV () = X () = X (1),
A(Q)X(T,zn") = X(Tﬁ"l) - 2X(7‘,€n") + X(T]:’ljl)’
k=1,...,m, — (i—1),i = 1,2. Denote
mn—(i—1) (D) ¥ () \ 2
© AV
V= 2 < Xy )0 bR
k=1

and
kp—1 kp—1

_ 2 2 _ 2
Wik = Z (A( )Xs;+t;;) = Z (Xs;+1+tg —2Xsnqp + nggﬁt;;) )
jszn‘i‘l j=—kn+1

where s7 = 3T /mp, my = nky, and k,, = n?.

Theorem 1. Assume that X is a solution of the fractional Gompertz SDE and 1/2 <
H < 1. Then

HP ™S H, j=1,234,
and

22/ (HY — H) SN (0,02),  2vn o (B — H) S N(0:0%),

~ Z
Vn(HP) — H) LN N(O, o? (r, M)) ,
with

*

UZ(H) = gaz(H) — 20‘1’2(H>
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and known variances 0%, o1 2(H), 02 (r, (z/+/T)/2) defined in Section 4.2, where

(2)
1 1 ‘/Zn,T

gh — = = 2T (3)
n 2 )
2 2In2 Vé%
o 11 2 & (APX(t7))*
HY = -4 ——m| =) — -+ 4
" 2 2Ink, n kZ:Q Wi k-1 “)
R 1t (2)
H£3’=—§Zzﬂn _W_’Tlv nj=rin, r; €N, j=1,.... 4 L#1, )
j=1 "
Yi 1y
2i=—7— and y;=Inr;— =Y Inr,
Zf:1 vi ¢ ;
nd_ A nt
A _ 1 1 2IADX () + ADX (1) AR
T 01468 \ 0t -2 = [AQX (1) + [AGX ()] '

Remark l.AThe estimators ﬁIT(Li), 1 =1,2,3,4, were considered in [14,13,2] and [1]. The
estimator Hf,?) can be used to estimate the Hurst index of the generic form of the SDE
with an additional restriction on the diffusion coefficient.

2.2 Diffusion coefficient estimators

In this section, we describe four estimators of the diffusion coefficient. The application
of the fourth is not explicitly justified, however, this can be performed. It was proposed
in [2] for the fractional geometric Brownian motion. The aforementioned paper shows it
to be a weakly consistent estimator of the diffusion coefficient o2.

Theorem 2. Assume that X is a solution of the fractional Gompertz SDE, 1 /2< H <1,
and H,, = H + 0,,(¢(n)), where o, is defined in Section 5. If ¢(n) = o(In""n), then

n2ﬁn—1

~2 (1) a.s. 2
Tin = “om, Yl T
2H, -1
~2 n ) (2) a.s. 2
Oon = T0h T oah anT = o°,
T2H. (4 — 92Hy)
n
- T A(I)X t’n 2
5t TiaBOXOP

(52 Yoy X2(t7 )
If $(n) = o(n=2In"'n), then
Vn(73,, —o?) LN N(0;0%0?(H)) for0< H <1,

where variance o*(H) are defined in Section 4.2.
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For the purposes of comparison, we shall also consider

~ ¢ (2) ¢
. exp(B) p_1(l o, A | '

where n; and H ,({3) are defined in Theorem 1.

Remark 2. The estimators an, i = 1,2, are similar to the estimators used in the

book [2] for the evaluation of the diffusion coefficient o of the solutions of linear SDE
when H is known. The estimator ?7\?2,,,1 is used to estimate the diffusion coefficient of the
fractional Ornstein—Uhlenbeck process when H is known (see [17]). We have shown that
this restriction can be lifted.

3 Modeling of the estimators

The goal of this section is to describe the numerical simulations that were performed in
order to compare the behavior of the estimators considered in this paper.

The sample paths of the fractional Brownian motion, which were further used to con-
struct the sample paths of the fractional Gompertz diffusion process, were simulated using
the Wood—Chan circulant matrix embedding method [16]. The values of the constants
involved in these simulations were, unless explicitly stated otherwise, Xy = 3, a = 0.5,
B =2,and o = 1.5. We considered these sample paths on the unit interval, hence, 7' = 1.
The number of replicates was 300 in all of the considered cases. In what follows, we
present the dependencies of the estimators both on the true parameter values (H, o) and
on the sample size (n). We have also checked for possible dependencies of the estimators
of the Hurst index and the diffusion coefficient on the values of the other parameters of the
considered equation, namely, the drift coefficients « and § and the initial condition X.
No such dependencies of significant impact have been observed.

3.1 Modeling of the Hurst index estimators

Figures 1 and 2 display, respectively, the dependence of the four estimators of the Hurst
index H on its true value and on the sample size (length of the sample path) n. In Fig. 1,
the same sample sizes n = 20 were used for all of the considered estimators, which does
suggest that the estimators f],(f) and ﬁ,(f) would be a priori less efficient. However, in
practical applications, the sample size is usually fixed, hence, the motivation was to see
what kind of performance the considered estimators would show given the exact same
number of observations. In Fig. 2, the value of the Hurst index was chosen as H =
0.75. The values of r; were taken to be powers of 2 (more precisely, r; = 2771, j =
1,...,10) and, further, the values of n; were taken as n; = n/r;, where n denotes the
(fixed) maximum sample size length. The value of [ was (arbitrarily) taken to be 4, as
simulation results suggested that both considerably smaller (e.g., 2) and considerably
larger (e.g., logyn — 1) values yielded inferior performance. It does appear plausible
that for much bigger sample sizes, it might be beneficial to increase this value further,
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Figure 1. Dependence of the absolute error on H. Figure 2. Dependence of the absolute error on n.

however, in this study, sample sizes exceeding 6400 points were not considered. It can
be seen that the performance of the estimator Hy, @ js slightly lacking compared to that of
the other estimators, which, despite imposing rather different requirements on the sample
sizes, show similar precision.

3.2 Modeling of the diffusion coefficient estimators

In order to calculate the estimators o7 ,,, 73 ,,, and 3 ,,, we need to supply them with
the estimated values of the Hurst index. In Flgs 3 and 4 presented below, the diffusion
coefficient estimator G2 usmg the Hurst index estimator H ( ), is denoted as ‘si_hj’,

,m?°

i,j = 1,2,3. The estimator 52 n 18 denoted as ‘s4’. The graphs present the relative
differences, namely, (7; ,, — o)/o. In Fig. 3, the sample size was chosen to be n = 219
Relative error, (si_hj-c)/c Relative error, (si_hj-0)/o
5 . .
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Figure 3. Dependence of the relative error on o. Figure 4. Dependence of the relative error on n.

http://www.mii.lt/NA



On comparison of the estimators of the Hurst index and the diffusion coefficient 867

for all of the considered estimators. In Fig. 4, the value of the diffusion coefficient was
chosen as 0 = 1. It can be seen that the performance of all the considered estimators
is roughly similar. The convergence rate of &Em appears slower, although it seems to
perform better for the values of o close to zero. For the other estimators, it appears that
using }AI,(L?’) yields better numerical characteristics.

4 Preliminaries

4.1 Variation

Letp >0, —00 <a <b<oobefixedand £ = {{zg,...,z,} |a =20 <z < -+ <
Zn = b,n > 1} denotes the set of all possible partitions of [a b]. Forany f : [a,b] — R,
define

vy (f:1a, b)) —supZ!f o) — fae)[ Vo(fila b)) = o7 (fi1a,b).

Sy

If v, (f; [a,b]) < oo, f is said to have a bounded p-variation on [a, b].
In the rest of the paper, W,([a,b]) denotes the class of functions on [a,b] with
bounded p-variation and CW,([a,b]) = {f € W,([a,b]) | f is continuous}. In case
of a fixed interval [a, b], we abbreviate the notations and write v, (f), V,(f), etc. instead
of vy (f3]a, b)), Vy(f;[a, b]).
Below we list several facts used in the sequel. For details, we refer the reader to [6].
p>=1 = f— V,(f)isasemi-norm on W,.

o f=const & V,(f)=0.

o fEW, = sup,epy |f(z)] < o0
p=2l, feW, = feW,forallg=p

e f.geW, = fgeW,.

. Letf € Wyand h € W, with p,q € (0,00): 1/p + 1/g > 1. Then an integral
f f dh exists as the Riemann-Stieltjes integral provided f and h have no common
discontinuities. If the integral exists, the Love—Young inequality

< CpgVa(F)Vp(h) ©)

b
/ fdh— £()[h(b) - h(a)]

holds for all y € [a,b], where C,,, = C(p~' + ¢7!) and ((s) = Do

Moreover,
( / fdh> Voo (F)Va(),

where V; oo (f) = Vo (f) +sup,<.<p | f(2)]. Note that f +— V, oo (f) is a norm on
Wy, q = 1.

Nonlinear Anal. Model. Control, 21(6):861-882
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e he CW, = g(y) = [’ fdh,y € [a,b], is continuous.
e Let ¢ be a locally Lipschitz function and let f € W,([a,b]). Then the compos-
ite function ¢ o f has bounded p-variation, that is, ¢ o f € W,([a,b]), where

(@0 f)(@) = o(f(x)).
The chain rule is based on the Riemann—Stieltjes integrals.
Theorem 3 [Chain rule]. (See [6].) Let p € [1;2) and f = (fi1,..., fa): [a,b] — R?
be such a function that for each k = 1,...,d, fr € CW,([a,b]). Let g : RY — R be

a differentiable function with locally Lipschitz partial derivatives g, k = 1,...,d. Then
each g; o f is Riemann—Stieltjes-integrable with respect to fi, and

b
(g0 1)) — (g0 )(a) = Z/@;of) afp.

k=17,

Proposition 1 [Substitution rulel. (See [6].) Let f,g,h € CWy([a,b]), 1 < p < 2.

Then
b T b
/ f(x)d< / a(v) dh<y>> - / f(@)g(z) dh(z).

4.2 Several results on fBm

Recall that the fBm (Bf?),¢(o 7 with the Hurst index H € (0, 1) is a real-valued contin-
uous centered Gaussian process with the covariance given by

E(B/B!) = %(SQH + 27—t — s?H).

In order to consider the strong consistency and asymptotic normality of the given estima-
tors, we need several facts about B (see [3,2,4, 10]).

Limit results. For consideration of the asymptotic properties of the estimators fL(f),
1 = 1,2, we shall use the following results. Let

~pH n2H-1 n—1 - . . 1
n =S naomn ()Y, H i
Yok=1

where ¢; =1, ¢ = 4 — 228 Then
‘A/n(%BH 221 asn— 00, 1 =1,2;
Va(VOPY —1) S N (0,02(H)), H € (0,3/4),
v T -1 d 0 g (H) 01 Q(H)
"y =N , ,
Vi <V<2>BH ~ 1) ((o) <al,2(H) o2 (H)/2

2n,T

http://www.mii.lt/NA
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with
af<H>=z(1+zzﬁ%,<j>), 02<H>=2(1+22pz<j>),
=1 j=1
0-172(H) :Zﬁ?{(j)7
jez
~ . 1 ) ) .
(i) = =5 [=17 = 1P+ 2027 = 1j +117],
. 1 . . .
pu(j) = m(—(ﬂﬂﬂl —(I7 =27 +j +21*1)
+A(l5 = 1P+ 5+ 1)),
1
0 ':7_'_221—[ 2_12H - 12H
— A+ 1P G2 205+ 3P — |5+ 4T,

In order to prove the asymptotic normality of the estimator fb(lg), we need the fol-

lowing result obtained in [2]. Let n; = mn, ¢ = 1,...,¢, where r;, n € N, and z;,
i=1,...,¢, are defined in Theorem 1. Then
1< 2 (i) BH d Z
- (VIR 1)y S N(0,02,(r,—=) ),
POV v (oot (v 757))
wherer = (11,...,7¢),2 = (21,..., 2¢),

£ L
o3 4(k,d) = ZZ dipa(kis ki), k= (ki,...,k) €N, d=(dy,...,d¢) € RY,

k;—1 +oo
pa(ki, kj) N chp, (2p)! <Z > o kr—i—kjs)),

j p=1 s=0 r=—o00
1=
Cap2 = 57 | [ (2 —20),
2p)! -5
1 -H 2H 2H 2H
Poc(T) = m(bc) [—|2|*" + 2]z — b — |z — 2b]
+ 2|z 4+ c* — 4|z + ¢ — b* + 2]z + ¢ — 20?7
— |z +2¢* + 2|z + 2¢ — b]*" — |z + 2¢ — 2027 ].
If k; = k;, then

kk72ZpH <1+2ZpH )

T=—00

Nonlinear Anal. Model. Control, 21(6):861-882
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Variation of B™. Tt is known that almost all sample paths of B are locally Holder
of order strictly less than H, 0 < H < 1. To be more precise, for all 0 < ¢ < H and
T > 0, there exists a nonnegative random variable G, r such that E(|G. r|P) < oo for
allp > 1 and

sup ‘BtH - BI <G rlt—s/"7° as, 8
s,t€[0;T

Thus, BY € CWy_([0,T)), H. = 1/(H — ¢).

The rate of convergence of the Hurst index.

Theorem 4. (See [12, Thm. 3].) Foranyt € [0; T}, define rny = [tn/T), pnt = (rne/n)T
and

5B _ n?f-1 - nY)2
Var = TRH-1(4 = 92 2 (A®BH ()"
Then R .
sup [VAPP" — pur| = O (n™12m' /2 n), ©

te[0;T)

where O, is defined in Section 5.

5 Properties of the increments of the Gompertz diffusion process

The fractional Gompertz diffusion process X has the explicit solution given by
t
X, = exp{e_ﬁt Inxzg + %(1 — e_ﬁt) + U/e_ﬁ(t_s) dBf}7 0<t<T.
0

Moreover, it is unique in CW /(g _.([0, T]) for all € € (0, H — 1/2). The proof of this
can be found in the Appendix. Now we will consider the structure of increments of the
Gompertz diffusion process.

To avoid cumbersome expressions, we introduce the symbols O,, and o,,. Let (Y,
be a sequence of r.v.s, ¢ is an a.s. nonnegative r.v. and (a,) C (0, 00) vanishes. Y,, =
O, (a,) means that |Y,,| < ¢-a,; Y, = o,(a,) means that |Y,,| < ¢-b, with b, = o(ay,).
In particular, Y;, = o,(1) corresponds to the sequence (Y,), which tends to 0 a.s. as
n — oo.

Lemma 1. Suppose that X satisfies (1), € € (0, H—1/2), and partition m,, of the interval
[0, T is uniform. Then the following relations hold:

AX mn =X, mn [0ABH, +04(dn)] =Xmn Oy (d¢), k=1,...,m,, (10)
k k—1 k k—1
APDX =X [aA@)Bgm FO0,(E2H=N], k=2,...,m,, an

™mn

where d,, = ;""" — 7,"'" and d,, — 0 as n — co. Moreover, EO,,(1) < oc.
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Proof. For the sake of simplicity, we will omit the index m,, for the points 7,""". Let the
sample path ¢ — X; be continuous. We first prove (10). Note that

AX, =X, —X and X, =X, _, exp{AY,, },

Tk—1

where
t

Y, = e Ptlng, + %(1 _ e—ﬂt) + J/e—,@(t—s) dBH.
0
It is clear that

Th—1
AY,, = o BTE-1 (e—ﬁ(Tk—kal) _ 1) <lnx0 _ o N / eBs dBf)

B

0
Tk Tk

+ ge AT / [eBS—eBT’C}dBf—l-a/ dBf.
Tk—1 Tk—1

From the Chain rule it follows that

t t
/eﬂs dBH = ftpH — ﬁ/eﬁSBf ds.
0 0

Thus,
Th1 Th_1
/eﬁsdBf’: /B / e?*BH ds| <P (|p|T + 1)§3¥\Bf\.
0 0

Provided

efﬁ('rk*‘rkfl) =1+ O(dn)’
it follows that
Th—1

A e BTE—1 (efﬁ(ﬂcf‘rk—ﬂ _ 1) [lnxo _ @ s / ePs dBf

3 = Oy (dy).

0

Further,

Tk

/ [eﬂs — eﬁ”“] dBf

Tk—1

< Cru Vi (7 [m1, 7)) Vi, (B [re—1, 7))

Cru. P8\ (1 — 1) V. (B [m—1, 7))
C1,11. Ger® PV |B| (i — ooy ) TH 2

- 0L (@)

<
<

Nonlinear Anal. Model. Control, 21(6):861-882
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< |zlel*! for all 2 € R. Consequently,
X exp{Z_1 + Oy (dp %) + O’AB%}
Xooy [14 Zior + 0, (d57H79) + 0 ABE, 4 0, (€2H9))]

since |e” — 1|

Xr

k:

and

AXy =X [Zka + O0u(di79) + 0ABE] = X, ,0u(d}) 7).

Since (see Section 4.2 and [5])

E(sup’BtH’)p<oo and E|G. 1|’ <

t<T

forallp > 1, then EO,, (1) < oc.
Next, we prove (11). Taking into account (12) and (13) we get

APX, = X0, [Zk+ 0o (d379)) + oAB]L ]
— Xy [Zh1 + Ou(d379)) + 0 AB]
= X, [14 Zk1 + Oy (d37 ) + 0 ABL]
x [Zk+ 0u (d\"9) + 0 ABL ]
— Xy [Zh1 + Ou(d3779)) + 0 AB]
= Xo, (21— Zir) + O (21790 + o AP B
+ Xy, O (a2 =9)),

Since
Tk—1

Ty, = Zppy = (e7P™ — et (¢ Fdn 1) :

Tk
+oe e (e7Fdn 1) / e?*dBH

Tk—1

_ Ow (d2(H7€))’

n

then
Tk
/ P dBH| < C1,u.Vioo (€75 [The1, 7)) Vit (B (71, 7))
Tk—1
< 2C’17H5em|TVHE (BH§ [Tk—lﬂ'k])
<2011, Ge e8| (1 — T_1) " °
= O, (df~=).
Thus,

APDX. =X, | [JA(Q)B% 10, (di(H*S))]_

lnxo—g—&—a / ePsaBH

12)

(13)
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6 Proofs of the main theorems

6.1 Proof of Theorem 1

(i) The convergence of the statistics I;T,(ll) and H. T(?) considered in Theorem 1 follows from
Lemma 1. Indeed, the asymptotics of the increments of the solution X of equation (1)
are the same as the asymptotics of the increments of the solution of the equation v Wlth
polynomial drift in [14]. Thus, in order to establish the convergence of the estimator Y,
it suffices to repeat the proof of Theorem 2 in [14]. Further, note that hypotheses (H) and
(Hy) in [13] are satisfied for the solution of equation (1), i.e.,

AXomn = Oy (dff %), k=1,...,my,
ABX i = 0 X un AP BE i+ Ou (2H=9), k=2,...,m,.

It follows from Lemma 1 and the a.s. continuity of ¢ — X,. Thus, it suffices to apply

Theorem 2.2 in [13].
(ii) Now we prove the convergence of the statistic H 7(L3). The proof presented below

follows the outline of the proof of Theorem 3.18 in [2]. By Lemma 1 we get

H 2 (2)
n n,T
(UTH\/4 — 22H> n—1
nH 2 n—1
- (g ) o1 2

i=1

[A(Q)BH +0,(n —3(H- s))

n_pEBY
X A

Assume that 3¢ < H — 1/2. By (14) and Theorem 4 we get

O, (n~H13e) 231, (14)

V(2)
lnnriT1 :—QHIH%+21n(0\/4—22H)—|—1nn7zl
(2)BH n—1 CH43e
+1In (Vn,T *1)+1+m0w(n H+3)

= —2HIn 7 +2In(0v/4— 227) +In ——
+ 1[0y (n Y2 "2 n) + 1+ 0, (n~H+3)]
= —2H ln% +2In(0V/4— 22H) + Oy, (=2 0/ ).
Thus,

4
~ 1
76— _2222[ 2H I 4 21n(o/1— 22H)

+ Oy, (n71/2 lnl/Qn).
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We will notice the following properties:

4
D=0 > zm=1, Zzz— ”yz =0.

i=1 i=1 > et Y7

Using those, we get

¢ ¢
PAIS’) =H Z z; In(r;n) — ln(J\/ 4 — 22H) Z 2z + O, (n_1/2 lnl/Qn)
i=1 i=1
¢
= H Z z;In(r;n) + Oy, (n_1/2 lnl/Qn)
i=1

= HZzZ [yi -y + ln(rm)] + O, (n_1/2 lnl/Qn)

’ ¢
=H+ HZZZ [lnn + % Zlnn} + O, (n—1/2 1n1/2n)
i=1 i=1

= H+ 0, (n~21n'/?p). (15)
So the estimator . ,(LB) is strongly consistent.

Now we prove the asymptotic normality of the estimator H 7(13). From (14) and (15) it
follows that

L
~ 1 ~ H _
HY =H-353 x (VEOE —1) + 0, (n~145).

Thus,

Va(A® —H) = 1 zz: % 1 et (rin)H AR BH (grim) 2_1
" 2 = \/ri | Tin TH\/4—22H F
+ Ow (n1/2—H+38)’

and we obtain the asymptotic normality of the estimator I?L(LS) by the application of the
limit results from Section 4.2.

(iii) It remains to determine the convergence of H 7(14). Denote
nt— Moy My
1 : ‘A(Z)X(Tk )+ A(Q)X(Tk+1)|
=2 S JACX ()] + [APX ()]

Tk+1
IAG B + AP BH|
A B+ [A® B’

R*™M(X) =

Az(H) =

where A@BH = BH(j + 1) — 2B"(j) + B"(j — 1), j = 1,2. This statistic was
introduced in [1]. Further on, we will require the following lemma, which is a simple
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modification of Lemma 3.1 in [1]. In this lemma, we have lifted the requirement for
the random variables Z; and Z» to be independent. This became possible due to the
application of less precise estimators of the partial derivatives.

Lemma 2. Let ¢(z1,22) = (Jx1 + x2|)/(|z1] + |22|), 21,22 € R, and let (Z1, Z2) be
a Gaussian vector with zero mean and variance EZZ.2 = 1,4 =1,2. Then for any rv. ;,
1 = 1,2, with finite second moments, we have

E|(Z1 + &1, Z2 + &) — (Z1, Z5)| < 23 max {/EE2. (16)

3=1,2

Let us proceed to the following claim.
Proposition 2. Let X be the solution of the fractional Gompertz SDE observed at times
' = (k/n*)T, k=0,1,...,n" Then
R*™(X) ™3 Ay(H) asn — oofor H € (1/2,1).

Mn

Proof. For the sake of simplicity, we will omit the index m,, for the points 7
denote d,, = T'/n*. From Lemma 1 it follows that

and

APDX, + AP X, =0X, [APBE + ADBT 1 (¢ + ()

Tk+1 Th+1

for every € € (0, H — 1/2), where
1= 0, (diF9),
Co =0, (df~e) [O’A(2)BH +0, (dz(H—e))] -0, (de(H*))_

Thk+1 n
Therefore s
n-—2
1 |21+ Z2 + & + &
R*™(X) = ,
M= X Zrat e
where
1 ¢
-~ A@pH - >
ZldeIL_I /74_22HA BTk’ El*dTIL{ /74_221_17
1 G
— (2)gH —
ZQ—dTIL{ /74_22HA Brk+17 62_d£1 /74_22117
and
B2 - " pa@pr)? 4
1_T2H(4_22H) ( T;«) -
Let us apply Lemma 2. From the inequality (16) it follows that
J2(H—22)\1/3
2,n 2,n HY| _ n
E|R*"(X) — R*™(B")| = <4_22H) VEO,(1)

= 2293 EO,(1).
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Then the Chebyshev’s inequality yields

P(|R2"(X) — B2 (BH)] > n~7) < a2/ /RO (1)
< T2(H—2¢)/3, f~8(H~2¢)/3 3 EO,(1)

fore € (0,(H —1/2)/2),0 < 8 < 1/3 and
Z (|R*>™(X) = R*"(B")| > n™%) < {/BOL(1) Y nf=8H=29/3 < o,
n=1 n=1

According to the Borel-Cantelli lemma,

P (limsup{|[R>" (X) — R*"(B)| > n"#}) =0,
n— oo
which implies that R>™(X) %% R?>"™(BH), n — oo.

The convergence R*>™(B™) % Ay(H), n — oo is established in [1] and holds
for H € (0;1). Clearly, provided R>"(X) *3 R>"(BH) and R>™(B") *3 Ay (H),
n — oo, it follows that R>™(X) %% Ay(H), n — oo, which completes the proof. O

The estimator H. ,(14) based on R?™(X) can be obtained using the approximation for-
mula provided in [1, Remark 4.3].

6.2 Proof of Theorem 2

The proof of the convergence of 82 ,, is analogous to that of ¢2 in [14]. Let us prove that
o3 n %% o2 as n — oco. Suppose that d,, = T'/n. From Lemma 1 it follows that

d: 2H —1V(1) 2d— H —12 AB% +d—2HO (d1+H 5))
=1

= 2T 4 0, (@),

Since

2(H_ﬁn) 2
A(l)BH a.s. n o E
Vor =1 and TR = exp{ow(qﬁ(n))ln( ) } — 1, 17

it can be concluded that
AQ _n (1) as. 2
= T2r Vn’T = o°.

1n

Further, let us prove that 53 ,, “3 o%. Denote d,, = T/n. By (17) it suffices to show

that
&2 Zk 1( Xt") a_s) 2
"B XG |

k—1
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Notice that
n 2 _ n 2

Yo (AVXyp)” Y (AN X)

dFH Y X dn D joq Xiy

k—1

and
dl 2HZ (1)th _02d1 2HZX AB%) +Ow(d3‘l_H—5). (18)
k=1

In order to estimate (18), observe that

T
di- 2HZX (aBl) :/deffn(t”BH

(=)

and (see [12, Thm. 7])

n
ST XE [(ABE) —~EB(ABI) = [ xzavPT —EVPPT) o,
=1

St~

Since

d}jQHZan ) AB{Z =d, ZX B /det,
0
then

~9 a.s. 2
o, — 0.

6.3 The convergence rate of H, ,(f), 1=1,2,3

Theorem 2 makes use of the conditions H,, = H—i—o%gb(n)), #(n) = o(In""n) for strong
consistency. Let us show that this indeed holds for an), 1 =1,2,3.

The convergence rate of H 7(;,1)

follows that

. From Lemma 1 and the proof of Theorem 2 in [14] it

fi(:,l) _ f{’n JrOw(anJrSa),

where )57 -
2)B ~(2)B
~ 1 1 Von'r 1 on, T
Hy=-— In = H— 2l (19)
2 2In2  92H 1V757% 2In2 Vé}

It suffices to consider the convergence rate of the logarithmic term in equation (19). Using
Theorem 4, we get

1%&?)5 14 0,((2n) "2 m?(2n))

n‘7(2)BH -0 14+ 0y, (n—1/2 In'/? n)

n,T
= 0, (7”fl/2 In n)

= ln(l + o, (Tfl/2 1nn))
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Then the statistic ﬁn has the convergence rate of o, (n‘l/ 21nn). Consequently, f]r(ll)
satisfies the required condition if e < (H — 1/2)/3.

The convergence rate of H 7(12). Denote

9 n (A(Q)XtZ)Q

ST =
T nk%H_l =2 ancfl
Then
~ InS InS,
(2) _ n,T _ n,T
" H+21nkn H+ 4lnn

Proceeding along the lines of the proof of Theorem 2.2 from [13], it can be concluded
that
VB 4 Ou(n=(H=59))
1+ Oy (kn " In'/?n) + O, (m2en—(H—<))
‘7"]?; + 0, (n*(H736))
1+ O, (n=1In"?n) + O, (n—(H-7))’

Sn,T =

Ife < (H —1/2)/7, then

14+ Ow(n71/2 1n1/2n)
SnT =
T = T 0, (n-—79)

=1 +Ow(n*1/2 lnn).

Hence, H\? = H + 0,(1/Inn) ife < (H —1/2)/7.
The convergence rate of H 7(13) was obtained in the proof of Theorem 1.

Acknowledgment. The authors would like to thank the referees for many valuable
comments, which allowed us to improve this paper.

Appendix
A.1 Auxiliary results

Firstly, we consider a non-random integral equation

t t

Tt ::z:OJr/(azs—5xsln9:s)ds+o/xsdhs, 920, 8#£0,0<t<T, (A1)
0 0

where h € CW,,([0,T7]), 1 < p < 2, and prove two auxiliary theorems used in the sequel.
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Theorem A.1. The function
t
Ty = exp{e_ﬁt Inzg + %(1 — e_ﬁt) + a/e_ﬁ(t_s) dhs}, t €0,T], (A.2)
0

is an element of CW,(0,T)), 1 < p < 2, and satisfies equation (A.1).
Proof. We show that x € CW,([0,T1),1 < p < 2. Let

t
2z =e Ptngy + %(1 - efﬁt) + U/efﬁ(tfs) dhs.
0

It is evident that = € CW,,([0,T]), 1 < p < 2. Thus, by the property of composition of
functions (see Section 4.1) we get z € CW,([0,T]), 1 < p < 2.

Now we verify that the function (A.2) satisfies (A.1). This statement can be checked
by the application of the Chain rule and the Substitution rule. Namely, let F'(¢,z,y) =
exp{e #*(Inx¢ + ax + oy)} and denote

t ¢
Ay = /eﬁs ds, C;= /eﬁs dhs.
0 0
Note that x; = F(t, A¢, Cy) and
t t
F(t, Ay, Cy) = F(0;0;0) + /atF(s,As,Os)dAs + /BxF(s,AS,Cs)dCS
0 0
t
+/3yF(s,AS,C’S)ds. (A.3)
0

It follows from (A.3) and Proposition 1

t

14 t
Tt :CCO_6/$51D$8d5+a/xse_ﬁsd143+G‘/xse_ﬁsdcs
0

0 0
t t t
::UO—6/xslnmsds—i—a/xsds—&—a/msdhs
0 0 0
since d4, = €% ds, dC, = eP* dhs. O]

Theorem A.2. The integral equation (A.1) has a unique solution in CW,([0,T]), 1 <
p <2
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Proof. We have already shown that at least one solution z € CW, ([0, T']) exists. Assume
it is not unique and y € CW,,([0, T) is a different one.
Further, one can find aset of points 0 = 79 < 74 < 72 < -+ < 7, = T, which

satisfies
1

Vo (s [The—1, 7)) < ———
p( ) 4‘U|Cp,p

for all k. Assume we have proved that ., , = y-,_,.
Using the well-known inequality In(1 + z) < z, > 0, we get

- -
Iz, —Ing,| = 1n<1+ytxt t)’< UL < Ll —
and
lnz,| < ’111( max :cs> =: E$7T7
0<t<T

where L, 7 = (mino<i<7 |24]) ™" > 0. Then

Voo (x =i [Th—1, Tk])

- V}’,OO(Z' - Y- (ITk,l - y7k71)5 [Tk—la Tk])

< 2|a| / |z — yi| dt + 2|8 / |zt Inzy — ye Iny,| dt

Tk—1 Tk—1
+2[0|Cpp Voo (= y3 [Te—1, 7)) Vp (B3 [The—1, 0]
Tk
<2(ja| + 18| Eur + 18| La.x) / 2y — g dt
Tk—1

+2/0|Cp pVioo (€ = Y3 [Th—1, T#]) Vi (hs [Th—1, 7]
and

Voo (z = ¥; [Th—1, 7))

Tk

<4(jo| + 18 Tar + 18| Lorr) / (e — | dt

Tk—1

Tk

<4(lal + |8/ Lar + 8| Le ) / Voo (= w5 [T—1, 1]) dt.

Tk—1

Therefore by Gronwall’s inequality V), oo (z — ¥; [Tk—1,7k]) = 0, and we can conclude
that x = y on [7—1, 7%]. Since z,, = g = Y, the claim of the theorem follows from
the repetitive application of the reasoning explained above. O
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A.2  The solution of SDE

Since almost all sample paths of B 71 /2 < H < 1, are continuous and have bounded
H. = 1/(H — ¢)-variation, ¢ € (0, H — 1/2), the pathwise Riemann—Stieltjes integral
fot X, dBH exists for X € CWy_([0,T]). So SDE (1) is well defined for almost all w,

and the obtained result for a non-random integral equation can be applied to an equation
driven by fBm.

Theorem A.3. Suppose that Xy > 0 and m > 2. The stochastic process
t
X, = exp{e_mlnxo + %(1 — e_m) —|—a/e_ﬁ(t_5) dBf}, 8#0,0<t<T,
0

Sfor almost all w belongs to CWy_([0,T]) and is the unique solution of (1).
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