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Abstract. This paper is concerned with a class of boundary value problems of the impulsive
differential equations with one-dimensional p-Laplacian on whole line with a non-Carathéodory
nonlinearity. Sufficient conditions to guarantee the existence of solutions are established. Some
examples are given to illustrate the main results.
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1 Introduction

The motivation for the present work stems from both practical and theoretical aspects.
In fact, boundary value problems on the whole line arise quite naturally in the study of
radially symmetric solutions of nonlinear elliptic equations modelling various physical
phenomena such as unsteady flow of gas though a whole, porous media, and the theory
of drain flows.

The asymptotic theory of ordinary differential equations is an area in which there is
great activity among a large number of investigators. In this theory, it is of great interest to
investigate, in particular, the existence of solutions with prescribed asymptotic behavior,
which are global in the sense that they are solutions on the whole line (half line). The
existence of global solutions with prescribed asymptotic behavior is usually formulated
as the existence of solutions of boundary value problems on the whole line (half line).

In recent years, the existence of solutions of boundary value problems of the differen-
tial equations governed by nonlinear differential operator [®(u')]’ = [|u/|[P~2u/]’ has been
studied by many authors, see [5,7,8,9,10,11,12,13,15,17].
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Impulsive differential equation is one of the main tools to study the dynamics of
processes in which sudden changes occur. The theory of impulsive differential equation
has recently received considerable attention. However, the study on existence of positive
solutions of nonlocal boundary value problems for impulsive differential equations on
whole real line has not been sufficiently developed [1,2,3,4,5,6,16].

In all above mentioned papers, the boundary conditions are subjected to the two end
points 0 and 400 (or —oo and +00) and the obtained solutions are defined on [0, +00)
(or R). An interesting question occurs: when one subjects the boundary conditions on
two intermediate points &, 7, how can we get solutions defined on R of a boundary
value problem of differential equations on whole line? On the other hand, in known
papers [7,8,9, 10, 11, 12,13, 14], concerning the differential equations [®(p(t)z’(¢))] +
p(t) f(t, z(t), p(t)x’(t)) = 0, it is supposed that (¢, u,v) — p(t) f (¢, u,v) is a Carathéod-
ory function. To the best of our knowledge, there has been no paper concerning the solv-
ability of [@(p(t)z'(t))] + p(t) f(t, z(t), p(t)2’(t)) = O with (¢,u,v) — p(t)f(t,u,v)
being a non-Carathéodory function.

Motivated by mentioned papers, to fill this gap, we consider the following boundary
value problem for the impulsive singular differential equation on the whole line:

[@(p(t)a' ()] + pt) f (£, 2(t), p(t)'(t)) =0, ae.teR,

x(€) = /m(s)¢(s,x(s) p(s)'(s)) ds,
+oo (1)
o) = [ n(s)0(s,0(s). pls)a(5)) d,

A.’L‘(t,) = I(ti, x(ti),p(ti)x/(ti)), i1 €7,

where @(x) = |z|*~2z with k > 1, the inverse of @ is denoted by #~* and &~ !(z) =
|z|'~22 with 1/k + 1/l =1, f < 7 are constants, p is nonnegative and satisfies p €
Li (R andf t)ydt = [T p(s)ds = +o0, p: R — [0, 00) with &~ (7(-))/p(-) €
LL (R), 7(t) = 1 + | fn p(s) ds|, and the following cases will be discussed:

Case 1. [°_ &~ (7(u))/p(u) du = “Hr(w))/p(u) du = +oo;

Case 2. f?oo &1 (1(u))/p(u) du < +o0, +Oo “Yr(u))/p(u) du < 4003

Case 3. f?m &~ L(7(u))/p(u) du = +o0, “L/(r(u)p(u) du < 4003

Case 4. fi)oo &1 (7(u))/p(u) du < +o0, /(1 (u))p(u) du = +o0;
f, .1 : R? — R are strong Carathéodory functlons, m,n€LY(R),Z={0,4+1,+2,...},
{t;: i € Z} is a increasing sequence with lim;_, ., t; = —oo and lim;_, 1 o t; = +00,

Ax(t;) =lim, .+ x(t)—x(t;), AD(p(t:)x' (L)) =lim, .+ D(p(t)x' (t))—P(p(t:) 2 (t:)),
I,J:{t;: i € Z} x R* — R are discrete Carathéodory functions.
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The homogeneous boundary conditions z(§) = 0,z(n) = 0 of special case in (1)
come from the four-point boundary conditions a lim;_, _ . (t)—bxz(§) = climy_ 1 o (t)—
dzx(n) =0 (if a = ¢ = 0 and b = d = 1), which arise in the study of heat flow problems
involving a bar of unit length with two controllers at ¢ = —oo and ¢ = +oc¢ adding or
removing heat according to the temperatures detected by two sensors att = & and ¢t = 7).
It is well known that

[2(p(t)2'(1))]" + () f (t,2(t), ()2’ (1)) =0, ae.t e [&n),

x(€) /m(s)¢(s,x(s),p(s)x’(s)) ds,
3

is called Dirichlet boundary value problem with integral boundary conditions whose
solutions are defined on [¢,7]. In this sense, BVP (1) is a generalization of Dirichlet
boundary value problem.

Consider the problem (tz/(¢))’ = 1,a.e. t € R, x(—1) = x(1) = 1. Itis easy to know
from (t2/(t))’ = 1,a.e. t € R, that x(t) = ¢; —co In [¢t|+¢. Thus this problem has no con-
tinuous solution. Consider the problem (v/[t[z’(t))’ = 1, ae. t € R, z(—1) = z(1) = 1.
One can get from (1/[t[2(t))" = 1, ae. t € R, that 2(t) = (2/3)t3/% + 2¢1V/t + c» for
t > 0and 2(t) = —(2/3)[t]>/? — 2c1/]t| + 2 for t < 0. Thus the mentioned problem
has infinitely many continuous solutions

(t) %t3/2 —+ 201\/E+ Ca, t> 0,
x =
—21t]3/2 — 2c3/[t| + c2, t <.

Here ¢y, c2, c3 € R. So this kind of problem is interesting.

Our purpose is to establish sufficient conditions for the existence of solutions of
BVP (1) in Cases 14, respectively. The remainder of this paper is organized as follows:
the first result are given in Section 2 in Case 1, the existence result of solutions of BVP (1)
in Cases 2 is given in Section 3, and similarly, we can establish existence results in Cases 3
and 4, respectively, we omit the details. Finally, in Section 4, two examples are given to
illustrate the main results.

2 Solvability of (1) in Case 1

In this section, we present existence result of BVP (1) in Case 1. Denote

t

/ p(s)ds

n

T(t) =14 , o(t)y=1+ 2)
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It is easy to show that o, 7 are continuous on R and lim;_, 4 o, 0(t) = lims 100 7(t) =
+00.

Definition 1. F': R x R x R — R is called a strong Carathédory function if

() t — F(t,0(t)u,®~1(7(t))v) is measurable on R for any u, v € R;
(i) (u,v) = F(t,0(t)u,®~1(r(t))v) is continuous on R? for a.e. t € R;
(iii) for each r > 0, there exists nonnegative function M, > 0 such that |u|, |v| < r
implies |F(¢,0(t)u, o~ (7(t))v)| < M,,ae. t € R.

Definition 2. H : {t;: i € Z} x R x R — Riis called a discrete Carathédory function if

() (z,y) = H(ts,o(ts)z,® 1(7(ts))y) is continuous on R? for all s € Z;

(@ii) for each r > 0, there exists nonnegative constants M;,. > 0 (¢ € Z) such that
||, ly| < implies |H (ts, o (ts)z, @ (1(ts))y)| < Mar, s €Z, S7°° My, <
+0o0.

Definition 3. Let X be a real Banach space. An operator 7' : X — X is completely
continuous if it is continuous and maps bounded sets into relatively compact sets.

Choose

X = {a: ‘R = R: x|, 4., P |2, 1., I8 continuous, s € Z;

the following limits exist and are finite: lim z(¢), lim p(t)z'(t), s € Z,
t—td t—tT

iy 20, gy 2Oy HOTO. , SOEO

1250 (1) torboo o (t) o0 D1((E)) o0 D1(7(1))
), supyeg p(1)[2' ()] /@7 (r ()}

For z € X, define ||z|| = max{sup,cp |z(t)|/o(t
Lemma 1. X is a Banach space with ||-|| defined.

Proof. Ttis easy to see that X is a normed linear space. Let {z, } be a Cauchy sequence
in X. Then ||z, — x| = 0, u,v — +0o. We will prove that there o € X such that
T, — Toas u — +oo. Since x,, € X, we have

p Bt =2 (®)] s PO () —2, (t)]

— 0, sup
teR o(t) ter  D7H(T())

— 0, u,v— +oo.

So
) =)
te(ts E+1] ( )
o PO — 2, ()]
b P T)
o #0) pL0)
t—tt o(t) ot DTL(7(1))

— 0, wu,v— 400,
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Then there exists functions xs 05 Ys, 0 € Cts,ts41] such that lim, 4o 7, (t)/0(t) =
Zo0(t) and lim, o0 p(1)2] (1) /8 1(7(1)) = s o(t) uniformly on [t., £o1.1].

Define xo(t) = xs,0(t), yo(t) = ys,0(t) forall t € (ts,ts+1](s € Z). Then xg, yo :
R — R is well defined on R, and

) el )
| = 1 — = R.
s N R CAI rar Sk CONLE
It follows that
2 (t) p(t)zu(t)
- a:o(t)' — 0, sup - —yo(t)|, u— +oo.
te(tortosn] | O(1) te(totora] | PTHT(D))

Now we do the following three steps:

Step 1. Prove that o(-)zo(-), ' (7(-))yo(-) € CO(ts,tsy1] and lim,_,,+ o(t)zo(t)
and lim,_, ,+ D7L(7(t))yo(t) exist.

Step 2. Prove that the limits lim; , o xo(t), lmysio0 zo(t), limy—y oo yo(t),
limy—, 4 oo Yo(t) exist.

Step 3. Prove that yo(t) = p(t)[o(t)zo(t)]) /D1 (7(2)).

The details are omitted. It follows that x,, — xg as u — +o00. So X is a Banach
space. O

Lemma 2. Let M be a subset of X. Then M is relatively compact if and only if the
following conditions are satisfied:

() both {t — x(t)/o(t): x € M} and {t — p(t)2'(t)/D 1 (7(t)): = € M} are
uniformly bounded,
(i) both {t — z(t)/o(t): x € M} and {t — p(t)z'(t)/P (7 (t)): © € M} are
equicontinuous in (ts,ts+1] (s € N);
(i) both {t — z(t)/o(t): # € M} and {t — p(t)x'(t)/® (7 (t)): * € M} are
equi-convergent as t — +oo.

Proof. (<) From Lemma 1 we know X is a Banach space. In order to prove that the
subset M is relatively compact in X, we only need to show M is totally bounded in X,
that is, for all ¢ > 0, M has a finite e-net.

For any given € > 0, by (i)—(iii) there exist constants M/ > 0, > 0, t5, > 0 and
t_s, < O such that

20 pla'(0)]

WP o) S i) <M €M,
plw) wws)|_ e [plw)a)  plwde'ws)| ¢
o) ows)| S 3 ‘ (r(wn) @1 (r(wr)) | ~ 3 TN
wl,w2€(t57tg+1] |w17w2|<6 5—750,7504*1 8071,
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z(wi)  w(wa)| e |plw)a’(w1) plws)a’(w2)| €
— < -, — - = < -, xTeM,
U(U)l) 0'(71]2) 3 ) (T(’wl)) 1) (T(’wg)) 3
Wi, Wa K Ty, OT W1, W 2= tg,.
Define
X|(—t30,t50] = {1’2 ;c,p(t)x' € C(tsats—‘rl], s=—=s0,—So+1,....80—1,
t
lim & exist, s = —sg,—sg + 1,...,50 — 1,
t—td 0’( )
_op)2'(@)
1 t, s = —Sp, — 1,... —15.
tirﬁ {Zil(r(t)) exist, s S0, —So + 1, , S0
Forz € X|(_4,, +,,]> define
t t)|z' (¢
|z]|s, = max max M, max PO ()] .
t€(—tsgstsg] O(t) " te€(=toy,tsy] PL(7(2)

Similarly to Lemma 1, we can prove that X(_, . i isa Banach space.

Let M| (—, 1., = {t = x(t), t € (—tsy,tso]: @ € M}. Then M|y, 4, ) isasub-
set of X| (—tag tap]- BY (D), (ii), and Ascoli-Arzela theorem, we can know that M l(—t
is relatively compact. Thus there exist 1, xs, ...,z € M such that, for any x € M, we

have that there exists some ¢ = 1,2, ..., k such that

s oteo]

[ = il|so

= max sup 7', sup —
{ tE(—tsgstsp] o(t) t€(—tsg tsg] o-1(r (1))

Therefore, for x € M, we can get |z — z;||x < €. So, for any € > 0, M has a finite e-net
{Usz,,Usy, ..., Uy, }, thatis, M is totally bounded in X. Hence M is relatively compact
in X.

(=) Assume that M is relatively compact, then for any ¢ > 0, there exists a finite
e-net of M. Let the finite e-net be {U,,,Usy,,...,Uy, } with ; C M. Then for any
x € M, there exists U,, such that x € U,, and ||z| < |z — x| + [Jzs] < e+
max{||lz;|: i = 1,2,...,k}. It follows that both {¢t — x(t)/o(t): x € M} and {t —
p(t)z'(t)/@~1(7(t)): € M} are uniformly bounded. Then (i) holds.

Furthermore, there exists ¢ _, < 0and ts, > 0 such that |x; (w1 ) —x;(w2)| < € forall
wy,ws = ts, and all wy, we <t_g, andi =1,2,..., k. Then we have for wy, wy > t,,
all wy, wy <t_g, and x € M that

r(wi)  z(ws)

o(wy)  o(ws)
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Similarly, for wy, wa > ts,, all wy, ws < t_s, and x € M, we have that

p(wi)z’(wi)  p(wa)z’(wo) < 3e.

P (r(wr)) P77 (w2))

Thus (iii) is valid. Similarly, we can prove that (ii) holds. Consequently, the lemma is
proved. O

For ease expression, denote G, (t) = G(t, z(t), p(t)z'(t)) for a function G : R® — R
and z € X.

Lemma 3. Suppose that © € X. Then there exists a unique A, € R such that

n

/43 (A, +Z§<t <u fg w) dw) u
p(U)
/m Yoo (w dw—/ n(w)ihe(w)dw+ > L(t,) =0, 3)
“o0 §<ts<n
and A, satisfies
7
A< 30 )]+ [ pw)|felw)|du
E<ts<n 3
<f*°° W) () du + [432 |:L Dl Vel ) g
p(u)
Proof. Denote
n
o1 = Z ’Jz(ts)‘ —l—/p(w)‘fx(w)fdw
E<ts<n ¢
(f*;: n(w)ths(w) dw — [77 m(w) e (w) wzggwmm)
+ & 77 du ’
¢ plu)
n
02 = — /p ’f:r: ’dw
§<t <17 ¢
+di(f n(w), (w) dw — fﬂon d3¢r( w) nggtxnIm(tS)).
¢ plu)
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Let

G(c)/1¢1<c+ > Jz(ts)f/p(w)fr(w) dw) du
;

p(u) E<ts<u ¢

+o0 +oo
+ /m(w)qzﬁx(w)dw— /n( Yow(w)dw+ 3 L(t).
—00 —00 E<ts<n

Then we find that G is increasing on R, G (1) > 0 and G(o2) < 0. So there exists
aunique A, € [02,01] such that G(A,) = 0. This is (3). Furthermore, we get from the
definitions of o1, o5 that (4) holds. The proof is completed. O

We define >, o, ks :=—> ;. ks fora>b. Forz € X, define (T'x)(t) by

+o0
)0 = [ mseas+ Y L)

<t <t

+/i@71 (Am + Z Iz (ts) f/p(w)fz(w) dw) du, teR,
3 n

p(u) n<ts<u

where A, is defined by (3).

Lemma 4. Suppose that f is a strong Carathéodory function, I, J are discrete Carathéod-
ory functions, and for each r > 0, f(t,o(t)u,® (7(t))v) converges uniformly as
t — tooon [—r,r] X [—r,r]. Then
(1) T : X — X is well defined,
(1) = € X is a solution of (1) if and only if x € X is a fixed point of T in X,
(iii) T is completely continuous.

Proof. (i) From Lemma 1, X is a Banach space. For € X, we have ||z|| < r for some
r > 0. Then there exists constants M,y > 0, M, js > 0 and M, 1 ; > 0 such that

| fa(t)] = ‘f(u (t)o(t),é ( (t))@—l(r(t)))‘ < M,;, aeteR,
|62 ()] = |o(t, (t), p(t)2' (t))| < Myy, ae.t€ER,
[va(t)| = [0t 2(t), p(t)2’ (t))| < My, ae teR,
400 (5)
L (ts)| = |I(te, x(ts), p(ta)a’ (t))| < Mrgs, SE€Z, Y My < +oo,
s:_—ozo
[ Ta(ts)| = | (te x(ts), p(ta)a' (t))| < Mrgsy S E€Z, Y My s < +0c.
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One finds from the definition of Tz that (Tx)(-)|(, ..., P()(TT) ()(totora] €
CO(ts,ts41], and the limits lim, ,,+(T2)(t)(s € Z) and lim,_, .+ p(t)(Tz)'(t)(s € Z)
exist. One can show easily from lim;_, 1, o(t) = +00, lim;_, 1+, 7(t) = 400 and (5)
that

m(s)¢s(s)ds + Zg<t5<t L (ts)

t—+oo o'(t)

Am + ants<t Jl’ (tS)
t—+oo T(t)

:07

On the other hand, for ¢ > £, we have by using I’Hopital’s rule that

t _
lim f5 P(1u)¢ A+ Dngta<u Jal f p(w) fo(w) dw) du
t—+oo J(t)

— _ lim 451(f<t’0(t):lc(g’@l(T(t))dé%)>'

t——+oo

Since for each r > 0, f(t,o(t)u,® (7(t))v) converges uniformly as ¢ — oo on
[=r,r] x [=r,r], then

t
lim f§ p(u) (A + Z7}<t <u f p d'LU)d
t—+o00 O'(t)

exists.

So limy—, oo (Tx)(t) /o (t) exists. Similarly we can show that lim;_, - (T'x)(t)/o(t)
and lim;_, 1o p(t)(Tz) (t) /@71 (7(t)) exist. It follows that Tx € X. Hence T : X — X
is well defined.

(i) By direct computation, we can get

[@(p(t)(Tx)' (1))] + (&) f (£, (), p()2'(£)) =0, ae.t€R,
+o00

= /m(s)qﬁ(s,x(s),p(s)x’(s)) ds,

+00
() = [ as)u(s.(5),5)2'(5)) s,
A(Tz)(ti) = I(ti, x(t:), p(ts)a’ (), i € Z,
AD(p(t;)(Tx) (t:)) = J(ti,2(t:), p(ti)a' (¢)), i€ Z.
Thus it follows that © € X is a solution of (1) if and only if x € X is a fixed point of T’
in X.
(iii) Now we prove that T is completely continuous. The following five steps are

needed (Steps 1-2 imply that T' : X — X is continuous, and Steps 3-5 imply that T’
maps bounded sets into relatively compact sets). We omit the details of the proofs.

Nonlinear Anal. Model. Control, 21(5):651-672
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Step 1. We prove that the function A, : X — R is continuous in x.

Step 2. We show that T is continuous on X. Since A, is continuous, f, ¢, are
strong Carathéodory functions, I, J are discrete Carathédory functions, then
the result follows.

Step 3. We show that 7" is maps bounded subsets into bounded sets.

Step 4. We prove thatboth {t — z(t)/o(t): x € M} and {t — p(t)2’(t)/®1(7(t)):
x € M} are equicontinuous in (s, ts11](s € Z).

Step 5. We show thatboth {t — z(t)/o(t): * € M} and {t — p(t)z'(t)/P (7 (t)):
x € M} are equi-convergent as t — +o00.

From Steps 3-5 and Lemma 2 we see that 7" maps bounded sets into relatively com-
pact sets.

Therefore, the operator 7' : X — X is completely continuous. The proof of (iii) is
complete. The proof is complete. O

Now, we address the first result of this paper. We need the following assumption.

Assumption A. There exist nonnegative constants A;,a;;,b;; > 0 (i = 1,2, j =
0,1,2,...,m), ¢s 2 0,1, 2 0(5 €Z)andk;,l; 200 =1,2,...,m)withk;+1; >0
and Zs__oo ¢s < +00, > " s < +ooand

|f(t,o(t)u, @ (7(1))v)| < @(AO + ZAj|u|kj |U|l-7), u,v ER, ae. t €R,

j=1

|I(t8,a(ts)u,sﬁ*l(T(ts))vﬂ < @,

m
bio + Zblju|k-7’v|l]’] , u,veER se€Z,
j=1

m

| (ts, o(ts)u, @ (7(ts))v)| < ¥s® <b20+2b2j|u|k-7|v|l-7'>, u,v €ER, s €Z,

j=1

m
|o(t,o(t)u, " (7(t))v)| < a0+ Za1j|u|kj o, w,v €R, ae.t €R,
j=1

[0 (t, o(t)u, & (7(t))v)| < ago + Za2j|u|kf lv|Y, w,v€R, ae.teR.

We denote 0 = max{k; +1;: j =1,2,...,m} and

+oo
A= ( T du +1)|m1a10+ Z ¢s<1+ 7 du )b10+ 7 du [[72][1a20

p(u) s=—00 ¢ p(u) ¢ p(u)
+00 Y
+207! ( Z %)Czbz,o + (1 +o! (/p(w) dw> ) c Ao,

3
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p(u) s=—00 ¢ p(u)

+oo
+ 2¢_1< Z ’(/)S>Clb2,j + <¢_1 (/p(w) dw) + 1) a4y,
s=—00 ¢

Ay = — du |m|lia10 + 77 du In|l1az0 + fn du Z @sbio

+oo
_ Cy
Bu( T du +1)|m|1a1a+ > %(I +1)bly g Inll1az;
n

¢ p(u) ¢ p(u) s=—00
+00 n
+ 201¢_1< Z %) bao + <¢_1 (/p(w) dw) + 1) c1 Ao,
§=—00 e
By, = fn e Imla + fn e lInllias; + fn . Z Gsbi
¢ plu) & plu) ¢ plu) s=—o0
+00 n
+ 2cld5_1< Z ¢s> baj + (Q’_l (/p(w) dw) + 1) ad;,
$§=—00 ¢
and

A =max{A;, Ay}, B = maX{ZBL],ZBQJ}

Theorem 1. Suppose that Assumption A holds, f is a strong Carathéodory function,
I, J are discrete Carathéodory functions, and for each v > 0, f(t,o(t)u,® 1 (7(t))v)
converges uniformly as t — ‘oo on [—r,r] x [—r,r]. Then BVP (1) has at least one
solution if
(i) 0 €(0,1) 0r
(i) o =1and B < 1or
(iii) o > 1and B(A+ B)°"! < (0 —1)771/0°.

Proof. Let X and T be defined above. From Lemma 3, T : X — X is well defined and is
a completely continuous operator. We prove that 7" has a fixed point in X to get a solution
of BVP (1). For z € X, we have ||z|| < 7 < 4o00. Then Assumption A implies that

228)
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’I(ts,aﬁ(ts), p(ts)x’(ts))‘ < s <b10 + ibljrkj+lj>7 seZ,
j=1
|J(t87x(t8)7 p(ts)x/(ts))‘ < ws@ (b20 + isz?"kj+lj>, S € Z,
j=1
|9 (t, x(t), p(t)2' (1)) ] < aro + iaurk’*”, ae.t € R,
=1
[ (t,2(t), p(t)z' ()| < azo + iCLQkaj-Hj, ae.t €R.
=1

By the definition of 7', we get by using (4) that

E<ts<n

m n m
Al < D w0 (bzo + szﬂ’””ﬂ) - /p(w) dw@(Ao + ZAJ.T@HJ-)
Jj=1 ¢ j=1

¢<||m||1(a1o + Z;nzl a1jrkj+lj) + ||n|l1 (a0 + Z;’; azjrijrl_,»)

N du
Je e
Z£<t5<'f] bs(b1o + Z;n:1 bljrkj+lj)
* N _du .
€ p(u)
Then
T(E t m ) . +o0 m . .
K‘T(ig)' < lmlaaro + ) a0 |+ 7 bs|bro+ me?“kﬁbl
i=1 e =
+ ot < Z P (bgo + Z ijTkj+lj>
E<ts<n j=1

+ [ p(w) dw@(Ao + ZAJ-T’WH;)

=1

Mi—s

il (a10 + Y5y @yyr+0) + linlla (azo + 57y ag,r*i+h)
+ & i ;

N _du_
£ p(u)
Z§<ts<7] ®s (blo + Z;n:l bljrkj+lj)
+ 7 _du
& p(u)

+o0 m m
+ Z s P <b2,0 + Z bz,j’l"kj+lj> + @(AO + Z Ajrk_7+lj> ) .
j=1

S§=—00 j:l
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One knows that

-1 1 >9.

9

1 1<i<?
O Hu+v) <a[dHu)+ 07 (v)], u,v}Owithcl{’ R

It follows that

“+o0
Tx)(t crllm ay, b5
sup (T2)®)] < ( Z,U d‘ll + ||m||1>a10 + ( Z ds + 75;1‘(1577 )bw

ter (1)

¢ plw =0 ¢ plw
a1 - BYAES

+ az + | P Z Y | +ca® Z Ys | 62,0
f p(U) E<ts<n s§=—00

+ (cl + P! (/p(w) dw))Ao
3

clllmlls AN ectian®s |~
+Z <fn du +||m||1> + by n du + Z s

€ p(u) s=—00
ClHn”l -1 = -1
+a2j +b2,] Z ws +Cl¢ Z ws
f{ pu) §=—00 E<ts<n
U]
+Aj (cl¢_1</p(w) dw) +Cl> rki+l.7.
3
Then
(T)D)| _ 5 N~ ks
sup ———~—— < A + By it (6)
teﬂg U(t ! ; b
On the other hand, we have
pO|(Tz)' ()| _ [Im[a |1
< al + a0 Z ¢sb1o
—1 n _du N du n du
GO o Je 7w f& (W) 5o

+2cl§15_1< > ’L/Js>bz() + (45—1 (/p(w) dw> + 1) a1y

3
. niic
+Z ad” (/ )dw)A + ”n”dlulfl . ||nqulaj
Jj=1
3

¢ p(u) ¢ p(u)

+oo “+oo
n - D pubij+ 200" ( > ws>b2j+clAj ok

¢ p(u) s=— s=—o00

i+
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It follows that

O(Tz) (t B
jgﬂgw <A+ Boja|tth. 9

It follows from (6) and (7) that ||Tz|| < A+ Bmax{|(z,y)|?,1} < A+ B + Blz|°.

(i) o € (0,1). Since o € (0,1), choose rg > 0 such that A + B + Brg < rg. Let
2y ={z € X: ||z|| < ro}. Then we get ||Tz|| < A+ B+ Br§ < r9. So Ty C (.
Thus Schauder’s fixed point theorem implies that the operator 7" has at least one fixed
point in £2y. So BVP (1) has at least one solution.

(i)oc=1and B < 1. Letrg = (A+ B)/(1 — B) such that A+ B + Bry = ro. Let
2y ={z € X: ||z|| < ro}. Then we get ||Tz|| < A+ B+ Br§ < ro. So T2y C (.
Thus Schauder’s fixed point theorem implies that the operator 71" has at least one fixed
point in 2. So BVP (1) has at least one solution.

(ii))o > land B(A+B)° ' < (6 —-1)" /0. Letrg = ((A+B)/(B(c —1))/°,
It is easy to show from (A + B)° 109 /(o —1)°~1 < 1/B that A+ B + Br§ < r. Let
29 ={x € X: ||z|| < ro}. Then we get ||Tz| < A+ B+ Br§ < ro. So T2y C (.
Thus Schauder’s fixed point theorem implies that the operator 7" has at least one fixed
point in £2y. So BVP(1) has at least one solution.

The proof of Theorem 1 is completed. O

j=1

3 Solvability of (1) in Case 2

In this section, we present existence result of BVP (1) in Case 2. Denote 7(t) = 1 +
t . . .
| fn p(s) ds|. It is easy to show that 7 are continuous on R and lim;_, 4+, 7(¢) = +o0.

Definition 4. F': R x R x R — R is called a strong Carathédory function if
() t — F(t,u,® (7(t))v) is measurable on R for any u,v € R;
(i) (u,v) — F(t,u,® (7(t))v) is continuous on R? for a.e. t € R;
(iii) for each r > 0, there exists nonnegative function M, > 0 such that |u/,|v] < r
implies |F'(t,u, =1 (7(t))v)| < M,,ae. t € R.

Definition 5. H : {t;: i € Z} x R x R — Riis called a discrete Carathédory function if

() (z,y) — H(ts,z,® 1 (7(ts))y) is continuous on R? for all s € Z;
(i) for each r > 0, there exists nonnegative constants M;, > 0 (¢ € Z) such that
x|, |y| <r implies | H (t,, z, 8~ (7(ts))y)| < My, s€Z, Y"1 2% My <+o00.

S§=—00

Choose

/ . . .
(tsstosa]s PT |(ts,t.41] 18 CONtinuous, s € Z;

X = {x R—=R:z
the following limits exist and are finite:

lim x(t), lim p(t)2'(t), s € Z, lim z(t), lim p(t)a:'(t)}

t—tt t—tt t—+oo t—too @~1(7(¥))

For z € X, define ||z|| = max{sup;cp [2(£)], sup;cr p(t)]2’ (1) /@71 (7(£))}-
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Lemma 5. X is a Banach space with ||-|| defined.

Proof. 1t is similar to the proof of Lemma 1 and is omitted. O

Lemma 6. Let M be a subset of X. Then M is relatively compact if and only if the
following conditions are satisfied:

() both{t — z(t): v € M} and {t — p(t)x'(t)/®~(7(t)): x € M} are uniformly
bounded,
(i) both {t — z(t): x € M} and {t — p(t)2’(t)/D 1 (7(t)): = € M} are equi-
continuous in (ts,ts11] (s € N);
(i) both {t — x(t): # € M} and {t — p(t)z'(t)/P 1 (7(t)): = € M} are equi-
convergent as t — +oo.

Proof. 1t is similar to the proof of Lemma 2 and is omitted. O

For x € X, let (T'z)(t) be defined by

“+o0
o)) = [ m)ons)ds+ 3 L)

<t <t

+/1451<Am+ 3 JT(ts)—/p(w)fm(w) dw) du, teR,
3 n

p(u) n<ts<u

where A, is defined by (3).

Lemma 7. Suppose that [ is a strong Carathéodory function and I,J are discrete
Carathéodory functions, and for each r > 0, f(t,u,®~1(7(t))v) converges uniformly
ast — too on [—r,r] x [=r,r]. Then T : X — X is well defined and is completely
continuous, x € X is a solution of (1) if and only if x € X is a fixed point of T in X.

Proof. 1t is similar to the proof of Lemma 4 and is omitted. O

To state and prove Theorem 2, we need the following assumption.

Assumption B. There exist nonnegative constants A;,a;;,b;; > 0(G = 1,2, j = 0,1,
2,...,m), 05 20,95 20(s€Zyand k;,l; 20(j =1,2,...,m)with k; +1; > 0 and
T s < 400, 52 4h < 400 and

s=—00 s§=—00

|f(t,u,d5*1 (T(t))v)| < @(Ag + ZAj|u|kj|v|lf>, u,v € R, ae. t € R,

j=1

|I(t5,u,@71(7(t5))v)| < ¢

m
b10+Zblj|u|kj|Ulj], U,UGR, SGZ,

j=1

Nonlinear Anal. Model. Control, 21(5):651-672
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| (ts,u, @ (7(ts))v) | < B (boo + Zb2j|u\kj|v\lj), u,v €ER, s €Z,

j=1

|p(t,u, @ (7(1))v)| < aio + Za1j|u|k1|v|lf, u,v €ER, ae.t €R,
=1

| (t,u, @ (7(1)v)| < azo + Za2j|u|k1|v|lﬂ', u,v €R, ae.t €R.
j=1
We denote 0 = max{k; +;: j =1,2,...,m} and
+oo o7 (7 (w) +o0 o0 &7 (r(w))
_ af’. ==t du af o T du
A= ( . Q) +1>||m||1a10 + > o (H— g i) )blo
& p(u) & p(u)
o [Fo0 2

1) m du Lr(u
+ = n gi) ||’I’L|1a20+2¢_1< Z ws> /((u()))dUClbg’O

§=—00

¢ p(w) s=—00 0
/ T ol r(w)
+ 1+t /p(w)dw /iduclzﬁlo,
p(u)
I3 —00
too o1 (r(u)) +oo oo &1 (r(u))
— ) ~plw) U Q) ~pw) U
By ;= ( = 7 e +1)||m||1a1j + ) ¢s( = 7 e +1)b1j
¢ p(u) s=—00 ¢ p(u)

Foo & (7(w))

c du 7 (u
n lf‘“’fn o ||n1a2j+2¢—1( > ws) / Eug))d“”bg’j

& plu) s=—00 o
n +<><>4371
+ ot /p(w) dw] +1 / MduclAj,
p(u)
£ —00
— ¢ ¢
Ay = nilduHmHlalo + nilduﬂnﬂlam + n du Z ¢sb1o
& p(u) ¢ p(uw) £ p(u) s=—o0
+oo n
—|—2cl451< Z ¢s> bag + <¢1</p(w) dw) + 1) A,
s=—00 ¢
EZ]’ 7 du [mll1a1; + n du [nll1a2; + 7 du Z Psby;
& plu) p(u) ¢ plu) s=—o0
400 i
—|—281¢_1( Z ¢S)b2j + <QS_1 </p(w) dw) + 1) ClAj,
s§=—00 A
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and
m

A:max{zl,Zﬂ, B:maX{ZBl,j,ZBQJ}.
Jj=1

J=1

Theorem 2. Suppose that Assumption B holds, f is a strong Carathéodory function, 1, J
are discrete Carathéodory functions, and for each v > 0, f(t,u,®1(7(t))v) converges
uniformly as t — +00 on [—r, 7| x [—r,r]. Then BVP (1) has at least one solution if

(i) o€ (0,1)o0r
(i) o =1land B < 1lor
(i) 0 > 1and B(A+ B)°"' < (o —1)°1/0".

Proof. Let X and T be defined above. From Lemma 7, T : X — X is well defined and is

a completely continuous operator. We prove that 7" has a fixed point in X to get a solution
of BVP (1). The proof is similar to that of Theorem 1 and is omitted. L]

Remark 1. By constructing suitable Banach spaces similar to X in Sections 2 and 3, one
can establish existence results on solvability of BVP (1) for Cases 3 and 4, respectively.

4 Examples

In this section, we present examples to illustrate the main result.

Example 1. We consider the following BVP:

([t — 1.5]|2"(8)]2" ()]

+ ! ! (t,z(t),2'(t)) =0
N ST ’

ae.t € R, (8)
2(~15) = V7,  a(15) = 2V,
Az(s) =271 Afls — 1.5]|2/(s)[2'(s)] =271, sez,

where
m k:j v lj 2
t,u,v) = | Ag + A ,
9(tu,v) 0 ; Noo®) | [\/I+]t— 15|

—2 4+ 314+ VE—15)%2+2(1+V3)*2, t> 15,
oo(t) =41+ 3(1+V3)32 - 2(1+VI5-1)>%2,  te[-15,15),
L+ 31+ VI5—1)32 - 4(1+V3)%2,  t<-15,

Aj >0,k l; >0 =0,1,2,...,m).

Nonlinear Anal. Model. Control, 21(5):651-672
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Corresponding to BVP (1), we have
D(z) =|sls,  @7'(w) = |s| 7%,

1 1
p(t) =V |t - 15|a p(t) - Nﬁa f(t,u,?)) = ng(tauvv)7

&E=-1.5, n=1.5, ts=s, s€EZ,
otiuv) =1,  Ptuv)=2  mt)=nlt)=e",
I(s,u,v) = J(s,u,v) = 27kl sez.
One sees that

(i) ®(z) = |z|F~%x with k = 3 > 1, the inverse of & is denoted by #~! and
& (z) = |z|' "2z with | = 3/2, then ¢; = 1.

.. . . . 0 o]

(i) p is nonnegative and satisfies p € Li (R) and [~ p(t)dt = 0+ p(s)ds =
+00.

(iii) p: R — [0, +00) and
[ pas

/ p(s)ds

—S+ A+ VI—TB)P2+ (1 +V3)¥2, t> 15,
o(t) =1+ 2(1+V3)32—2(1+VI5—1)3?2  te[-1515),
L+ 31+ VI5 -2 - 4(1+V3)%2,  t<-15,
= oo(t)

. _ 0 4 +00 &
with &1 (7(-))/p(-) € Lo (R) and [°__ & (r(w))/p(u) du= [,/ & (r(u)/
p(u)du = +oo, and f is a strong Carathéodory function and I, J are discrete

Carathéodory functions and for each r > 0,

t

() =1+ =1+ =1++/]t — 1.5,

F(t,o(t)u, @71 (r(t))v) = %\tl (AO + ZAj|U|kjvlj> -0

Jj=1

uniformly as ¢ — 400 on [—r, 7] X [—7,7].

(iv) f,$,9 : R® — R are strong Carathéodory functions, m,n € L*(R).

(v) {ts: s € Z} is aincreasing sequence with lim,_, o, ts=—00 and limy_, 4 o ts =
+00.

(i) I,J: {ts: s € Z} x R? — R are discrete Carathéodory functions.

Choose 4; ( =0,1,2,...,m) and
bio=bao=1, b1j=0by;=0=0, j=12,...,m, ¢ =271 sez,

a170 = 1, a270 :2, (1173‘ :(IQJ‘ :0, j:1,2,...,m, ws :27‘S|, SEZ.
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Then Assumption A holds and ) [ °" _¢s => = 1 = 3. Denote o = max{k; +
l;: j=1,2,...,m} and by direct computation, we get

1.5
p(w)dw = / Vs — 1.5]ds = 2V/3,

-15
1.5
1

w)dw = —— _ds=+3,
pw) 1/52 s 15|

m\d m\:

z1:2+\/§\/7?+6+25\/§+(1+<7§)/10, By =1+ V3)4;,
£f+5\[ (14 V/3) A, By =(1+V3)4;
and
A:max{ﬁl,Zg}:2+\/§\/77+6+5\/§+(1+\4/§)A0,
B:max{iBlmi } 1+\f)z

By Theorem 1, BVP (8) has at least one solution if (i) o € (0,1) or (i) o = 1 and
(VB+1)Y 7, Aj < 1or (i) o > 1and

2+/3 6+5v/3 ’ s STRAERS (-1
(2 VE+ +(1+\/§)A0+(\/§+1);Aj) ;AJSW'

Example 2. We consider the following BVP:
1
N2’ 0))*] + ———g(t, z(t), VJt2' (1)) =0, ae.teR,
o0/ (0)°) + T =0(ta(0). o' (0)

(1) = VA, 2(l) =2V,
Azx(s) = lim z(t) —x(s) =270 sez,

(\/>x ) hm (V' (¢ ) —(\/m;v’(s))3:2_|5‘, s €,

®)

where

{\/t—l, telo,2],
p(t) =

t-1)8 ft—1]>1,

m l]‘ 3
v
g(t,u,v) = [ Ag + Aju|P | ————— ,
( ; ! Y14t —1]

and A; >0, k;,1; >0 =0,1,2,...,m).
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Corresponding to BVP (1), we have
O(z) = 2°, o (x) = z'/3, E=— n=1, ts=s, s€ELZ,
pt:l) ft,u,'() t'LL’U
) e

otiuv) =1,  Ptuv)=2  mt)=nlt)=e",
I(s,u,v) = J(s,u,v) =271 sezZ.

One sees that

(i) @(z) = |z|*2x with k = 4 > 1, the inverse of & is denoted by #~! and

& Y(z) = |z|'"2z with | = 4/3, then ¢; = 1.
0 o)

(i) p: R — [0,+00) withp € L{ (R) and [~ p(t)dt = 0+ p(s)ds = +o0.

(iii) p: R = [0,+00) with @~ (7(-))/p() € L], .(R) and
t

/Mﬁﬁ

=1+|t—1],

p(u) S V=] / (u—1)*
1 2
32 32 3/2
</ V2 du+/ V2 du+/ 4Udv
1—u u—1 v
0 1 1
35v/2
= \[<+oo
0 0
= L(7(u)) \3/1 V1itlu-1| 1+v1—u
——=du= u < ———du
p(u) (u—1)* (u—1)*

(iv) f,¢,v : R? — R are strong Carathéodory functions, m,n € L!(R), and for each
r >0,

3
f(t,u,@fl(T(t))v) I+ \/7< 0 +ZA |u|k4|v|l ) —0

uniformly as t — +o00 on [—7,r| X [—r,r].

(v) {ts: s € Z} is aincreasing sequence with lim,_, _o.t; =—00 and limg_, 4 oo ts =
“+00.

(i) I,J: {ts;: s € Z} x R? — R are discrete Carathéodory functions.
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Choose 4; ( =0,1,2,...,m) and
bl,O :bQ,O = 1; bl,j :bQ,j :Oa j:1727"'7m7 ¢s :27‘5"7 SEZ,

amo=1, aso=2 ai;=as;=0, j=12....m ¢,=27F secz.

Then Assumption B holds and 3.7 ¢, = 327> 4, = 3. Denote ¢ = max{k; +
l;: j=1,2,...,m} and by direct computation and (iii), we get
i h 103
/p(s) ds =2, /p(s) ds = —,
15
3 3
T < 1053/2 + 12377 3157/2 + 12401 24/3(105+/2 + 17)
! 12360 4120 24
(1052 4+ 17)(v/2+ 1)
+ A07
24
45 445 f .
Ay = %—5—2\3/54—(\"[24—1)%,
Ui “+o0o
— _ &L (7(u)) (105/2+17)(V/2+1)
By j=(o7! 1 —— > dud; < Aj
1,5 ( </p(w)dw>+ )/ p(u) du J 24 YAl
I3 —o0
n
¢

and the definition of A, B imply that

105¥/2 4+ 12377 315¥/2 412401 2/3(105/2 + 17)

A
ST 1360 a0 T 24
(105Y2 + 17)(¥2 + 1)
+ 24 AO)

B <

(105\f+17 V2+1) iAJ

J=1

By Theorem 2, BVP (9) has at least one solution if (i) o € (0,1) or (i) o = 1 and
((105V2 +17)(V2+1)/24) 37", A; < Lor (iii) 0 > 1 and

(105% +12377  315¢/2 4+ 12401 2+/3(105¢/2 + 17)

12360 4120 24
(1052 +17)(V2 + 1) & R
+ o > A, >4
7=0 j=1
24 (0 —1)71

S (10592 +17)(V2+1)  o°
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