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Abstract. We introduce a new concept for multivalued maps, also called multivalued nonlinear
F-contraction, and give a fixed point result. Our result is a proper generalization of some
recent fixed point theorems including the famous theorem of Klim and Wardowski [D. Klim,
D. Wardowski, Fixed point theorems for set-valued contractions in complete metric spaces, J. Math.
Anal. Appl., 334(1):132-139, 2007].

Keywords: fixed point, multivalued maps, nonlinear F'-contraction, complete metric space.

1 Introduction and preliminaries

Let (X, d) be a metric space. P(X) denotes the family of all nonempty subsets of X,
C(X) denotes the family of all nonempty, closed subsets of X, CB(X) denotes the family
of all nonempty, closed, and bounded subsets of X, and K (X) denotes the family of all
nonempty compact subsets of X. It is clear that, K(X) C CB(X) C C(X) C P(X).
For A, B € C(X), let

H(A,B) = max{sgg d(z, B), Slelg d(y, A)},
@ y

where d(z, B) = inf{d(z,y): y € B}. Then H is called generalized Pompeiu—Hausdorff
distance on C(X). It is well known that H is a metric on CB(X), which is called
Pompeiu-Hausdorff metric induced by d. We can find detailed information about the
Pompeiu-Hausdorff metric in [1,5,9]. Let T : X — CB(X) be a map, then T is called
multivalued contraction (see [14]) if for all x,y € X, there exists L € [0, 1) such that

H(Tw,Ty) < Ld(x, y).
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In 1969, Nadler [14] proved that every multivalued contraction on complete metric space

has a fixed point.
Nadler’s fixed point theorem has been extended in many directions [4,6,7,10, 13, 16,

17]. The following generalization of it is given by Feng and Liu [8].

Theorem 1. (See [8].) Let (X,d) be a complete metric space and T: X — C(X).
Assume that the following conditions hold:

(i) the map x — d(x,Tx) is lower semi-continuous;
(ii) there exist b,c € (0,1) with b < c such that for any x € X, there is y € I}
satisfying

d(y, Ty) < cd(z,y),

where
IF = {y € Tx: bd(x,y) < d(%Tx)}-

Then T has a fixed point.

Recently, another interesting result have been obtained by Klim and Wardowski [11].
They proved the following theorem.

Theorem 2. (See [11].) Let (X,d) be a complete metric space and T: X — C(X).
Assume that the following conditions hold:

(i) the map x — d(x,Tx) is lower semi-continuous;
(ii) there exists b € (0,1) and a function ¢ : [0,00) — [0, b) satisfying
limsup(t) <b fors>0

t—st

and for any x € X, there is y € I satisfying
d(y. Ty) < ¢(d(z,y))d(z,y).
Then T has a fixed point.

In this paper, we introduce a new class of multivalued maps and give a fixed point
result, which extend and generalize many fixed point theorems including Theorems 1
and 2. Our results are based on F'-contraction which is a new approach to contraction
mapping. The concept of F'-contraction for single valued maps on complete metric space
was introduced by Wardowski [18]. First, we recall this new concept and some related
results.

Let F' : (0,00) — R be a function. For the sake of completeness, we will consider the
following conditions:

(Fl) F is strictly increasing, i.e., for all o, 8 € (0,00) such that o < 3, F(a) <
F(B).

(F2) For each sequence {a, } of positive numbers,

lim a, =0 ifandonlyif lim F(ay)= —oc.
n—oo n—00
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(F3) There exists k € (0,1) such that lim,_, o+ o* F(a) = 0.
(F4) F(inf A) = inf F(A) for all A C (0, 00) with inf A > 0.

We represent the set of all functions F' satisfying (F1)—(F3) and (F1)-(F4) by F and
F., respectively. It is clear that F, C F and some examples of the functions belonging
to F, are Fi(a) = Ina, Fy(a) = a+Ina, F3(a) = —1/y/a and Fy(a) = In(a? + a).
If we define F5(a) = Ina for a < 1 and F5(a) = 2c for @ > 1, then F5 € F \ F.

Remark 1. If F satisfies (F1), then it satisfies (F4) if and only if it is right continuous.

Definition 1. (See [18].) Let (X, d) be a metric space and 7' : X — X be a mapping.
Then T is an F'-contraction if F' € F and there exists 7 > 0 such that for all x,y € X,

d(Tz,Ty) >0 = 74 F(d(Tz,Ty)) < F(d(z,y)). (1)
If we take F'(«) = In « in Definition 1, inequality (1) turns into
d(Tz,Ty) < e "d(z,y) forallz,y € X, Tz # Ty. ()

It is clear that for z,y € X such that Tz = Ty, the inequality d(T'z, Ty) < e "d(z,y)
also holds. Thus, T is an ordinary contraction with contractive constant e~7. Therefore,
every ordinary contraction is also an F-contraction with F'(«) = In «, but the converse
may not be true as shown in Example 2.5 of [18]. If we choose F(a) = « + Ing,
inequality (1) turns into

A(T2,TY) are,ry)-a
d(z,y)

In addition, Wardowski showed that every F'-contraction 7' is a contractive mapping, i.e.,

*Y) e T forallz,y € X, Tx #Ty. (3)

d(Tz,Ty) < d(z,y) forallz,y € X, Tz # Ty.

Thus, every F'-contraction is a continuous map. Also, Wardowski concluded that if F, F» €
F with F(«a) € Fy(a) forall @« > 0 and G = F» — F} is nondecreasing, then every
F';-contraction 7' is an Fy-contraction. He noted that for the mappings F (o) = In « and
Fy(a) = a+1Ina, Fy < F, and the mapping F» — F is strictly increasing. Hence, every
Banach contraction satisfies the contractive condition (3). On the other hand, Example
2.5 in [18] shows that the mapping 7" is not F-contraction (Banach contraction), but still
is an Fh-contraction. Thus, the following theorem is a proper generalization of Banach
contraction principle.

Theorem 3. (See [18].) Ler (X,d) be a complete metric space and T : X — X be an
F'-contraction. Then T has a unique fixed point in X.

By combining the ideas of Wardowski’s and Nadler’s, Altun et al. [3] introduced the
concept of multivalued F'-contractions and obtained some fixed point results for these
type mappings on complete metric space.
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Definition 2. (See [3].) Let (X, d) be a metric spaceand T': X — CB(X) be a mapping.
Then T is a multivalued F'-contraction if F' € F and there exists 7 > 0 such that for all
z,y € X,

H(Tz,Ty) >0 = 71+ F(H(TzTy)) < F(d(z,y)).

By considering F'(«)) = In «, every multivalued contraction in the sense of Nadler is
also a multivalued F'-contraction.

Theorem 4. (See [3].) Let (X, d) be a complete metric space and T : X — K(X) be
a multivalued F-contraction, then T has a fixed point in X.

At this point, one can ask if CB(X) can be used instead of K (X) in Theorem 4. As
shown in Example 1 of [2], the answer is negative. But, by adding condition (F4) on F',
we can we take CB(X) instead of K (X).

Theorem 5. (See [3].) Let (X, d) be a complete metric space and T : X — CB(X) be
a multivalued F'-contraction. Suppose F' € F,, then T has a fixed point in X.

On the other hand, Olgun et al. [15] proved the following theorems. Theorem 7 is
a generalization of famous Mizoguchi—Takahashi’s fixed point theorem for multivalued
contraction maps. These results are nonlinear cases of Theorems 4 and 5, respectively.

Theorem 6. (See [15].) Let (X, d) be a complete metric space and T : X — K(X). If
there exists F € F and 7 : (0,00) — (0, 00) such that

liminf7r(¢t) >0 foralls >0

t—st

and forall x,y € X,

H(Tz, Ty) >0 = T(d(x,y)) + F(H(Tx,Ty)) < F(d(x,y)),
then T has a fixed point in X.

Theorem 7. (See [15].) Let (X, d) be a complete metric space and T : X — CB(X). If
there exists F € F, and 7 : (0,00) — (0, 00) such that

liminf7r(¢t) >0 foralls >0
t—st
and forall x,y € X,
H(Tz,Ty) >0 = 7(d(z,y))+ F(H(Tz,Ty)) < F(d(z,y)),
then T has a fixed point in X.

2 Main results

LetT: X — P(X)be amultivalued map, F € F and 0 > 0. For z € X with d(x, Tx) > 0,
define a set F¥ C X as

Fy={ye€Ta: F(d(z,y)) < F(d(z,Tz)) +0}.
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We need to consider the following cases.

Case 1. fT:X — K(X), then for all 0 > 0 and z € X with d(z,Tx) > 0, we
have F* # (). Indeed, since Tz is compact, for every z € X, we have y € Tz such
that d(z,y) = d(x,Tz). Therefore, for every x € X with d(z,Tx) > 0, we have
F(d(z,y)) = F(d(z,Tx)). Thus, y € F¥ forall o > 0.

Case 2. f T:X — C(X), then F¥ may be empty for some z € X and ¢ > 0. For
example, let F'(a) = Ina for o < 1 and F(a) = 2 for o > 1 and let X = {0} U (1,2)
with the usual metric. Define T: X — C(X) by T0 = (1,2) and Tz = {0} for z €
(1,2). Then for z = 0, we have (note that d(0,70) =1 > 0)
FY = {y € T0: F(d(0,y)) < F(d(0,70)) + 1}
— {ye (1.2 Fly) SFQ) +1} = {y € (L2): 2y <1} =0,

Case 3. fT:X — C(X) (evenif T : X — P(X)) and F' € F,, then for all o > 0 and
x € X with d(z, Tz) > 0, we have F¥ # (). Indeed, by (F4), we have

F7 ={y € Txz: F(d(z,y)) < F(d(x,Tz)) + o}
={y € Tw: F(d(z,y)) < F(inf{d(z,y): y € Tz}) + o}
={y € Tw: F(d(z,y)) <inf{F(d(z,y)): y € Tx} + o} #0.

Mmak et al. [12] proved the following fixed point theorems. Note that Theorem 1 is
a special case of Theorem 9.

Theorem 8. Let (X, d) be a complete metric space, T : X — K(X) and F' € F. If there
exists T > 0 such that for any x € X with d(x,Tx) > 0, there exists y € F¥ satisfying

T+ F(d(y, Ty)) < F(d(z,y)),
where
Fy={yeTa: F(d(z,y)) < F(d(z,Tz)) + 0},

then T has a fixed point in X provided o < 7 and v — d(x,Tx) is lower semi-
continuous.

Theorem 9. Let (X, d) be a complete metric space, T : X — C(X) and F' € F,. If there
exists T > 0 such that for any © € X with d(z,Tx) > 0, there exists y € FZ satisfying

T+ F(d(y,Ty)) < F(d(z,y)),

then T has a fixed point in X provided o < 7 and x — d(z,Tx) is lower semi-
continuous.

By considering the above facts, we give the following theorems, which are nonlinear
form of Theorems 8 and 9. Note that Theorem 10 is a proper generalization of Theorem 2.
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Theorem 10. Let (X,d) be a complete metric space, T:X — C(X) and F € F,.
Assume that the following conditions hold:

(i) the map x — d(x,Tx) is lower semi-continuous;
(ii) there exist o > 0 and a function 7 : (0,00) — (o, 00) such that

liminf7(t) > o foralls >0
t—st

and for any x € X with d(x, Tx) > 0, there exists y € F¥ satisfying
7(d(z,y)) + F(d(y. Ty)) < F(d(z,y)).
Then T has a fixed point.

Proof. Suppose that T has no fixed point. Then for all z € X, we have d(z,Tx) > 0.
Since Tz € C(X) for every x € X, the set F* is nonempty for any o > 0. Let g € X
be any initial point, then there exists x; € F° such that

T(d(mo,xl)) + F(d(xl,Txl)) < F(d(mo,xl))
and for x1 € X, there exists o € F7* satisfying
T(d(Il,CEQ)) + F(d(xg,T:EQ)) < F(d(xl, zg))
Continuing this process, we get an iterative sequence {z,, }, where 2,11 € FZ» and
T(d(;vn,xn+1)) + F(d(an,Tan)) < F(d(xn, ;vnﬂ)). )
We will verify that {x,, } is a Cauchy sequence. Since z,,+1 € FZ", we have
F(d(mn, $n+1)) < F(d(a:n,Txn)) + 0. 5)
From (4) and (5) we have
F(d(l’n+1, T:L’,H_l)) < F(d(xn, Ta:n)) +o0— T(d(xn, $n+1)) (6)

and
F(d(xn_,_l, xn+2)) < F(d(:cn7 xn+1)) +0o— T(d(l‘n, l’n+1))- (7
Let a, = d(zn,2p41) for n € N, then a, > 0 and from (7) {a,} is decreasing.

Therefore, there exists § > 0 such that lim, .., a, = 6. Now let § > 0. Using (7),
the following holds:

F(ant1) < Flap) + 0 —7(an)
< Flap—1) + 20 — 7(ay) — 7(an—1)

N

F(ap) + no —7(an) — 1(an-1) — -+ — 7(agp)- 8)
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Let 7(ap, ) = min{7(ao), 7(a1), ..., 7(ay)} for all n € N. From (8) we get
F(an) < F(ag) +n(o —7(ap,)). )
In a similar way, from (6) we can obtain
F(d(xp41, Tns1)) < F(d(zo, Txo)) 4+ n(o — 7(ap,)). (10)

Now consider the sequence {7(a,,, ) }. We distinguish two cases.

Case 1. For each n € N, there is m > n such that 7(a,,) > 7(ap,, ). Then we obtain
a subsequence {ay,, } of {a,,} with 7(ap,, ) > 7(ap,, ) forall k. Since ap,, — 5,
we deduce that

likrriiorclf 7(ap,, ) > 0.
Hence, F'(an, ) < F(ag) +ni(o —7(ap,, )) for all k. Consequently, limy o0 F'(an,) =
—00, and by (F2), limy_, ap,, =0, which contradicts that lim,, ., a,, > 0.

Case 2. There is ng € N such that 7(a,,, ) =7(ay,,) for all m>ng. Then F'(a,,) < F(ao)
+m(a—7’(ap"0)) for all m > ng. Hence, lim,;,—, oo F'(a,) = —00, 80 limy,—y 00 @y, = 0,
which contradicts that lim,,, o a,, > 0. Thus, lim,,_, a,, = 0. From (F3) there exists
k € (0,1) such that

lim o F(a,) = 0.

n—roo

By (9), the following holds for all n € N:

ak F(an) — af F(ag) < afn(o —7(ap,)) <0. (11)

n

Letting n — oo in (11), we obtain that

lim nafL =0. (12)
n—oo

From (12) there exits ng € N such that na’fl < 1forall n > ng. So, for all n > ng, we

have
1

an € —-
N 1k

13)

In order to show that {z,, } is a Cauchy sequence, consider m,n € N such that m > n >
n1. Using the triangular inequality for the metric and from (13) we have

d(xna xm) < d(ZCn, mn+1) + d(anrla xn+2) + -+ d(xmfla mm)

oo

m—1 0
= Z d(z, rip1) < Zd(xivxi+l) < le%

i=n

By the convergence of the series Y oo, (i~*/¥), passing to limit n,m — oo, we get
d(xy, Tm) — 0. This yields that {x,,} is a Cauchy sequence in (X, d). Since (X,d) is

Nonlinear Anal. Model. Control, 21(2):201-210
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a complete metric space, the sequence {xz,} converges to some point z € X, that is,
lim,, o T, = z. On the other hand, from (10) and (F2) we have

lim d(x,,Tz,) = 0.

n—oo

Since  — d(x, T'z) is lower semi-continuous, then

0 < d(z,Tz) < liminf d(z,, Tx,) = 0.

n— o0
This is a contradiction. Hence, 7" has a fixed point. O

In the following example, we show that there are some multivalued maps such that
our result can be applied, but Theorem 2 can not.

Example 1. Let X = {z, =n(n+1)/2, n € N} and d(z,y) = |x — y|. Then (X, d) is
a complete metric space. Define a mapping 7' : X — C(X) as

r1}, T =,
Tx{{ i} !

{xlaxnfl}a T = Tnp-

Then, since 74 is discrete topology, the map x — d(z, T'x) is continuous. Now we claim
that condition (ii) of Theorem 2.1 of [11] is not satisfied. Indeed, let x = x,, forn > 1,
then Tz = {1, x,_1}. In this case, for all b € (0, 1), there exists no(b) € N such that
for all n > ng(b), I,™ = {xn—1}. Thus, for n > ng(b), we have

d(y7Ty) =n-—- 17 d(.’l?,y) =n.

Therefore, since d(y, Ty)/d(x,y) = (n — 1)/n, we can not find a function ¢ : [0, 00) —
[0,d) satisfying
d(y, Ty) < p(d(z,y))d(z,y).

Now we show that condition (ii) of Theorem 10 is satisfied with F'(o«) = o + lna,
o =1/2and 7(t) = 1/t + 1/2. Note that if d(xz,Txz) > 0, then z = z,, forn > 1. In
this case, d(2,,, Tz, ) = n. Therefore, for y = x,,_; € Tx,,, we have y € F’ 7 and

7(d(z,y)) + F(d(y, Ty)) = 7(n) + F(n — 1)
1

1
:E+§+n—1+ln(n—l)

<n+Inn=F(n) =F(d(z,Tz)).

Remark 2. If we take K(X) instead of C'(X) in Theorem 10, we can remove condi-
tion (F4) on F'. Further, by taking into account Case 1, we can take ¢ > 0. Therefore, the
proof of the following theorem is obvious.

Theorem 11. Let (X, d) be a complete metric space and T : X — K(X). Assume that
the following conditions hold:
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(i) the map x — d(x,Tx) is lower semi-continuous;
(ii) there exists 0 > 0, F' € F and a function 7 : (0,00) — (0, 00) such that

liminf 7(t) >0 foralls >0
t—st

and for any x € X with d(x, Tx) > 0, there exists y € F¥ satisfying

7(d(z,y)) + F(d(y, Ty)) < F(d(z,y)).

Then T has a fixed point.

Acknowledgment. The authors are grateful to the referees because their suggestions
contributed to improve the paper.
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