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Abstract. This paper attempts to prove fixed and coincidence point results in fuzzy metric
space using multivalued mappings. Altering distance function and multivalued strong {b,, }-fuzzy
contraction are used in order to do that. Presented theorems are generalization of some well known
single valued results. Two examples are given to support the theoretical results.
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1 Introduction

Banach contraction principle [1] was motivation for many fixed point studies in various
spaces [2,3,4,5,6,7,10,12,13,14,15,16,17,18,22,24,25,26,30]. In particular, multivalued
generalization of this principle in metric space (X, d) is done by Nadler [27] on the
following way: there exist k € (0, 1) so that, for every x,y € X,

H(fz, fy) < kd(z,y), ey

where H is Hausdorff~Pompeiu metric and f is multivalued mapping from X to the
family of its non-empty, closed and bounded subsets. Later on, the probabilistic versions
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of condition (1) are given in [12, 13, 15, 16], where notions of weakly demicompact
mapping, f-strongly demicompact and weakly commuting mapping are introduced. Fur-
ther, Hausdorff distance between sets in fuzzy metric spaces is introduced [22] and used
in [7] for study of existence of coincidence point using two multivalued and one single
valued mappings.

Also, Banach contraction principle in metric spaces is improved by Khan, Swaleh
and Sessa [19], where control function, called altering distance function, is introduced.
This type of function is used in [30] in fuzzy matric space (X, M, T) with the following
condition:

o(M(fz, fy,t)) <k(t)-o(M(z,y,t), z,yeX, t>0,0<k(t)<1, (2

where ¢ is altering distance function. Note that condition (2) is improved in [5]. More-
over, many functions of this type are used in the study of fixed point problems [3,4,26].

Another classes of contraction, so called (strong) {b,, }-probabilistic contraction, are
introduced in [6,24] and used in the study of fixed point problems in multivalued case in
probabilistic spaces [25].

Our aim in present paper is to study the multivalued generalization in fuzzy met-
ric spaces of results given in [6, 19, 30]. First, we use altering distance function in the
style of condition (2) to obtain coincidence point results. That is realized through two
theorems using strong fuzzy metric space with t-norm of H-type in the first and
f-strongly demicompact mappings in the second one. On the other side, result given
in [6] is transferred to multivalued case by introducing multivalued strong {b,, }-fuzzy
contraction.

2 Preliminaries

In order to make paper more readable, first, we list the definitions of basic notions im-
portant to further work. Using the results of Menger and Zadeh [23, 31], Kramosil and
Michalek [21] introduced the notion of fuzzy metric space. Later, George and Veermani
[8, 9] modified their definition in way to associate each fuzzy metric to a Hausdorff
topology.
Definition 1. (See [29].) A mapping T : [0, 1] x [0, 1] — [0, 1] is called a triangular norm
(t-norm) if the following conditions are satisfied:

(T1) T(a,1) =a, a € [0,1],

(T2) T(a,b) =T(b,a), a,b € [0,1],

(T3) a2b, c=d = T(a,c) > T(b,d), a,b,c,d €[0,1],

(T4) T(a,T(b,c)) =T(T(a,b),c), a,b,c € [0,1].
Definition 2. (See [21].) The 3-tuple (X, M, T) is said to be a KM fuzzy metric space
in the sense of Kramosil and Michalek if X is an arbitrary set, 7" is a t-norm and M is
a fuzzy set on X2 x [0, 0o) satisfying the following conditions:

(KM1) M(z,y,0) =0, z,y € X,
(KM2) M(z,y,t)=1,t>0 < ==y,

http://www.mii.lt/NA



Fixed point results in fuzzy metric spaces 213

(KM3) M(x,y,t) = M(y,x,t), xv,y € X, t >0,
(KM4) T(M(z,y,t), M(y,z,8)) < M(x,z,t+s), z,y,z € X, t,s >0,
(KM5) M(x,y,-):[0,00) — [0, 1] is left-continuous for every x,y € X.

Definition 3. (See [8,9].) The 3-tuple (X, M, T) is said to be a fuzzy metric space in
the sense of George and Veeramani if X is an arbitrary set, 7" is a continuous t-norm and
M is a fuzzy set on X2 x (0, 00) satisfying the following conditions:

(GV1) M(z,y,t) >0, z,y € X, t >0,

(GV2) M(z,y,t)=1,t>0 < =y,

(GV3) M(z,y,t) = M(y,z,t), z,y € X, t >0,

(GV4) T(M(z,y,t), M(y,z,8)) < M(z,z,t+5), z,y,2 € X, t,5 >0,
(GV5) M(z,y,-) : (0,00) — [0,1] is continuous for every z,y € X.

If (GV4) is replaced by condition
(GV&) T(M(z,y,t), M(y,2,t)) < M(z,2,t), ,y,2 € X, t >0,
then (X, M, T) is called a strong fuzzy metric space [11].

Moreover, if (X, M, T) is a fuzzy metric space, then M is a continuous function on
X x X x (0,00) [28] and M (x,y, -) is non-decreasing for all z,y € X [10].

If (X, M,T) is a fuzzy metric space, then M generates the Hausdorff topology on
X (see [8,9]) with base of open sets {U(z,r,t): z € X, r € (0,1), ¢ > 0}, where
U(z,r,t)={y: ye X, M(z,y,t) >1—r}.

A function ¢ : [0,1] — [0, 1] is called an altering distance function [26, 30] if it
satisfies the following properties:

(AD1) ¢ is strictly decreasing and left continuous;
(AD2) () = 0if and only if A = 1.
It is obvious that limy ;- ¢(A) = (1) = 0.
Definition 4. (See [8,9]) Let (X, M, T) be a fuzzy metric space.

(a) A sequence {z, }nen is a Cauchy sequence in (X, M, T) if, for every ¢ € (0, 1),
there exists ng € N such that M (z,, ©p,t) > 1 —¢,n,m = ng, t > 0.

(b) A sequence {x,, }nen converges to x in (X, M, T) if, for every ¢ € (0,1), there
exists ng € N such that M (x,,x,t) > 1 — &, n > ng, t > 0. Then we say that
{zn }nen is convergent. Every convergent sequence is a Cauchy sequence.

(c) A fuzzy metric space (X, M,T) is complete if every Cauchy sequence in
(X, M, T) is convergent.

Definition 5. (See [14].) Let T be a t-norm and T, : [0, 1] — [0, 1], n € N, be defined in
the following way:

Ti(z) =T(z,2), Tny1(z) =T(T,(z),z), neN, zel0,1].

We say that t-norm 7" is of H-type if the family {7}, (z)},en is equicontinuous at z = 1.
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Each t-norm 7" can be extended (see [20]) (by associativity) in a unique way to an
n-ary operation taking for (x1,...,2,) € [0,1]" the values
im1 i =1, T?:l Z; = T(Tzlgll Ly xn)-
A t-norm T can be extended to a countable infinite operation taking for any sequence
(Zn)nen from [0, 1] the value

o0 1 n .
T2, z; = lim T, z;.
n— oo

The sequence (T} x;)nen is non-increasing and bounded from below. Hence, the limit
T2, x; exists.

In the fixed point theory (see [15, 17]), it is of interest to investigate the classes of
t-norms 7" and sequences (x,,) from the interval [0, 1] such that lim,, o 2, = 1 and

nh—{?gc Tfin Ti = nh—>n<;lo Tioil Tnte = L 3)

In [15], the following proposition is obtained.

Proposition 1. Let (x,,)nen be a sequence of numbers from [0,1] such that lim,, _, .o, =1
and t-norm T is of H-type. Then lim,,_, oo T52, x; = limy, 00 Tioy Tnys = 1.

Definition 6. (See [12,15].) Let (X, M, T) be a fuzzy metric space, A a non-empty subset
of X and f : A — 2%\ {0}. The mapping f is weakly demicompact if, for every sequence
{xn}nen from A such that x,,11 € fx,, n € N, and lim,, oo M (211, 2n,t) = 1,
t > 0, there exists a convergent subsequence {x, }reN.

Throughout the paper by C'(X) is denoted a family of all non-empty and closed
subsets of X.

Definition 7. (See [22].) Let (X, M, T) be a fuzzy metric space, A a non-empty subset
of X, f:A— Aand F : A — C(A). The mapping F is a f-strongly demicompact
if, for every sequence {z,, }nen from A such that lim, oo M (f2pn,yn,t) = 1, > 0,
for some sequence {yn tnen, Yn € Fxn, n € N, there exists a convergent subsequence

{fxnk }k€N~

Definition 8. (See [13,15].) A mapping F' : X — C(X) is weakly commuting with
f:X — Xif, forallz € X,itholds f(Fz) C F(fx).

3 Main results

3.1 Multivalued mappings using altering distance

Main result of this section is an extension of results given in [30] to the case of multivalued
mappings.
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Let A and B be two nonempty subsets of X, define the Hausdorff-Pompeiu fuzzy
metric as

M(A,B,t) = '{'fE _B,t), inf E ,A,t}, £>0,
( ) = miny inf Bz, B,1), inf E(y, 4,1) >

where E(z, B, t) = sup,cp M(z,y,1).

Theorem 1. Let (X, M, T) be a complete strong fuzzy metric space and T is t-norm of
H-type. Let f : X — X be a continuous mapping and F,G : X — C(X) are weakly
commuting with f. If there exist k : (0,00) — (0,1) and altering distance function ¢
such that the following condition is satisfied.:

p(M(Fz,Gy,1)) <k(t)- o(M(fa, fy,1), zy€X,a#y, t>0, @
then there exists x € X such that fx € Fx N Gz.

Proof. Let x¢ € X. Since Fx is a non-empty subset of X, there exist 1 € X such that
fx1 € Fxy. Let tp > 0 be arbitrary. Continuity of M and the fact that k() < 1, ¢ > 0,
implies that, for £; > 0, the following inequality holds:

k(to) - o(M(fxo, fr1,t0)) < @(M(fxo, f21,t0) +€1). %)

By definition of Hausdorff fuzzy metric, for €4 > 0 given in (5), there exist x2 € X,
fxo € Gxyandly € N\ {0} such that

- 3
M(Fxo,le,to) gM(fZ‘l,f.%Q,to)—Fi. (6)

Now, by (4), (5) and (6), using that ¢ is strictly decreasing, we conclude that

M(fxo, fri,to) < M(fx1, fra,to). (7
Similarly, we can find z3 € X, fxs € Fxo,and Iy € N, I3 > [ such that
k(t) ! QO(M(thfIQato)) < @(M(leafx27t0) +€1) (8)
and
P €1
M(lean27t0) gM(szafx37t0)+2T2- (9)
By (8) and (9) we have
M(fx1, fra,to) < M(fza, fz3,t0). (10)

Repeating the procedure presented above, we define a sequence {z, },en from X and
strictly increasing sequence {l,, },cn from N such that the following conditions are satis-
fied:

(i) front1 € Foon, fronte € GTopt1, n €N,
(i) M(fxp—1, fxn,t) < M(fxn, fToi1,t), t >0, n €N,
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where

—~ €
M(Fxon, Gront1,t) < M(font1, fronye,t) + :

Hence, the sequence { M (fxy, fXni1,t) tnen, t > 0, is non-decreasing and bounded, so
there exist @ : (0,00) — [0, 1] such that

lim M(fz,, fens1.t) = alt), ¢>0. (12)

n—oo

By (4), (11) and (12), forn € N, ¢ > 0, we have

< QO(M(FSUQn, G$2n+1, t)) < k(t) . QD(M(fZQn, f$2n+1, t)) (13)

€
@(M(fon-i-lvfon-i-%t) + ! )

Letting n — oo in (13), we get

p(at) <k()-p(a(t), t>0, (14)

and we conclude that p(a(t)) = 0 forall ¢ > 0 so thata = 1.

Further, we will prove that { fz,, },cn is a Cauchy sequence. Let e > 0 and s € N.
Since t-norm 7' is of H-type, using (12) and Proposition 1, we have that there exist ng € N
such that

Tfin ]\4(‘](‘32‘17 fzi—i-l;t) >1- g, 1> 0, n = ng. (15)

Since (X, M, T) is strong fuzzy metric space and {T}_; M (fx;, fx;11,t)}nen is non-
increasing sequence, by (15), we have that

M(fxptst1, fon,t) = TZ’I; M(fx;, fig1,t) >1—¢, t>0, n=mng. (16)

So, {fxn}nen is a Cauchy sequence and, since the space (X, M, T) is complete, there
exist x € X such that
z= lim fxz,. 17

n—oo

It remains to prove that fo € FzNGz. As FxNGx = FxNGz, we need to show that,
forevery t > 0 and A € (0, 1), there exists r1 = 71 (¢, \) € Fa and ro = r2(t,\) € Gz
such that ry, 7y € U(fx,t, \),i.e. M(fz,r1,t) > 1 — Xand M(fx,re,t) > 1 — A,

Let to > 0 and A € (0,1). Since t-norm 7 is continuous, it follows that there exist
d =6(N) € (0,1) such that

T(1-6T(1-61-6))>1-A\ (18)

By the continuity of f and (17) there exist n; € N such that

M(fxvffonvt?(:) >1-6, n=ng. (19)
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By (12) there exists ny € N such that

to
(ffx2n7ffx2n+173> >1-— (5 n = ns.
Since f is weakly commuting with F', we have

ffrongr € f(Faan) C F(fran). (20)

Also, there exist ¢* € (0, 1) such that

for arbitrary ng > max{ni,ns}. By (20) and definition of Hausdorff fuzzy metric there
exist ro € Gz such that, for €* > 0 (defined in (21)), the following is satisfied:

to

t
) < M<7ﬂ27 ffx2no+1: 30> + e*. (22)

M(Gm, F(fxon,), 3

By (4), (20) and (21) we have:

¢<M<T27ffx2no+lv ) )
< ( <G:17fo2n0 ;)) ktg.@<M(fx,ff:c2no,t§>)
( (fx F F2mn, °> )

Now, by (19) follows that

M(rg,ffm2n0,§)> > M(fx,ffxgno,t;> >1-9.

Finally, using (18), we get

M(f$,’l“2,t0) P T(M(fx7ffx2n07t§)a

T<M(‘ffx2"0’ffx2no+1at;)a (ffx2no+1;r27 t;)))

>T(1-6,T(1—-8,1-08)>1-\

So, ry € U(fx,tg, \) for arbitrary ¢y > 0 and A € (0,1), i.e. fz € Gz. Similarly, it can
be shown that r; € U(fxz,t,\),t > 0, A € (0, 1), which implies that fo € Fz,too. O

Nonlinear Anal. Model. Control, 21(2):211-222
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Theorem 2. Let (X, M, T) be a complete fuzzy metric space and f : X — X be a con-
tinuous mapping. Let F,G : X — C(X) are weakly commuting with f and F or G is
f-strongly demicompact. If, for some k : (0,00) — (0,1) and altering distance func-
tion p, the following condition is satisfied:

p(M(Fa,Gy,t)) <k(t) - o(M(fz, fy,1)), @y€X, oty t>0,  (23)
then there exists x € X such that fx € Fx N Gzx.

Proof. The proof is similar with that of the Theorem 1, except in the part related to
Cauchy sequence. Namely, since F' or G is f-strongly demicompact, fxa,41 € Fxay, or
fxonto € Gronyy and lim, oo M (f2an, f2ont1,t) = 1,t > 0, we conclude that there
exist convergent subsequence { fZ2,, }pen OF { fT2,, 41 }pen, respectively, such that
lim fxo,, = x. 24)
p—o0
The last part of the proof is analogous as in Theorem 1, where instead of sequence
{frn}nen, we deal with subsequences { fz2,, }pen and { f22,, 41} pen. O

If in Theorems 1 and 2, we take that ' = G and that f is the identity mapping, we
get the following corollary.

Corollary 1. Let (X, M, T) be a complete fuzzy metric space, F : X — C(X), and one
of the following conditions is satisfied:
(a) F'is weakly demicompact mapping,
or
(b) (X, M, T) is strong fuzzy metric space and T is t-norm of H-type.
If there exist k : (0,00) — (0, 1) and altering distance function ¢ such that:

o(M(Faz, Fy,t)) <k(t) - o(M(z,y,1)), x,yeX,t>0, (25)
then there exists x € X such that x € Fx.

Moreover, if the mapping F' in Corollary 1 is single-valued we got the result in [30].

Example 1.

(@) Let X = [0,2],T = Tp, M(x,y,t) = t/(t + d(z,y)), where d is Euclidian
metric. Then (X, M,T) is a fuzzy metric space. Let F'(z) = {1,2}, z € X.
Since F' is weakly demicompact and condition (25) is satisfied, by Corollary 1(a)
follows that there exists z € X such that z € Fz.

(b) Let X = [0,2],T = Tpy, M*(z,y,t) = t/(t+d*(z,y)), where d* is ultrametric.
Ultrametric space is metric space, where instead of triangle inequality condition,
the following is satisfied: d*(z, z) < max{d*(x,y),d*(y, z)}. Then (X, M*,T)
is a strong fuzzy metric space [11]. For F'(z) = {1,2}, x € X, condition (25) is
satisfied and by Corollary 1(b) follows that there exists € X such that x € F'x.

http://www.mii.lt/NA



Fixed point results in fuzzy metric spaces 219

3.2 Multivalued strong {b,, }-fuzzy contraction

In this part, we present multivalued extension of results given in [6] using multivalued
strong {b,, }-fuzzy contraction.

Definition 9. Let (X, M, T') be a fuzzy metric space and {b,, },cy a sequence from (0, 1)
such that lim,,—,~ b,, = 1. The mapping F' : X — C(X) is a multivalued strong {b,, }-
fuzzy contraction if there exist ¢ € (0, 1) such that

M(z,y,t)>b, = M(Fz,Fy,qt)>bp1, z,y€X,t>0 neN. (26)
Theorem 3. Let (X, M, T) be a complete KM fuzzy metric space such that lim,_, oo M (x,
y,t) =1, z,y € X, sup, T(a,a) = 1. Let {b,} C (0,1) be a sequence such that
lim, 00 by = land F : X — C(X) be a multivalued strong {by, }-fuzzy contraction. If

t-norm T satisfies the following condition:

lim T, b; =1, Q27)

n— o0
then there exists x € X such that x € Fx.
Proof. Letxg,x; € X, where x1 € Fzy. By (27), for arbitrary € > 0, there exist ng € N
and ¢y > 0 such that

T2, bi>1—¢e and M(zg,x1,t0) > bp,- (28)

1=No

Then by condition (26), for some g € (0,1) and €9 > 0, we have

M(FQS(),FIhqto) > bn0+1 + €p. 29)
Keeping the same ¢( and using definition of Hausdorff metric, we can find o € Fz;

such that

M(Fzo, Fx1,qto) < M(x1,22,qto) + €o- (30)
By (26), (29) and (30) we obtain
M(z1,22,qto) > bpgy1 = M(F$17F332,q2t0) > bpgto-
Repeating the same procedure, we get
M (zk, Thi1,q"t0) > bngn, k€N 31

Lete > 0andt > 0. If we choose ky € N, kg > ng, such that ZZ’;,CO ¢ < t/to, then,
forevery l,r € N, r > 1, we have

M(zko-‘rl? Lho+1+r> t)

o0 ko+l+4+r—1
k k
2 M\ Zrg41, Thoti4rs o Z q | 2 M| Troti, Thotitrs to Z q

k=ko k=ko+I
2 T(T LT (M(a:ko_,_l, Tho41+1, toqk°+l), ce ),
——

(r—1)—times koltr—1
M (Zhgtt4r—1, Trg+i4r, tog™0 T 1)

>Too bi>1*€,

i=ng

Nonlinear Anal. Model. Control, 21(2):211-222
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where is used (28) and (31). So, {z,, }nen is a Cauchy sequence and, since (X, M, T) is
complete, there exist x € X so that
lim z, = x. (32)
n—oo
It is remain to prove that z € Fx. As Fa = Fz, it is enough to show that, for every
A€ (0,1) and t > 0, there exists r = r(t, \) € Fa such that M (x,r,t) > 1 — A.
Letty > 0 and A € (0,1). Since sup,; T'(a,a) = 1, there exist 6 = 6(A\) € (0,1)
such that

T(T(1-06,1-6),1-8)>1-A (33)
From lim,, .. b, = 1, for § defined in (33), there exist py € N such that
bp>1-6, p=po. (34)
By (32), for pg given above, it is possible to find ngy € N such that
t
M(J;n,x, ;) > by, >1-96, n=nyg, (35)
and
t
M(xn,:cnﬂ, ;) >bp, >1—0, n=ng. (36)

Now, by (26) there exist €* > 0 such that

—~ t
M(Fxn,Fx,q??) > bpo+1 +€5, 1 =ng.

For the same ¢* there exist r € F'x such that
to * = to *
M N oy +e* =M Fxn,Fx,qg > bpo+1 +€7,
i.e.

3 3
Finally, by (33), (35), (36) and (37) we get

t t t
M(I,’I’, tO) > T(T<M($axn7 30>7M(xn7xn+17 30>>7M(.’I}n+177', ;))

>1—),

t t
M(mn+17T7 0) > M<xn+17r7q0> > bpo+1 >1- 67 n = ng. (37)

which means z € F'z. O

4 Conclusion
In this paper we prove several fixed point and coincidence point results, which presented

fuzzy generalization of Nadler fixed point result using altering distance function, as well
as a multivalued generalizations of strong fuzzy {b,, }-contractions.
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