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Abstract. In this paper, we define the cyclic-Pre3i¢—Ciri¢ operators in metric-like spaces and prove
some fixed point results for such operators. Our results generalize that of S.B. Presi¢ [Sur une
classe d’inéquations aux différences finite et sur la convergence de certaines suites, Publications de
U'Institut Mathématique (N.S.), 5(19):75-78, 1965] and several later results. An example is given
which shows that the results proved herein are the proper generalizations of existing ones.
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1 Introduction

The celebrated Banach contraction principle is a fundamental piece in several branches of
functional analysis as well as in many applications. Due to its relevance, generalizations
of Banach'’s fixed point theorem have been studied by many authors.

Let (X,d) be a metric space, A and B are two nonempty closed subsets of X.
A mapping T : X — X is called a Banach contraction if the following condition is
satisfied:

d(Tz, Ty) < Md(x,y) (1)

for all pairs (z,y) € X x X, where A € [0, 1). Banach contraction principle states that
every Banach contraction on a complete metric space has a unique fixed point z* € X,
that is, Tx* = z*. An interesting generalization of Banach contraction principle was
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obtained by Kirk et al. [8]. They introduced the class of mappings 7 : AUB — AU B
satisfying the following conditions:

1. T(A) C Band T(B) C A,
2. d(Tx,Ty) < Ad(z,y) forallz € Aandy € B, where X € [0, 1).

They named such contractive conditions, cyclical contractive conditions. They also ob-
tained a unique fixed point of mappings satisfying cyclical contractive conditions. The
mappings satisfying the above conditions are called cyclic contractions. Indeed, the cyclic
contractions may not be a contraction on the whole space, that is, may not satisfy the
contractive condition (1) for all pairs (z,y) € X x X and need not be continuous.

The cyclic representation of a set was defined as follows:

Definition 1. (See [23].) Let X be a nonempty set, m a positive integer and f : X — X
be a mapping. Then X = J;~, A, is a cyclic representation of X with respect to f if:

1. A;,i=1,...,m, are non-empty subsets of X;
2. f(Al) - AQ) f(AQ) C A37 ey f(Amfl) C Ama f(Am) - Al-

Theorem 1. (See [8].) Let (X, d) be a complete metric space and let Ay, As, ..., Am
be nonempty closed subsets of X (also assume that A, 41 = Ai1). Suppose that f:
UL, A; — Ui~ A; is an operator such that:

1. f(Az) - Ai+1 foralli e {1, 2,... ,m};
2. There exists k € [0,1) such that
d(fx, fy) < kd(z,y)
forallxz € A;, y € Ajvr, 1 €{1,2,...,m}. Then f has exactly one fixed point.

Following [23] and [8], a number of fixed point theorems on cyclic contractions have
appeared (see, e.g., [1,5,6,11,13,17,18,19]). In the recent paper of Nashine et al. [12],
various types of cyclic contractions in the setting of partial metric spaces can be seen.

Remark 1. (See [23].) If X = [J;~, A, is a cyclic representation of X with respect to f,
then F(f) C (-, A;, where F([) is the set of all fixed points of f.

Let f : X* — X, where k is a positive integer. A point z € X is called a fixed point

of fifz = f(x,...,z). Consider the kth order nonlinear difference equation
Tn+k :f(xn:$n+17~~~vmn+kfl)7 n= ]-727"'7 (2)
with the initial values z1, ...,z € X.

Equation (2) can be studied by means of fixed point theory in view of the fact that
z € X is a solution of (2) if and only if z is a fixed point of the self-mapping F' : X — X
given by
F(z) = f(z,...,z) forallz € X.

One of the most important result in this direction is obtained by Presi¢ [20, 21]. Presié
proved the following theorem for the mappings defined on the product spaces.
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Theorem 2. Let (X, d) be a complete metric space, k a positive integer and f : X* — X
be a mapping satisfying

k
d(f(l‘h I, ... ,SU]C), f($2, T3y (Ek+1)) < Z aid(xi, xi+1) (3)
i=1
for every x1,x2,...,xk+1 € X, where oy, a, ..., qy are nonnegative constants such
that Zle o < 1. Then there exists a unique point x € X such that f(z,x,...,z) = x.
Moreover, if x1,xo, . ..,z are arbitrary points in X, then the sequence {x,,} generated
by
Tn+k = f(xn; Tn+1y--- 7xn+k71)7 (4)
is convergent and lim x,, = f(limz,, limx,, ..., limz,).

An operator satisfying (3) is called a Presi¢ type operator. Presi¢ type operators have
applications in solving the nonlinear difference equations and in the convergence of se-
quences, for example, see [3,7,20,21].

Inspired with the results in Theorem 2, Ciri¢ and Presi¢ [4] proved the following
theorem:

Theorem 3. Let (X, d) be a complete metric space, k a positive integer and f : X* — X
be a mapping satisfying the following contractive type condition:

d(f(acl,xg, cey X)), fza, 23, . ,xk+1)) < /\max{d(xi,xiﬂ): 1<:1< k}, (5)

where X € [0, 1) is constant and x1,xa, ..., xE41 are arbitrary points in X. Then there
exists a point x in X such that f(x,z,...,x) = x. Moreover, if T1,xo,...,T) are
arbitrary points in X and, forn € N, xp1p = f(Tn,Tni1y- s Tntk—1), then the
sequence {xy} is convergent and lim z,, = f(lim x,,,lim a,,, ..., lim x,,). If, in addition,

we suppose that on diagonal A C X*, d(f(u,u,...,u), f(v,v,...,v)) < d(u,v) holds
Joru,v € X with u # v, then x is unique fixed point satisfying x = f(z,x,..., ).

An operator satisfying (5) is called a Pre3i¢—Ciri¢ operator.

In the recent years, many authors generalize and extend the result of Presi¢ in different
directions, see, e.g., [4,14,15,16,24,25,26,27,29,30,31]. Very recently, Shukla and Abbas
[26] introduced the notion of cyclic-Presi¢ operators which turns into a generalization of
the concept of the cyclic contractions.

In [26], the notion of cyclic representation with respect to an operator f : X* — X
and cyclic-Presi¢ operator are defined as follows:

Definition 2. (See [26].) Let X be any nonempty set, k a positive integer, f : X LRSS
an operator and Ay, As, ..., A, be subsets of X. Then X = U:’;l A; is a cyclic repre-
sentation of X with respect to f if:

1. A;,i=1,2,...,m, are nonempty sets;
2. f(Al X A2 X oo X Ak) - Ak+1, f(A2 X Ag X oo X Ak+1) - Ak+2,...,
FlA x Ajpr X - x Ajgg—1) € Aiyg, ..., where A, j = Aj forall j € N.

Nonlinear Anal. Model. Control, 21(2):261-273
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If we take £ = 1, then the above definition reduces to well known cyclic representation
of set X with respect to an operator f : X — X.

Definition 3. (See [26].) Let A;, As,..., A, be subsets of a metric space (X,d),
k a positive integer, and Y = U:ll A;. An operator f : Y* — Y is called a cyclic-
Presi¢ operator if the following conditions are met:

1. Y =%, A, is a cyclic representation of Y with respect to f;

2. There exist nonnegative real numbers o, g, . . ., o such that Zle a; < 1 and

k
d(f(z1, 22, 2), f(22,23,. .., Tp11)) < Zaid(xz‘,ﬂﬂiﬂ) (6)
i=1

forall zy € A;, 20 € Aig1, ..., Thy1 € Ajpr, 9 =1,2,...,m, where Ay, =
Ajforall j € N.

If we take & = 1, then the above definition reduces to well known cyclic contraction,
therefore, the concept of cyclic-Presi¢ operator is more general than the cyclic contrac-
tions.

On the other hands, Matthews [9] introduced the notion of partial metric spaces with
an interesting property that the points in such spaces may have a nonzero self distance.
This notion is further generalized by Harandi [2] by introducing the notion of metric-
like spaces. In metric-like spaces, the assumption of smallest self distance of partial
metric spaces was removed and the triangular inequality of partial metric was replaced by
a weaker one. Further, Shukla et al. [28] introduced the notion of 0-o-complete metric-
like spaces and generalized the results of Harandi [2].

In this paper, we introduce the cyclic-Presi¢—Ciri¢ operators in metric-like spaces as
a generalization of earlier cyclic contraction condition on product spaces. We develop
some new fixed point results for such cyclic contraction mappings in 0-c-complete metric-
like spaces. Our results are the extensions or refinements of fixed point theorems of Kirk
et al. [8], Presi¢ [21], Ciri¢ and Presi¢ [4], Shukla and Fisher [27], Shukla and Abbas
[26] and several other known results of the literature. Examples are given to support the
usability of the results and to show that these extensions are proper.

2 Preliminaries

First, we recall some definitions and properties about the partial metric and metric-like
spaces.

Definition 4. (See [9].) A partial metric on a nonempty set X is a functionp : X x X —
R* (R stands for nonnegative reals) such that, for all z,7, z € X:

(P1) z =y & p(z,z) =p(z,y) = p(Y,y);
(P2) p(z,x) < p(z,y);

(P3) p(z,y) = p(y, z);

(P4) p(z,y) < p(x,2) + p(z,9) — p(z, 2).
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A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X.

It is clear that if p(z,y) = 0, then from (P1) and (P2) x = y. Butif z = y, p(x,y)
may not be 0. Also every metric space is a partial metric space with zero self distance.
Each partial metric on X generates a T topology 7, on X which has a base the family
of open p-balls {B,(z,¢): z € X, ¢ > 0}, where By(z,¢) = {y € X: p(z,y) <
p(z,z) + €} forall z € X and € > 0.

Let (X, p) be a partial metric space.

(i) A sequence {z,} in (X, p) converges to a point € X if and only if p(z,z) =

limy, 00 p(Th, X).

(ii) A sequence {x,} in (X, p) is called Cauchy sequence if there exists (and is finite)
1imy, 00 P(Tn, Tm)-

(iii) (X, p) is said to be complete if every Cauchy sequence {x,, } in X converges with
respect to 7, to a point z € X such that p(z, z) = lim,, 1 —c0 P(Tn, Tm ).

(iv) A sequence {z,} in (X,p) is called 0-Cauchy sequence if lim,, ,;,— 00 P(Tn,
Zm) = 0. The space (X, p) is said to be 0-complete if every 0-Cauchy sequence
in X is converges with respect to 7, to a point 2 € X such that p(z, ) = 0.

For more details on partial metric spaces, see [9,22].

Definition 5. (See [2].) A metric-like on a nonempty set X is a functiono : X x X — RT
such that, for all z,y, z € X:

o(z,y) = 0 implies = = y;

1.
2. o(x,y) = o(y, );
3. o(x,y) < o(z,2) + o(z,y).

A metric-like space is a pair (X, o) such that X is a nonempty set and o is a metric-
like on X. Note that a metric-like satisfies all the conditions of metric except that o (z, x)
may be positive for x € X. Each metric-like o on X generates a topology 7, on X whose
base is the family of open o-balls

B, (w,e) ={y € X: |o(x,y) — o(x,z)| <e} forallz € X ande > 0.

A sequence {x,} in X converges to a point € X if and only if lim,_,oc o (zp,2) =
o(z,x). Sequence {x,} is said to be o-Cauchy if lim,, ,,—o0 0 (s, Tp) exists and is
finite. The metric-like space (X, o) is called complete if, for each o-Cauchy sequence
{xn}, there exists z € X such that

nlggoo—(xnax) =o(z,2) = mylrrllrgooa(xnaxm)'

It is obvious that every metric space is partial metric space (for definition and properties
of partial metric spaces, see [9]) and every partial metric space is a metric-like space, but
the converse may not be true.

Nonlinear Anal. Model. Control, 21(2):261-273
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Example 1. (See [2].) Let X = {0,1} and 5 : X x X — R™T be defined by

(2.9) 2 fe=y=0;
o(z,y) = ‘
4 1 otherwise.

Then (X, o) is metric-like space, but it is neither a metric space nor a partial metric space.

Example 2. Let X =R*t,a>0,b>0and 0 : X x X — R* be defined by
o(xz,y) =alr+y)+b forallz,ye X.

Then (X, o) is metric-like space, but it is neither a metric space nor a partial metric space,
because, for x > 0, o(z,2) = 2ax +b>0and o(1,1) =2a +b > 0(1,0) = a +b.

Definition 6. (See [28].) Let (X, o) be a metric-like space. A sequence {z,} in X is
called 0-0-Cauchy sequence if lim,, ,,—s 00 0(Zs, ) = 0. The space (X, o) is said to be
0-o-complete if every 0-0-Cauchy sequence in X converges with respect to 7, to a point
x € X such that o(z,z) = 0.

Note that the limit of a convergent sequence in a metric like space (X, o) may not be
unique. A subset A C X is said to be closed if every limit of a convergent sequence in
Aisin A. It is obvious that every 0-c-Cauchy sequence is o-Cauchy sequence in (X, o)
and every o-complete metric-like space is 0-o-complete. Also, every O-complete partial
metric space (for details, see [28] and the references therein) is 0-o-complete metric-like
space. The following example shows that the converse assertions of these facts do not
hold.

Example 3. Let X = [0,00) NQand o : X x X — R* be defined by

(2.1) 2x if x = y;
oz, = .
Y max{xz,y} otherwise

for all z,y € X. Then (X, o) is a metric-like space. Note that (X, o) is not a partial
metric space as 0(1,1) = 2 £ ¢(1,0) = 1 (for details, see [21]). Now, it is easy to see
that (X, o) is a 0-o-complete metric-like space, while it is not a o-complete metric-like
space.

The following definition will be needed in the sequel and can be found in [26].

Definition 7. (See [21].) Let X be a nonempty set and Ay, Ao, ..., A,, be nonempty
subsets of X. A sequence {z,} in X is called m-cyclic sequence if:

1. There exists ¢ € {1,2,...,m} such that z; € A;;
2.z, € A; forsomen € N, i € {1,2,...,m}, implies that ,, 11 € A;;1, where
Apys = A; forall j € N.

Now we can state our main results.
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3 Cyclic-Presi¢-Ciri¢ operators in metric-like spaces

In this section, we will prove some fixed point theorems for self-mappings defined on
a 0-o-complete metric-like space and satisfying certain cyclic-PreS§i¢—Ciri¢ operator con-
dition. To achieve our goal, we introduce a new class of cyclic operators.

Definition 8. Let A, Ao, ..., A,, be nonempty subsets of a metric-like space (X, o),
k a positive integer and Y = J", 4;. An operator f : Y* — Y is called a cyclic-
Presi¢—Ciri¢ operator if:

1. Y =%, A, is a cyclic representation of Y with respect to f;
2. There exists A € [0, 1) such that

O'(f(l'l,l'g,...,xk),f(l'g,l'g,...,Zk-+1))
< Amax{o(z;, z41): 1 <i <k} (7)
forall z1 € A;, x5 € Ai+1,. ., Tyl € Ai+k, i=1,2,...,m, where Am+j =

Ajforall j € N.

To prove our main result, we need the following form of proposition of [26] in metric-
like spaces. The proof is similar to the metric case, therefore, we omit the proof.

Proposition 1. Let A1, As, ..., A, be closed subsets of a 0-c-complete metric-like space
(X,0). Suppose that {x,,} is an m-cyclic sequence in Y = J.*.| A;. If {x} converges
to some u € X, thenu € (i~ A;.

Our main result is the following:

Theorem 4. Let Ay, Ao, ..., Ay, be closed subsets of a 0-c-complete metric-like space
(X,0), k apositive integer, and Y = |J;" | A;. Let f : Y* — Y be a cyclic-Presi¢-Ciri¢
operator. Then (\;, A; # 0 and f has a fixed point u € (-, A; such that o(u,u) = 0.
Moreover, ifi € {1,2,...,m}and 1 € A;, x3 € Ajt1,..., x € Ajyp—1 be arbitrary
points, then the sequence {x,} defined by

Ttk = f(@Tn, Trng1y. ooy Tngk—1) foralln € N
is an m-cyclic sequence and converges to a fixed point of f.

Proof. Leti € {1,2,...,m} and z; € A;, x2 € Ajy1,..., T € A;yr—1, where
Apyj = Ajforall j € N. We define a sequence {z,, } in Y by

Ttk = [(@n, Tng1y. oy Tpyr—1) foralln € N,

AsY = [JiL, A; is a cyclic representation of ¥ with respect to f, so we have z,, €
Ajyn—1 forall n € N and so the sequence {x,,} is an m-cyclic sequence. Now we shall
show that the sequence {x,, } is a 0-o-Cauchy sequence.

For notational convenience, let ,, = o(x,,, T, 11). We shall prove by induction that

o < ™, ®

Nonlinear Anal. Model. Control, 21(2):261-273
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is true for each n € N, where § = A% and = max{c,/0,02/0%,...,0%/0%}.
By definition of p, (8) is obviously true for n € {1,2,...,k}. Suppose the following
k inequalities

0n+1

k—1
yeers Ondk—1 < M6n+

On g Men, Un—i—l < 1%

hold. Since z,, € A;4,—1 for all n € N, therefore, we obtain from (7) that

On+k = U($n+k, $n+k+1)

= O'(f(l‘n,l‘n.H, L] 7xn+k—1>7 f(xn+1>xn+2; L 7xn+k))
< )\max{a(a:m Tna1), 0(Tntt1, Tna2)s -« 0(Tpak—1, xn+k)}
= Amax{cn,0pni1,- - Ontk—1}

< Amax{u@”, po ,M9"+k_1}
= A\ud" (as 6= \Vk < 1)
_ ’uan-l-k_

Hence, by induction, (8) is true for each n € N.
Now for n, m € N with m > n, we obtain from (8) that

0(Zpy Tim) € 0(Tpy Tpg1) + 0(Tpg1, Tnt2) + -+ 0(Time1, Tm)
:O’n+o'n+1+.‘.+gm_1
< pd" + pf" "t gt
Spf"[1+0+6%+--]
="
As 0 < 1, we have lim,,, 00 0(Zn, Ty ) = 0. Hence, {z,,} is a 0-o-Cauchy sequence.
By 0-c-completeness of (X, o), there exists u € X such that

nhﬁn;o o(xp,u) = o }érgooa(xn,xm) =o(u,u) = 0. )
Thus, {z,} is an m-cyclic sequence in Y = [J;*, 4; Wthh converges to u € X.

Therefore, by Proposition 1, we have u € ﬂ 1 A and so ﬂ7 1 Ai # (. Now we shall
show that  is a fixed point of f.
For any n € N, we have

(f(u u, u)7u)

( (u,u,...,u),ang) + o (Tptk, u)
(f(u,u, cos )y f(@p, T, - ,xn+k_1)) + o (Tpak,u)
(f(u u,...,u),f(u,...,u,xn))
0( .,u,:cn),f(u,...,u,xn,anrl))
+ -+ J(f(u, Tpyo o ,anrk,g),f(xman,...,xn+k,1))

+ o(Tptk, u).
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Since u € (;~; A; and forevery n € N, thereexists i € {1,2,...,m} suchthatz, € 4;,
Tnt1 € Aitt, - os Tnyk—1 € Anyi—1, where Ay, ; = A; forall j € N. Therefore, we
obtain from (7) and previous inequality that
U(f(u,u,...,u),u)
< Amax{o(u,u),...,o(u,u),o(u,z,)}
+ Amax{o(u,u),...,0(u,u),0(Tn, Tni1),0(u, ,)}
+oo )\ID&X{O‘(’U,, xn)a U(ana anrl)a s 7U(xn+k72; $n+k71)}
+ O-(xn+kvu)7 (10)
that is,
a(f(u,u,...,u),u)
< Ao(u,z,) + Amax{on, o(u, z,)}
+ 4 )\max{o(u,wn),am A an+k,2} + o (Tptk, ). (11)

Using (9) and passing to the limitas n — oo in (11), we obtain that o ( f (u, u, ..., u),u) =
0, that is, f(u,u,...,u) = u. Hence, w is a fixed point of f. O

Next, we give a simple example which illustrate the above theorem and shows that the
above theorem is a proper generalization of the main results of Shukla and Fisher [27],
Ciri¢ and Presi¢ [4] and Shukla and Abbas [26].

Example 4. Let X = {0, 1,2} and define a metric-like o on X by:
o(z,y) =o(y,z) forallz,y € X,
0(0,00=0, o(0,1)=2,  (0,2) =4,
o(1,1)=1, o(1,2)=3, o(2,2) =2

Then (X, o) is a 0-o-complete metric-like space. For k = m = 2, let A; = {0,1}, A =
{0,1,2} and Y = A; U As. Then A;, Ay are nonempty, closed subsets of X. Define
f:X?— Xby:
f(z,y) = min{z,y} whenz #y,
£(0,0) =0, f(1,1) =0, f(2,2) =2.
Then f is not a Presi¢—Ciri¢ operator, neither in the usual metric space (X, |-|) nor in
the metric-like space (X, o). Indeed, at the points 1 = x5 = 1, 3 = 2, we have

|f(x1,22) — f(x2,z3)] = 1 and max{|x; — xa|, |xa — 23|} = 1. Therefore, there exists
no A € [0, 1) such that

|f(x1,x2) — f(xg,x3)| < /\max{|:cl — o, |xe — :Eg|}
So, f fails to be a Presi¢—Ciri¢ operator in usual metric space (X, |-|) and the result of

Ciri¢ and Presié¢ [4] is not applicable.
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At the points 1 = z3 = z3 = 2, we have o(f(z1,22), f(z2,23)) = 2 and
max{o(z1,x2),0(x2,x3)} = 2. Therefore, there exists no A € [0, 1) such that

o(f(z1,2), f(22,23)) < Amax{o(z1,32),0(z2,x3) }.

So, f fails to be a Presi¢—Ciri¢ type operator (therefore, fails to be a Presi¢ type operator)
in the metric-like space (X, o) and the result of Shukla and Fisher [26] is not applicable.

Also, f is not a cyclic-Presi¢ operator in the usual metric space (X, |-|). Indeed, at the
points z1 = x3 = 1, 3 = 0, we have | f(z1,22) — f(22,23)| = 1 and |21 — 22| = 0,
|za — 23] = 1. Therefore, there exist no nonnegative constants o, ay such that ay +
a9 < 1and

| f(z1,22) = f (@2, m3)| < cnlwy — @2 + aslzs — @3]

So, f fails to be a cyclic-Presié operator in the usual metric space (X, |-|) and the result
of Shukla and Abbas [26] is not applicable.

On the other hand, f(Al X AQ) = {O7 ].} - A1 and f(A2 X Al) = {0, ].} - AQ,
therefore, Y = |J!", A; is a cyclic representation of Y~ with respect to f. Now it is easy
to see that condition (7) is satisfied with A € [2/3, 1), therefore, f is a cyclic-Pre8i¢—
Ciri¢ operator. Thus all the conditions of Theorem 4 are satisfied and f has a fixed point
0 A1 NAy WlthCT(0,0) =0.

Remark 2. In the above example, the fixed point of f is not unique. Indeed, F(f) =
{0,2} ¢ A1 N Az and 2 ¢ Ay N As. Therefore, this example shows that the fixed point
of a cyclic-Preﬁié—Cirié operators in a metric-like space may not be unique and the fixed
point may not be in (-, A;. Also, ¢(2,2) = 2 # 0, therefore, if v € F(f), then we
may have o(v,v) # 0. While, the self distance of the fixed point of a Pre§ié operator in
a metric-like space is always zero (see Lemma 9 of [27]).

In Theorem 4, the self distance of fixed point u is zero, because u is the limits of a 0-o-
Cauchy sequence in a 0-c-complete metric-like space. The following remark is useful in
proving the uniqueness of fixed point of a cyclic-Presi¢—Ciri¢ operator and it shows that
if F(f) € Ni~, A;, then the self distance of any fixed point of a cyclic-Pregi¢-Ciri¢
operator on a metric-like spaces must be zero.

Remark 3. Let Ay, Ao, ..., A, be subsets of a metric-like space (X, o), k a positive
integer, and Y = |J/, A;. Let f : Y* — Y be a cyclic-Presi¢—Ciri¢ operator such that
F(f) CNi~, A;. Then, for every v € F(f), we have (v, v) = 0.

Proof. Letv € F(f)and o(v,v) > 0. As F(f) C (i, A;, we obtain from (7) that

o(v,v) = o(f(v,v, o), f(v, v, 71)))
< Amax{o(v,v),0(v,v),...,0(v,v)}
= Ao(v,v) < o(v,v).

This contradiction shows that o (v, v) = 0. O
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Next theorem provides some sufficient conditions for the uniqueness of fixed point of
cyclic-Presi¢—Ciri¢ operators.

Theorem 5. Let A1, As, ..., Ay, be closed subsets of a 0-c-complete metric-like space
(X, 0), k apositive integer, and Y = -, A;. Let f : Y* — Y bea cyclic-Presic—Ciri¢
operator. Then ;- A; # 0 and f has a fixed point u € (-, A; such that o(u,u) = 0.
If, in addition, the following conditions are satisfied:

(A) F(f) CMit, Ais
(B) one of the following conditions is satisfied:

(B1) on the diagonal A C (-, A)F,
o(f(z,....2), f(y,...,y)) <o(z,y)

holds for all x,y € (i~ A; withx # y, or
(B2) in condition (7), the constant A € (0,1/k).

Then the fixed point of f is unique.

Proof. The existence of a fixed point u € ()i-; A; with o(u,u) = 0 follows from
Theorem 4. Suppose F(f) C (-, 4; and the condition (B1) is satisfied. Suppose
v e F(f) withu # v. Asu,v € [/~ A;, we have

o(u,v) =o(f(u,...,u), f(v,...,v)) < o(u,v).

This contradiction shows that the fixed point of f is unique.
Now suppose F(f) C (i~, A; and condition (B2) is satisfied. Suppose v € F(f)
with u # v, then by Remark 3 we have o (v, v) = 0. Therefore, it follows from (7) that

O’(’LL,'U)ZU(f(’U,7U,...7U),f( ,v))
<o(f(u7u,... w), f(u, u,v))+o(f( ),f(u,...,u,v,v))
4+ o(f(u,v ) v,v,...,0))

< Amax{o(u u) (
+ /\max{a u,u), . ,U(u, u),cr(u,v), o(v,v)}
+ -+ 4+ Amax{o(u,v),0(v,v),...,0(v,v)}

< )\max{O, .., 0 U(um)} + )\max{O, .o, 0,0(u,v), O}
+ -+ Amax{co(u,v),0,...,0}

= kAo (u,v)

< o(u,v) (as A E (0, ;))

This contradiction shows that o(u,v) = 0, that is, v = v. Thus, the fixed point of f is
unique. O
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