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Abstract. The aim of this paper is to introduce generalized F»-Geraghty type fuzzy mappings
on a metric space for establishing the existence of fuzzy fixed points of such mappings. As an
application of our result, we obtain the existence of common fuzzy fixed point for a generalized
F5-Geraghty type fuzzy hybrid pair. These results unify, generalize and complement various known
comparable results in the literature. An example and an application to theoretical computer science
are presented to support the theory proved herein. Also, to suggest further research on fuzzy
mappings, a Feng—Liu type theorem is proved.
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1 Introduction and preliminaries

Banach contraction principle [4] is constructive in nature and is one of the most useful
tools in the study of nonlinear equations. Because of its simplicity and usefulness, many
authors were motivated to extend and generalize this principle. One of the most interesting
generalizations of Banach contraction principle was given by Geraghty [8]. Extensions of
Geraghty result for multivalued mappings have also been obtained in different directions
[9, 10, 19], which in turn generalize a well-known Nadler’s fixed point theorem [15],
a multivalued version of Banach contraction principle. Recently, Wardowski [21] intro-
duced the concept of F'-contraction and obtained a fixed point result as a generalization
of Banach contraction principle; for more details in this direction, we refer to [21,22].
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On the other hand, mathematical models have been used extensively in real world
problems related to engineering, computer sciences, economics, social, natural and medi-
cal sciences. Because of various uncertainties arising in real world situations, some times,
methods of classical mathematics may not be successfully applied to solve them. In fact,
fuzzy set theory has been evolved in mathematics as an important tool (initiated by Zadeh
[23]) to solve the issues of uncertainty and ambiguity. Heilpern [12] initiated the concept
of fuzzy mappings on a metric space and proved a fixed point theorem as a generalization
of Nadler’s theorem [15]. Abu-Donia [1] studied the Hausdorff metric between fuzzy
subsets via its correspondence between classical sets and obtained common fixed point
theorems for fuzzy mappings, see also [13]. For instance, the concept of fixed point of
a fuzzy mapping has a great deal in the Theory of noncooperative N -persons fuzzy games,
see [5]; then the reader interested in fixed point results of fuzzy mappings is referred
to [1,3,6,18,20].

In this paper, we introduce a new class of generalized F>-Geraghty type fuzzy map-
pings by combining the concepts of F'-contraction and Geraghty type contraction. We
establish the existence of fuzzy fixed point of such mappings, employing the concept of
Pompeiu—Hausdorff distance between a-level sets of fuzzy mappings, useful in construct-
ing Hausdorff dimensions for fuzzy spaces. As an application, coincidence fuzzy point
and common fuzzy fixed point of hybrid pair of a single valued self-mapping and a fuzzy
mapping are obtained. These results extend and strengthen various known results in [6, 8,
12,15,21,22]. We also provide an example to illustrate our results and an application to
theoretical computer science. Moreover, to suggest further research on fuzzy mappings,
a Feng—Liu type theorem is given; in fact, without using the concept of the Pompeiu—
Hausdorff distance, Feng and Liu [7] proved an interesting generalization of Nadler’s
theorem [15].

In the sequel, the letters R, R™ and N will denote the set of all real numbers, the set
of all nonnegative real numbers and the set of all positive integer numbers, respectively.

The following definitions and results will be considered in establishing our results.

Let X be a space of points with generic element of X denoted by = and I = [0, 1].
A fuzzy set A in X is characterized by a membership function A : X — [ such that each
element z € X is associated with a real number A(z) € [0, 1]. Let IX be a collection of
all fuzzy subsets of X.

Let (X, d) be a metric space and A a fuzzy setin X. If & € (0, 1], then the a-level set
A, of Ais defined as

Ay ={z: A(z) 2 a}.

For a = 0, we have Ay = {x € X: A(x) > 0}, where B denotes the closure of a set B
in (X, d). A fuzzy set A is said to be more accurate than fuzzy set B, denoted by A C B
if and only if A(z) < B(x) for each z in X. It is obvious that if 0 < o < 8 < 1, then
Ap C A,. Corresponding to each o € [0,1] and x € X, the fuzzy point z, of X is
a fuzzy set z, : X — [0, 1] given by

a ify=uz,
xa<y>—{ Y

0 otherwise.
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For @ = 1, we have the following indicator function of {x}:

1 ify=uz,
$1(y)={

0 otherwise.

Define
Wa(X) = {A € I'": A, is nonempty and compact}.

For A, B € W, (X) and « € [0, 1], let

pa(A, B) = inf{d(x,y), €Ay, yE Ba},

D.(A,B) = max{ seuj) d(x, Ba), Sequ d(y,Aa)},
z a Yy e

D(A,B) =sup D, (A, B).

Note that p,, is a nondecreasing mapping of « and D,, a metric on W, (X). Let Y be
an arbitrary subset in (X, d). A mapping R : Y — W, (X) is called a fuzzy mapping
over the set Y, that is, a mapping which associates with each y in Y the fuzzy set R, €
Wo(X). As afuzzy set, R, in X is characterized by a membership function R, : X —
[0,1], so R, () is a membership of x in R,. Thus, a fuzzy mapping R over Y is a fuzzy
subset of Y x X having membership function R, (z) = R(y, z).

In a more general sense than that given in [12], a mapping R : X — IX is a fuzzy
mapping over X (see [18]). Notice that the a-level set of a fuzzy mapping R over X is
given by

(Ro)a ={y € X: Ry(y) = a}.

Set K(X) = {u € I’*: i € CB(X)}, where CB(X) is the set of all closed and bounded
subsets of X, i = {z € X: pu(z) = maxyex pu(y)} and A : K(X) — CB(X), where
A(u) = fi. Abu-Donia [1] considers the fuzzy mapping R : X — K(X) instead of
R : X — IX. Denote the composition A o R by R. Thus,

R(z) = {y € X: R,(y) = maXRx(z)}.

zeX

For a € (0,1], a <max.ex R.(z) implies that R(2)C (Ry)a. If a>max,cx Ry(2)=w
(say), then (R;)a C R(z) = (Ry)w = {y € X: Ry(y) > w}. Hence, the approximation
R(x) of the fuzzy set R, in the sense of Abu-Donia [1] corresponds to some a-level set.

Definition 1. (See [6].) A fuzzy point z, in X is called a fuzzy fixed point of fuzzy
mapping R if x, C Ry, thatis, R,(x) > aor z € (R;)s. Hence, the fixed degree of x
in R, is at least a.. If {} C R, then z is a fixed point of the fuzzy mapping R.

Ali and Abbas [2] gave the following definitions.
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Definition 2. (See [2].) Let R : X — W, (X) be a fuzzy mapping and g : X — X
a self-mapping. A fuzzy point x,, in X is called:
(i) coincidence fuzzy point of hybrid pair (g, R) if (g9x)o C Ry, thatis, R, (gz) > «
or gr € (R;)q (the fixed degree of gz in R, is at least «);
(if) common fuzzy fixed point of the hybrid pair (g, R) if z, = (g9x)a C Ry, that
is, z = gx € (R;). (the fixed degree of x and gz in R, is the same and is at
least ).

The sets of all fuzzy fixed points, coincidence fuzzy points and common fuzzy fixed
points of the hybrid pair (g, R) are denoted by F*(R), C, (R, g) and Fi*(R, g), respec-
tively.

Definition 3. (See [2].) Let R : X — W,(X) be a fuzzy mapping and g : X — X
a self-mapping. Then:
(i) the hybrid pair (g, R) is called w-fuzzy compatible if g(R;)o C (Rgz)a, When-
ever z € Cy (R, g);
(i) a mapping g is called R-fuzzy weakly commuting at some point z € X if g%z €
(Ryz)a-

Lemma 1. (See [11].) Let X be a nonempty set and g : X — X. Then there exists
a subset E C X such that g(F) = g(X) and g : E — X is one to one.

Lemma 2. (See [12].) Let (X, d) be a metric space, x,y € X and A, B € W, (X). The
following hold:

l. Ifpa(z,A) =0, then x,, C A;
2. pa(z, A) < d(z, )+ pa(y, A);
3. Ifxg C A thenp,(x,B) < Do(A, B).
Theorem 1. (See [6].) Let (X,d) be a complete metric space and R a fuzzy mapping

from X to Wo(X), where o € (0,1). If Do(Ry, Ry) < qd(z,y) for each z,y € X,
where q € (0,1); then there exists x € X such that ., is a fuzzy fixed point.

Lemma 3. (See [14].) Let (X, d) be a complete metric space and R a fuzzy mapping
from X to W, (X) and xg € X. Then there exists x1 € X such that {x1} C Ry,.

Set S = {¢: Rt — [0,1): ¢, — 0 whenever t(t,,) — 1}. Consider

e 3t ift>0 1/(t+1) ift>0
t) = ’ d t) = ?
i®) {0 irr—q 4 velt) {0 ift =0,

then 11,5 € S, and hence, S # ().
Geraghty [8] proved the following result.

Theorem 2. Let (X, d) be a complete metric space and T : X — X. If there exists ) € S
such that d(Tz, Ty) < ¢¥(d(z,y))d(z,y) holds for all x,y € X; then T has a unique
fixed point z € X and for each x € X, the sequence {T"™x} converges to z.
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Consider the following conditions for a mapping F : (0,4+00) — R:

(C1) F is strictly increasing, that is, for all o, 5 € (0, +00), @ < 8 implies F(a) <
F(B);
(C2) There exists k € (0,1) such that lim,_,o+ o*F(a) = 0;
(C3) For every sequence {a, }nen of positive numbers, lim,, o o, = 0 if and
only if lim,,—, 1 oo F(at,) = —00.
Let
Fo = {Fy: F; satisfies conditions (C1) and (C2)},
F 5 = {Fj3: Fj satisfies conditions (C1), (C2) and (C3)}.

Wardowski [21] introduced the concept of F'-contraction as follows.

Definition 4. (See [21].) Let (X, d) be a metric space. A mapping T : X — X is said to
be an F'-contraction on X if there exists 7 > 0 such that

d(Tz,Ty) >0 = 71+ F(d(Tz,Ty)) < F(d(z,y))
forall x,y € X, where F' € F 3.

From now onwards, we shall call it F3-contraction instead of F'-contraction. Note that
F’3-contraction is continuous, see [21].

Wardowski [21] proved the following result as a generalization of Banach contraction
principle.

Theorem 3. (See [21].) Let (X,d) be a complete metric space and T : X — X an
Fs-contraction. Then T’ has a unique fixed point x* € X and, for every vy € X, the
sequence {T"xo}nen converges to x*.

Now, we introduce generalized Geraghty type fuzzy mapping over a metric space
(X, d).

Definition 5. Let (X, d) be a metric space. A fuzzy mapping R : X — W, (X) is said to
be generalized F;-Geraghty type fuzzy mapping if there exist 7 > 0 and ¢ € S such that

Dy(Rs, Ry) >0
— 7+ F;(Duo(Rs, Ry)) < Fi(v(ME(z,y)) NE(z,y)) ()

holds for all z,y € X, where F; € F; fori € {2,3} and

a(Z, By) + paly, Ry
ME(z,y) = max{d(ir,y),pa(x,Rac),pa(vay), pa(z, Ry) - Pa (Y )}’

N, y) = max{d(z,y), pa(®, Ra), pa(y, Ry) }.
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Definition 6. Let (X,d) be a metric space, R : X — W,(X) a fuzzy mapping and
g: X — X. A pair (g, R) is called generalized F;-Geraghty type fuzzy hybrid pair if
there exist 7 > 0 and ¢ € S such that

D.(R;,Ry) >0
— 7+ Fi(Do(Ry, Ry)) < Fi((MZT(2,y)) N2 (2, y)) )

holds for all z,y € X, where F; € F; fori € {2,3} and

Pa(gz, Ry) +p R
M(Z’R(Ly)=maX{d(gaxgy),pa(gw,Rm),pa(gy,Ry), alg y)2 a9y “)}7

NP (z,y) = max{d(gz, gy), pa (97, Rz), Palgy, Ry) }-

2 Fuzzy fixed points of F5-Geraghty type fuzzy mappings

First, we prove a fuzzy fixed point result for generalized F5-Geraghty type fuzzy map-
pings on a complete metric space.

Theorem 4. Let (X, d) be a complete metric space and R : X — W, (X) a generalized
F>-Geraghty type fuzzy mapping. Then there exists a point © € X such that x, C R,
that is, Fi*(R) is nonempty.

Proof. Let ug be a given point in X. As R,, € W,(X), we can choose u1 € (Ry,)a
such that d(ug, u1) = pa(to, Ru,). If ug = uq, then ug = u; € (Ry, ) and the result
follows trivially. Suppose that ug # uy; since R,,, € W, (X), there exists us € (Ry, )a
such that

d(u17 UQ) = pa(ula Ru1) < D(X(Ruov Rul)
If u; = g, then u; = ug € (Ry, ) and the proof is finished. Suppose u; # us, then
Do (Ryy, Ry, ) > 0. This further implies
F2 (d(ul,ug))
< F2(Da(Ruys Ruy)) < FQ(T/)(Mf(Uo,U1))N5(u0,u1)) -7

aU,Rul +au,Ru
<Fz(¢<max{d(uo7m),pa(uo,Ruo),pa(ul7Rul)7P (uo )2p (u1 0)})

X max{d(uo, ul),pa(umRug)vpa(ul’ Ru1)}> -7
d(ug,ug)+d(uy,ur) })

< F2(¢(max{d(uo7u1)7d(uo7u1)7d(ul7u2)7 5

X max{d(uo,ul), d(uo,u1), d(u1, “2)}> -7

< Fo (¢ (max{d(uo, u1), d(u1, u2) }) max{d(uo, u1), d(ur,u2)}) — 7.
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Suppose that d(u1, us) £ d(ug, u1). Then we obtain
5 (d(ul, U2)> < Fy (w (d(ul, uQ))d(ul, ug)) —-T.
Thus, since ¢ € .S, we have
Fy(d(uy,u2)) < Fa(d(ui,uz)) — 7,
which implies 7 < 0, a contradiction. Hence, d(u1,us) < d(ug,u1) and so
Fy (d(ul, uz)) < F (w (d(uo, ul))d(uo, ul)) —-T.

Continuing this way, we can obtain a sequence {u,} in X such that u, € (Ru,_,)as
Unt1 € (Ry, )o and also

d(una Un+1) = Pa (un7 Run) < Dq (Run—l ) Run)

Now u,, = 1 gives that u, = upt1 € (R, )a; hence, the result follows. Suppose
that u,, # u,1 foralln € N, then Dy (R, _,, Ry, ) > 0. Thus, we have

F2 (d(unyunJrl))
< F2 (Da(Run_laRun)) < F2 (w(Mf(un—hun))Nf(un—lvun)) -7

< F <7/) (max{d(unlaun)»pa(unl» Run71)apoz(un7 Run)y

pa(un—la Run) +pa(un,Run_1) })
2

X maX{d(un—ly Un ), Pa(Un—1, Run71)apo¢(um Run)}> -7

< F2 (w (max{d(un—17 un)) d(un—la un)) d(una un-i—l)a

d(tn_1, un+12) + d(un, up) })

X max{d(unq, Un), d(unfla Un)» d(um unJrl)}) -7
< Fo (¢ (max{d(un—1,un), d(tn, uns1) }) max{d(up—1,un), d(tn, uni1) }) -

We claim that
A(tp, Unt1) < d(Up—1,Un) 3)

holds for each n € N. If not, then from (3) we get

Fy (d(unov uno-l-l)) Fy (¢ (d(ung , u7lg+1))d(un07 Un0+1)) - T

5 (d(uno, uno—H)) -7

NN
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for some ng € N, which leads to the contradiction 7 < 0. Therefore, we write

Fy(pins1) < Fa(¢(ptn)pin) —

where 1, = d(un,u,+1) and, since 7 > 0, then we have Fo(unt1) < Fo((pn)tin)-
Also, since F3 is strictly increasing and ¢ € S, it follows that

Png1 < U(pon) e < fins 4)

that is, {pt,,+1} is a decreasing sequence of nonnegative real numbers, which is bounded
below by 0; hence, lim,, , { oo ftny1 = A > 0 for some A € R*. Suppose that A > 0. On
taking limit as n tends to +o0o on both sides of (4), we have

< i <
A< lim (A <A

which implies that
1< lim ¢(pn) <1,

n—-+oo

that is, lim,,, 4 0% (n ) = 1. Then by definition of 1) € S, it follows that lim,,_, 4 o ttn, =0,
a contradiction, and hence,

lim p, =0. (5

n—-4o0o

From (C2) there exists k& € (0, 1) such that
ngrfwu Fy(pn) = 0. (6)

Now, we have

Fy(pin) < F(V(ptin—1)pin—1) = 7 < Fa(pin—1) =7 < -+
< Fa (¢(po) o) — n.
It follows that

i o () — i Fa (1 (p10) o)
< iy (Fa (v(po)po) — n7) — py Fo (¥(po)po) < —nrpy < 0. )

On taking limit as n tends to +o0o on both sides of (7) and using (5) and (6), we have
lim,, s y oo ¥ = 0. Consequently, there exists n; € N such that nu? < 1foralln > ny,
and hence, we have

1
—— foralln > ny.
,un<n1/k = It]
For m € N with m > n, we write

d(unaum) < d(unaunJrl) + d(un+1aun+2) +-- d(umf%umfl) + d(umfhum)
1 1 1
nl/k (n+ )1/k o (m — 2)1/k + (m — 1)1/k
[eS)
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Using the convergence of the series Z;;OZ §71/F, we get that {u, } is a Cauchy sequence

in X. Next, since (X, d) is complete, we have lim,,_, o d(uy, z) = 0 for some z € X.
Now, we show that z, C R, ; note that

lim p,(un, R.) = lim d(un, (Rz)a) = palz, R.).

n—-+oo n—-+oo

Clearly, if p,(z, R.) = 0, then by Lemma 2 we have z, C R., thatis, z € (Rz),. On
the contrary if p,(z, R,) # 0, then there exist g > 0 and N € N such that, for every
n € Nwithn > N, one has p,(un, R.) > €9 > 0. Thus,

F2 (pa(un+17Rz))
< Fy(Do(Ry,, R.)) < Fo(Y(ME(up, 2)) N (un, 2)) — 7

< P (mx{ dlum, 2.l ) (e, ), P el ) )

X max{d(un,z),d(un,un+1),pa(z,Rz)}> —T.
Then, by definition of F5, it follows that
Pa(Unt1, R2)
< ¢<maux{d(un7 2), d(Un, Unt1),Pa(z, R2),

X rnax{d(un7 2), d(Un, Unt1), P2, Rz)}.

Pa(un, R) ;rpa(zaRun)D

On taking limit as n tends to +oc in the previous inequality, we have

Pa(z R:) < _lim ¢ (Mg (un, R.))pa(z, Rz),

n—-+00
which implies that
lim MZE(u,, R.) = pa(z,R.) =0

n—-4o0o
and by Lemma 2, we have z,, C R,. O

Next, we give a corollary.

Corollary 1. Let (X,d) be a complete metric space and R : X — W, (X) a fuzzy
mapping. Suppose that there exist 7 > 0 and 1 € S such that

7+ By (Da(Re, Ry)) < Fo (M (2,y))d(2,y))
forall v,y € X, where Fy € F 5. Then F*(R) is nonempty.

Using the same techniques as in the proof of Theorem 4, one can prove the following
results.
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Theorem 5. Let (X, d) be a complete metric space and R : X — Wo(X) a fuzzy map-
ping. Suppose that there exist T > 0 and 1) € S such that

7+ Fa(Da(Ra, Ry)) < Fo((NJ(2,9)) N2 (2,9))
forall v,y € X, where Fy € F 5. Then Fi*(R) is nonempty.

Theorem 6. Let (X, d) be a complete metric space and R : X — W, (X) a fuzzy map-
ping. Suppose that there exist T > 0 and 1) € S such that

7+ F3 (Do (R, Ry)) < F2(¢(d(z,y))d(z,y)) ®)
forall v,y € X, where Fy € F 5. Then Fi*(R) is nonempty.

Remark 1. Let (X, d) be a complete metric space and R : X — W, (X) a fuzzy map-
ping. Let ¢ € S and Fy(«) = In(a); clearly F» € F 5. Then (8) becomes

T+ ln(Da(Rm, Ry)) < 1n(1/)(d(x,y))d(m,y)),
which further implies that
Do(Ry, Ry) < e T (d(z,y))d(z,y)
for all z,y € X. Hence, Theorem 6 generalizes Theorem 2.
Now, we give an illustrative example.
Example 1. Let X = {0,1,2} andd : X x X — R™ be the metric defined by
d(0,0) =d(1,1) =d(2,2) =0, d(0,2) = d(2,0) = 6,
d(0,1) = d(0,1) = 10, d(1,2) =d(2,1) = 16.

Let o € (0,1/3), Fo(a) = In(a), ¢(t) = e t/50 if t > 0 and )(0) = 0. Clearly, 1) € S
and F; € F 5. Define a fuzzy mapping R : X — W, (X) by

20 ifx =0, 3a  ifx =0,
(Ro)(z) =<0 ifx=1, (R)(z)=qa/5b ifz=1,
a/d ifx =2, 0 if x = 2,
a/3 ifzx =0,
(R2)(z) =X « ife =1,
a/d ifz=2.

Then (Ro)o = (R1)a = {0}, (R2)a = {1}. Note that, for z,y € {0,1}, we have
D (R, R,) = 0. On the other hand, we get

Do (Ry, R2) = Do(Ro, R2) = d(0,1) = 10.

Nonlinear Anal. Model. Control, 21(2):274-292
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For z = 0 and y = 2, we write

MZF(0,2) = max{d(o, 2), pa(0, Ro), pa(2, Ro), Pa(0, R2) +pa(2,R0)}

2

 max{ 0,2), 00,0, a2, 1), 10 A0

max{6,0, 16,8} = 16,
NE(0,2) = max{6,0,16} = 16.

Also, for z = 1 and y = 2, we get

M (1,2) = maX{d(la2)apa(1,R1),pa(2,R2)7 Pa(l, Rs) ;pa@,Rl)}

= maX{d(L 2),d(1,0),d(2,1), W}

= max{16, 10, 16, 3} = 16,
NE(1,2) = max{16,10,16} = 16.
Finally, for x € {0, 1}, we write
In (¢ (ME(z,2)) NE(2,2)) — In(Da(Ry, R2))
= In(16e1%/%%) — In(10) ~ 0.150004.
Hence, there exists 7 = 0.15 such that the condition
T+ In(Da(Re, Ry)) < (¢ (ME(z,y))NE(2,))

holds true for all z,y € X with D, (R, R,) > 0. Thus, all the conditions of Theorem 4
are satisfied. Moreover, = 0 is the fuzzy fixed point of the fuzzy mapping R. Indeed,
for x = 0, we have z,, C R, as (Ry)(0) > «, thatis, 0 € (Rp)q.-

Remark 2. Note that in Example 1 above, we get
D,(Ro,R2) =d(0,1) =10 and d(0,2) =6.
Consequently, for any choice of ¢ € (0,1) and ¢ € S, we have

.Doé(R()7 Rg) 7( qd(O, 2)
and

Da(R07 RZ) 7<\ ¢(d(07 2))d(07 2)

Hence, Theorems 1 and 2 do not hold in this case. Thus, Theorem 4 is a proper general-
ization of the results in [6, 8,12, 15].

Also we note that Theorem 4 generalizes the main results in [18,20,21,22].
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Remark 3. Let T : X — CC(X) (set of all compact subsets of X) be a multivalued
mapping and, for all z € X, define the fuzzy mapping R : X — W, (X) by

Rulz) = {a if z € T:v,
0 otherwise
for each x € X. Note that
(Rp)a = {2 Ry(2) > a} =Tua.

In view of Remark 3, by using the usual Pompeiu—Hausdorff distance of sets, say H,
one can easily prove the following result.

Theorem 7. Let (X, d) be a complete metric space and T : X — CC(X) a multivalued
mapping. Assume that there exist T > 0 and v € S such that

H(Tz,Ty) >0 = 7+ F(H(Tz,Ty)) < F(¢(M(z,y))N(z,y)),

where

Ma,y) = max{dte. ), o, Ta) . 7). DTS

N(z,y) = max{d(x, y),d(x, Tx),d(y, Ty)}

d(z,Ty) +d(y, Tx) }

and Fy € [ 5. Then T has a fixed point; that is, there exists z € X such that z € Tz.

3 Complementary results and application

3.1 Coincidence and common fixed points

As an immediate consequence of Theorem 4, we obtain the following common fuzzy
fixed point result for F»-Geraghty type fuzzy hybrid pair (g, R). Denote (R(X))s :=
U.’c ex (RI)OL'

Theorem 8. Let (X, d) be a complete metric space and (g, R) a generalized F-Geraghty
type fuzzy hybrid pair. Then Co (R, g) # 0, provided that (R(X)) C g(X) for each .
Moreover, R and g have a common fuzzy fixed point if any of the following conditions
holds:
(i) R and g are w-fuzzy compatible, lim,,_, 1 oo g™ = u for some © € Cy (R, g) and
u € X, and g is continuous at u;
(ii) g is R-fuzzy weakly commuting for some x € Cy (R, g), and g*°x = gz;
(iii) g is continuous at x for some x € Cy(R,g), and, for some u € X, we have
lim, 400 g"u = 2.

Proof. By Lemma 1, there exists £ C X such that g : £ — X is one to one and g(E) =
9(X). Define a mapping A : g(E) — W, (X) by

Agx = R, forall gz € g(E).
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As g is one to one on F, so A is well defined. Therefore, (2) becomes
T+ Fy(Da(Agz, Agy))
= F2 (Da(Rxa Ry)) < F2 (w(M[;LR((Ev y)Ng’R(% y)))
=Iy <1/J (maX{d(gx, 9Y), Pa(9z, Ry), pa(gy, Ry),

Pa(gr, Ry) ;pa(gy,Rz) })

x max{d(gz, gy), pa (g2, Rx),pa(gy,Ry)})

=F (w <maX{d(g:v, 9Y), Pa (92, Ag), Do (9Y, Agy),

Pa (92, Agy) + palgy, Agx) })
2

X max{d(gq;, 9Y)s P (92, Agz), Do (9y, Agy) })
= By (¢ (M, y) N\ (2, )

for all gx, gy € ¢(F) such that D, (Agzx, Agy) > 0. Thus, A satisfies (1) and all the
other conditions of Theorem 4. By an application of Theorem 4 to mapping A4, it follows
that A has a fuzzy fixed point u € g(FE).

Now we show that R and ¢ have a coincidence fuzzy point. Since A has a fuzzy fixed
point u,, C Au, then we have u € (Au),. Since (R(X))q C g(X), there exists u; € X
such that gu; = u, and hence,

qui € (Agul)a = (Rul)m

thatis, u; € X is a coincidence fuzzy point of R and g. Now, we distinguish the following
three cases:

If (i) holds; then for some x € C, (R, g), we have lim,,_, 1 oo ¢"x = u, where u € X.
Since g is continuous at u, so u is a fixed point of g, that is © = gu. As R and g are
w-fuzzy compatible and & € Co (R, g), then g(gz) € (Rgs)a, that is, gr € Co(R, g).
By iterating this process, we deduce that g"x € C, (R, g) for all n > 1, and hence,

gtz € R(g"_lx)a
for all n > 1. We show that gu € (R,,),.. Note that p,(¢"x, R,,) = d(¢"x, (Ry)a), then
the continuity of d ensures that
. n _
nEI—&I-loopa (g z, Ru) = Pa(U, Ru)
If po (u, Ry) = 0, then by Lemma 2 we have u = gu € (Ry), and so u is a fuzzy fixed
point. If p, (u, R,) > 0, then there exist &g > 0 and N € N such that, for every n € N

http://www.mii.lt/NA



Fuzzy fixed points of generalized Fa-Geraghty type fuzzy mappings 287

with n > N, we have p, (9™, R,,) > &9 > 0. This implies that

Fy(pa (9", Ru))
< Fy(Da(R(g"'2), Ry)) — 7

<Fh (1/1 (maX{d(g”x, gu),pa (9", Rg" '), pa(gu, Ry),

pa(gu, Rg"'x) + pa (9", Ry,) })
2

X max{d(g”x,gu),pa (g"a:,Rgn_la?),pa(gu, Ru)}) -7

<F (1p (max{d(g”x, gu) , d(g"a:, g"’m) ,d(gu, Ry,),

d(gu, g"x) +2pa (9"z, Ry) })

X max{d(g”x,gu),d(g”x,g"z),pa(gu, Ru)}) -T

foralln > N. Since F5 is strictly increasing, then we get

(gu, g"x) +2pa(g"w, Ry,) })

Pa (g"m, Ru) < z/1<max{d(g"x,gu),0, d(gu, R,,), d
X max{d(g”x,gu),O,pa(gu,Ru)}.

On taking limit as n tends to +o00, we have
< . g,R( n—1
pa(guvRu) < ngr}»looz/}(Ma (g $7U))Pa(9U7Ru)7

which implies
1< lim w(Mg’R(g"_lx,u)) <L

n—4oo

Since ¥ € S, then

ngrfoo Mg’R(gnflx, u) = palgu, Ry) =0,
which is a contradiction. Thus, u = gu € (R, ), and hence, u,, is a common fuzzy fixed
point of R and g.
Suppose that (ii) holds; that is, for some = € C (R, g), g is R-fuzzy weakly commut-
ing and g%z = gz, then
97 = ¢°z € (Ryz)a-

Hence, (gz),, is a common fuzzy fixed point of R and g.

Finally, suppose that (iii) holds; that is, for some z € C,, (R, g) and for some u € X,
lim,, 4+ g"u = x. By the continuity of g at x, we get © = gx € (R,)a, then the
result. O
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3.2 Feng-Liu type fixed point theorem

We give a theorem inspired by [7], to suggest a direction for further research. Let (X, d)
be a complete metric space and R : X — W, (X) be a fuzzy mapping; for a positive
constant r € (0, 1] and each = € X, define the set

Jg = {y € (Rl’)a: r d(x,y) < pa(vax)}'

We recall that a function f : X — R is lower semicontinuous, if for each sequence
{zn} C X and x € X, we have

lim z, =2 = fz<liminf fz,.
n—-+oo n—-+4oo

Theorem 9. Let (X, d) be a complete metric space and R : X — W, (X) be a fuzzy
mapping. Suppose that there exists ¢ € (0,r), withr € (0, 1], such that, for any x € X,
there is y € JZ satisfying the condition p,(y, Ry) < qd(z,y). Then Fi*(R) is nonempty,
provided that the function p, (y, Ry) is lower semicontinuous.

Proof. Since (R, ), is a nonempty compact set for any € X, then JZ is a nonempty set
for any r € (0, 1]. Now, for a fixed point ug € X, there exists u; € J*° such that

Dalt1, Ryy) < qd(ug, uq).
If u; is not a fuzzy fixed point of R, we choose uy € J*! such that
pa(u27 Rug) < qd(Uh ’I.LQ).

Again, if ug is not a fuzzy fixed point of R (and so on), by iterating this procedure, we
can get an iterative sequence {uy, }, where u, 1 € J*» and

Pa(Unt1, Ru,yy) < qd(Un, ups1) foralln € NU{0}. )
On the other hand, u,,4+1 € J* implies
rd(Un, Un+1) < Pa(tn, Ry,) forallm € NU{0}. (10)

The next step of the proof is to show that the sequence {u,,} is a Cauchy sequence.
Using (9) and (10), we get

d(Up+1, Unt2) < %d(un, uny1) forallm € NU{0}.

This implies
d(tn, Uns+1) < k"d(up,u1) foralln € N,

where k = ¢/r < 1.
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For m € N with m > n, we write

d(un,um) < d(unvun+1) + d(un+1,um)
< d(u un+1) + d(un-i-h un+2) + d(un+27 um)
< d(una unJrl) + d un+17 un+2) + -+ d(umf27 umfl) + d(umflz um)
< k"d(ug,ur) + knJrld(anul) 4 K2 d (o, u) + K™ d(uo, un)
= k’ (’U,Q,’U,l)[ +k+k2 km—n—l}
kn
< 1_k d(u()aul)~
Consequently, since
nllg_loo 1—k d(uo,m) =0,

we deduce that {z,,} is a Cauchy sequence and so, by completeness of the space (X, d),
lim,,— 4 oo d(tp, z) = 0 for some z € X. Now we claim that z is a fuzzy fixed point of
R. Again, by (9) and (10), we write

Pa(Unt1, Ru,yy) < kpa(tn, Ry,) foralln € NU {0},

which implies
Pa(tn, Ry, ) < k"pa(ug, Ry,) forallm € N,

where k = ¢/r < 1. Consequently, by the semicontinuity of function p, (y, R,), we get

0 gpa(ZaRz) < lim pa(uanu ) =0

n—-+4o0o

and so
pa(z, RZ) = 0

By Lemma 2, we get that z, C R,. O

3.3 Application to the domain of words

By adapting some ideas in the recent literature [16, 17], we apply Theorem 4 to solve
a typical problem in theoretical computer science. Precisely, denote by X' a nonempty
alphabet and by X*° the set of all finite and infinite sequences over Y. Also, we denote
the empty sequence by () and assume that ) € X°°. Moreover, on X°°, we consider the
prefix order C given by:

x Cy if and only if z is a prefix of y.

Now, for any sequence x # @) in 2°°, let [(z) € [1, +0o0] be the length of - and assume
that[(()) = 0. Then, if z € X*° has length n < +o0o, we have x := x1xs - - - T,,, otherwise
T = x1x2 - - - in the case of infinite sequence.
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Next, if z,y € X°°, then x My is the common prefix of z and y. Clearly, z = y if and
onlyifz C yand y C x and I(z) = I(y).
Consider the Baire metric d : 2 x X — [0, +00) given by

clz,y) = 2—U=MY)  otherwise.

so that the metric space (X'°°,dc) is complete. Finally, we refer to the average case
time complexity analysis of the Quicksort divide-and-conquer sorting algorithm in [17].
Precisely, we consider the following recurrence relation:

T(n) = 2(”7; DI ”ZIT(n ~1), neN\{1}. (b

For > = R™, which is the set of all nonnegative real numbers, we introduce the functional
¢ : X° — X that associates ¢(z) := (P(x))1(¢p(x))2--+ to & := x129--- and is
given by:

(ff)(l’))n = 2n—1) + nt 1:10”,1.

n n

It follows that I((¢(x))) = I(x) + 1 for all x € X*° and I((¢(x))) = +oo, whenever
l(z) = +o0.

We will show that the functional ¢ has a fixed point by an application of Theorem 4.
Let R : X°° — W, (X°°) be the fuzzy mapping given by

R, = (¢(x)), forallz e X%

and distinguish the following two cases:

Case 1. If x = y, then we write

Case 2. If © # y, then we write

DE((¢(¢))Q7 (¢(y))a) _ dg((cﬁ(x))a, (¢(y))o¢) — 9= (((¢(x))aMNs (d(¥))a))

< 9~ (M) — 9-(Uany)+1)

1 1 1 1
— ol _ 1y - dc(ay).
2 9 E(xvy) 2\/5 E(Z‘,y)

It is immediate to conclude that all the conditions of Theorem 4 are satisfied with 1(¢) =
2-1/2 Fy(t) = In(t) and e~ = 27 /2. Consequently, the fuzzy mapping R has a fuzzy
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fixed point z = 2125 - -, thatis, z € (R,),. Also, in view of the definition of R, z is
a fixed point of ¢, and hence, z solves the recurrence relation (11); we have

21:0,

2n—1) n+1
n — n—1, eN 1.
z " + " Zp—1 n \{}

Conclusion

In this paper, we introduced the generalized F>-Geraghty type fuzzy mappings and extend
the Geraghty type fixed point theorems [8] to fuzzy mappings. These results generalize,
unify and extend comparable results in [6,8,12,15,21,22]. As an application of Theorem
4, the existence of coincidence fuzzy points and common fuzzy fixed points of a hybrid
pair of a single-valued self-mapping and a fuzzy mapping is obtained. A Feng—Liu type
fixed point theorem and an application to the domain of words conclude the paper.
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