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Abstract. In this work, by virtue of the Krasnoselskii—Zabreiko fixed point theorem, we investigate
the existence of positive solutions for a class of fractional boundary value problems under some
appropriate conditions concerning the first eigenvalue of the relevant linear operator. Moreover, we
utilize the method of lower and upper solutions to discuss the unique positive solution when the
nonlinear term grows sublinearly.
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1 Introduction

In this paper we consider the existence of positive solutions for the boundary value
problem of fractional order involving Riemann-Liouville’s derivative

D§, D u= f(t,u,u/,—D§, u), tel0,1], "
u(0) = u/(0) = /(1) = D§,u(0) = Dy u(0) = D§Fu(l) =0,

where o € (2,3] is a real number, D, is the standard Riemann—Liouville fractional
derivative of order e and f € C([0,1] x R3,R;) (R4 := [0, 4+00)).

Recently, the fractional differential calculus and fractional differential equation have
drawn more and more attention due to the applications of such constructions in various
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sciences such as physics, mechanics, chemistry, engineering, etc. Many books on frac-
tional calculus, fractional differential equations have appeared, for instance, see [7,10,11].
This may explain the reason that the last two decades have witnessed an overgrowing
interest in the research of such problems, with many papers in this direction published.
We refer the interested reader to [1,2,4,5,6,12,13,14,15] and the references therein.

In [4,6], by using the fixed point index theory and Krein—Rutman theorem, Jiang et al.
obtained the existence of positive solutions for the multi-point boundary value problems
of fractional differential equations

D§u(t)+ f(tu() =0, 0<t<l, 1<a<2,
u(0) = 0,05, u(l) = > a;Df, u(&),
i=1
and
D% — Mu=Af(t,u(t)), t€[0,1],0<a<l,

- 3)
u(0) =Y Biu(&).
i=1
In this paper, we first construct an integral operator for the corresponding linear
boundary value problem and find out its first eigenvalue and eigenfunction. Then we
establish a special cone associated with the Green’s function of (1). Finally, by employing
the Krasnoselskii—Zabreiko fixed point theorem, combined with a priori estimates of
positive solutions, we obtain the existence of positive solutions for (1). Note that our
nonlinear term f involves the fractional derivatives of the dependent variable—this is
seldom studied in the literature and most research articles on boundary value problems
consider nonlinear terms that involve the unknown function w only, for example, [1,2,4,
5,6,12,13,15]. Moreover, we adopt the method of lower and upper solutions to discuss the
uniqueness of positive solutions for (1), and prove that the unique positive solution can
be uniformly approximated by an iterative sequence beginning with any function which
is continuous, nonnegative and not identically vanishing on [0, 1] This, together with the
fact that our nonlinearity may be of distinct growth, means that our methodology and
main results here are entirely different from those in the above papers.

2 Preliminaries

For convenience, we give some background materials from fractional calculus theory to
facilitate analysis of problem (1). These materials can be found in the recent books, see
[7,10,11].

Definition 1. (See [7,10], [11, pp. 36-37].) The Riemann—Liouville fractional derivative
of order & > 0 of a continuous function f : (0, +00) — (—00, +00) is given by

D510 = rorer () / (t — 5"~ (s)ds,
0
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Positive solutions for a class of fractional boundary value problems 3

where n = [a] + 1, [a] denotes the integer part of number «, provided that the right side
is pointwise defined on (0, +00).

Definition 2. (See [11, Def. 2.1].) The Riemann-Liouville fractional integral of order
a > 0 of a function f : (0, +00) — (—00, +00) is given by

t
1

m O/(t —5)7 f(s)ds,

provided that the right side is pointwise defined on (0, +00).

I€+f(t) =

From the definition of the Riemann—Liouville derivative, we can obtain the following
statement.

Lemma 1. (See [1].) Let o > 0. If we assume v € C(0,1) N L(0, 1), then the fractional
differential equation D§, u(t) = 0 has a unique solution

u(t) = cit® et tent®™N, g €R,i=1,2,...,N,
where N is the smallest integer greater than or equal to o.

Lemma 2. (See [1].) Assume that w € C(0,1) N L(0, 1) with a fractional derivative of
order o > 0 that belongs to C(0,1) N L(0, 1). Then

Ig, Dy u(t) = ut) + ert® oot 2+ ent™ N, g eR,i=1,2,...,N,
where N is the smallest integer greater than or equal to o.

In what follows, we shall discuss some properties of the Green’s function for fractional
boundary value problem (1). Let

1 [t 1 —s)*2—(t—s)*"t 0<s<t<],
Gi(t,s) == =<1 | , C))
D) | to=1(1 — 5)*2, 0<t<s<1
Then we can easily obtain that
Gal(t, s) 96 (t,s)
S) = — S
2\, ot 1\
a—1 [t 21 —9)2—(t—5)*2 0<s<t<, )
- T(a) | to=2(1 - s)-2, 0<t<s< L.

Lemma 3. (See (2, Lemma 2.7].) Let f be as in (1) and —Dg u = v. Then (1) is
equivalent to

1

v(t) = /Gl(t75)f<3, /G1(S,T)v(r) dr, /GQ(S,T)U(T) dr, ’U(S)) ds. (6)
0

0 0
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Lemma 4. (See [2, Lemma 2.8] and [5, Thms. 1.1, 1.2].) The functions G;(t,s) €
C(]0,1] x [0,1],R4) (& = 1,2), moreover, the following two inequalities hold:

ta—ls(l _ S)a—2

D(a)Gi(t,s) < s(1—s)*"2 Vt,s€[0,1]. (7
(a — 1)(a — 2t 2(1 —t)s(1 — 8)*~
I(a)Ga(t,s) < (o — 1)t*3s(1 — 5)*"2 Vi, s €0,1]. ®)

In what follows, we shall define two extra functions by G, G2. Let

Gs(t,s) .= [ G1(t,7)G1(r,s)dr Vt,s € [0,1],

o _

L )
Gyl(t,s) = /Gl(t,T)GQ(T, s)dr Vt,s €10,1].
0

Then G,(t,s) € C(]0,1] x [0,1],Ry) (i = 3,4). Moreover, by Lemma 4, we easily have

(@ — 1)T(2a) 17 s(1 = 5)77
B i tolr(1 — )22 rolg(l —s)@2 .
- 0/ T'(a) Ty 7 SGalts)
1
s(I—s)*2r(1—7)*2  s(1—s)*?
s 0/ I%(a) = o) (10
Similarly,
(Oé — 1)(0( — 2) a—1 a—2
W?ﬁ s(1—s)
. /1 (1= 1) (o= 1)(a = 2)r 21— )s(1 -5
IN{))] I'(a)
0
/ S(1— )22 (1 — 7)°=2
/ (a) dr
0
B 8(1 _ )a 2
 (a—1DT(2a—2)° (D
Let
E :=C[0,1], lv|| := max |v(t) P:={veE:v(t)>0Vtel0,1]}.

te[0.1]
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Positive solutions for a class of fractional boundary value problems 5

Then (E, || -||) becomes a real Banach space and P is a cone on E. Define B, := {v € E:
lv|l < p} for p > 0 in the sequel.
Let

(Av)(t) == /Gl(t,s)f (s, /Gl(S,T)'U(’T) dr, /GQ(S,T)’U(T) dr, v(s)) ds (12)
0 0

0

for all v € E. The continuity of G, G2 and f implies that A : E — E is a completely
continuous nonlinear operator. As mentioned in Lemma 3, —D§, v = v, together with
the boundary conditions «(0) = »/(0) = «/(1) = 0, we have

£ = / Gr (L, 5)0(s) ds, (13)
0

where G is determined by (4). Therefore, we find the existence of solutions of (1) is
equivalent to that of fixed points of A.
For a,b,c > 0 with a® + b% + ¢% # 0, let

Gapc(t,s) := aGs(t,s) + bG4(t, s) + cG1(t,s) Vt, s €0,1],

and define a linear operator L, j . as follows:
Lap.cv)( /Gabcts s)ds Vv e E. (14)

Obviously, Lg p . is positive, i.e., Ly p,o(P) C P. The continuity of G1, Gs, G4 implies
that L, p . is a completely continuous operator. From now on, we utilize 7(Lg ) to
denote the spectral radius of L, j .. Furthermore, Gelfand’s theorem enables us to obtain
the following result.

Lemma 5. Let

¢ o aq n bla — 1)(a —2) c
@b (0 = 1)(2a) I'(20) T()’
. a L b n c
abe = Gla—DI2(a) | (a—1I2a—2)  T(a)
Then
ga,b,cr<a + 1)F(a — 1) < ’I”(La b C) < M.
I'(2a) . ala—1)
Proof. By (7), (10), and (11), we obtain
1
_5)a- 2 _ _Nabe
I abc||—maX/Gabcts nabc/s ds 704(0[—1)'
0

Nonlinear Anal. Model. Control, 21(1):1-17



Similarly, we find, for all n € N,

1

H abc max/ / ab(‘ t Sn— 2) Ga,b,c(52aSl)Ga,b,c(Slas)

te[0,1]
0
Hn/_’ X Gape(s,7)dsp_g-- dsydsdr

Na,b,c "
< | =2
{a(a—l)}

Gelfand’s theorem implies that

. TNa,b,c
La c) = 1 X = .
T( b, ) "1_>H1 abcl a(a—l)
On the other hand,
|Lapc| = max /Gabc (t,s)ds > max /fabcta Ls(1 —5)*2ds
t€(0,1] te(0,1]
_ ga,b,c
ala—1)

Similarly, we also obtain

and

1 2 1
L2, >£Z’,b,c</ e 2ds> /7(14)0‘*2(17.
0 0

Therefore, for all n € N,

1 n—1
1Z5nell = € b(/s ) 2ds> /7(1—7)%2(17.
0 0

J. Xu, Z. Wei
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Positive solutions for a class of fractional boundary value problems 7

By Gelfand’s theorem, we see

1

MLase) =l {110l > Gone [570 = 5)7 s
0

_ ga,b,cr(a + l)F(a — ]_)
I'(2a)

This completes the proof. O

By Lemma 5, we see (L4 p,c) > 0, and thus the Krein—Rutman theorem [9] asserts
that there are ¢, 5. € P\ {0} and ¢, . € P\ {0} such that

/Ga,b,c(tv S)(pa,b,c(s) ds = T(La,b,c)()oa,b,c(t)a

) (15)
/Ga,b,c(t7 5)¢a,b,c(t) dt = T(La,b,c)wa,b,c(s)-
0
Note that we can normalize ), 3 . such that
1
/@Dmb’c(t) dt =1. (16)
0

_ 1 ,0—
Let Wa,b,c = Sa,b,cna%,c fO t lwa’b’c(t) dt and define

1
PO = {’UEP /'U Vwabc wlle|v||}

0
Clearly, P is also a cone of E.
Lemma6. L, .(P) C P,.
Proof. We easily have the following inequality:
Gape(t,s) = Eap M. b . aflGaJLC(T, s) Vt,s,7€]0,1].

For v(t) > 0, t € [0, 1], we have

11
a b, C’U '(/)a b, c //Ga b,c t S )1/Ja7b,c(t> dsdt
0 0

O\H

Nonlinear Anal. Model. Control, 21(1):1-17
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1 1
> //ga,b,cna b, Cta 1(;a b C(T S) (S)wa,b,c(t) dsdt
0 0

1
fmb,cnabc/ta_lwa,bﬁ(t) dt/GaJ,)C(T, s)v(s)ds Vr €[0,1].
0

0

Consequently, we see

ach wabc( ) t> wa,b,C”La,b,CU”'

O\H

This completes the proof. O

Lemma 7. (See [8].) Let E be a real Banach space and W a cone of E. Suppose that
A: (Br\ B,)NW — W is a completely continuous operator with 0 < r < R. If either

(i) Au £ u for each OB, N W and Au # u for each 9Br N W or
(ii) Au % ufor each 9B, "W and Au & u for each OB N W,

then A has at least one fixed point on (Bg \ B,) N W.

Lemma 8. (See [3].) Let E be a partial order Banach space, and xy,yo € E with
o < Yo, D = [xo, yo]. Suppose that A : D — E satisfies the following conditions:

(1) A is an increasing operator,
(1) zo < Axg, yo = Ayo, i.e., xg and yg is a subsolution and a supersolution of A,
(iii) A is a completely continuous operator.

Then A has the smallest fixed point x* and the largest fixed point y* in [xo,yo|, respec-

tively. Moreover, x* = lim,_,, A"xq and y* = lim,_,~, A™yo.

3 Main results

We first offer twelve fixed numbers «;,3;,7; = 0 which are not all zero and let
7" (Lay Bivi) = Aoy, i fori =1,2,3,4. Now, we list our assumptions on f:

(H) feC(0,1] xR3,R,);  (HI) feC([0,1] x R, (0, +00)).

t
(H2) hmlnf f( X1, "I“an:})
a1z Btz —+oo a1y + B1To + Y123

Afylﬁl,’h (17)

uniformly for ¢ € [0, 1].

http://www.mii.lt/NA



Positive solutions for a class of fractional boundary value problems 9

f(t $17x27$3)

(H3) lim su A (18)
a211+ﬁ2x2+y12)13ﬁ0+ o1 + 62332 + Y23 2,82,72
uniformly for ¢ € [0, 1].
f(t L1,T2, ‘T3)
(H4) lim inf A \ 19
agw1+Bamatysra—0t 31 + PaTo + Y323 s 19
uniformly for ¢ € [0, 1].
t
(H5) lim sup f(t, 21, 22, 23) Ao, Bava (20)

aygxi1+PBaxat+yax3s—+00 a4x1 + B4I’2 + Y43

uniformly for ¢ € [0, 1].
(H6) There exists a positive constant ;¢ < 1 such that

kP f(t 1,20, 23) < f(t, ka1, Koo, KTg) VK € (0,1).
(H7) f(t, 21,22, x3) is increasing in a1, x2, 23, that is, the inequality
[t z1, 22, 23) < f(t, 9517952»353)

holds for x1 <z}, 2 < xh, x3 < 4.

3.1 Existence of positive solutions
Theorem 1. Assume that (H1)—(H3) hold. Then (1) has at least one positive solution.

Proof. (H2) implies that there are ¢ > 0 and ¢; > 0 such that
f(t,x1, 22, 23) = (Aay 8y +€) (11 +B1xa+123)—c1 Vo, € Ry, t € [0,1]. (21)

Let .# := {v € P: v > Av}. We claim that .# is bounded in P. Indeed, if v € .},
by (12) and (21), we can obtain

1

/Glts (/GlsT dT,/lGQST dT’U())d

0 0
1 1
> Aoy B +6) a1 Gs(t,T)v(T)dr + [ B1Ga(t, T)v(7)dT
/ /
1
+0/71G1(t,s)v(s) ds} — m
c1
= ()‘a1,61,71 +¢) / Gah,@h% (t’ S)U(S) ds — m (22)
0

Nonlinear Anal. Model. Control, 21(1):1-17



10 J. Xu, Z. Wei

Multiply (22) by ¥q, 8, ~, (t) on both sides and integrate over [0, 1] and use (15), (16) to
obtain

1 1
Aoy Brm T € A
Nba ) de > Jonbim TE )by, tydt — —— . (23
/U( )Y 1ﬁ1ﬁ1( ) Ao 1 /’U( ) 1,51,71( ) afa —1)(w) 23)
0 0
Therefore, we have
1 1)\
€ " Aay,fimCl
¢ o t) dt < L0 8 1o S 1 F N 24
/’U( )1/) 1,51;71( ) a(a — 1)F(Oé) 24)
0

Consequently, Lemma 6 implies that

—1
€ )‘041”3177101

o < ; 25
w 1,51,’71”’0“ Oz(OL - I)F(Ot) ( )
and hence, )
e lw Aoy, Brm C1
< aq,B1,71 7 %¥1,P1,71 26
e 26)
for all v € .. Taking R > sup{||v|: v € .#}, we obtain
v Av YvedBrNP. 27
On the other hand, by (H3), there exist » € (0, R) and € € (0, Aa,,3,,7,) Such that
ftz1,22,23) < (Ao p,7, — €) (@221 + Baz2 + 7273) (28)
for all z; € [0,7] and ¢ € [0, 1]. This implies that
1
(A0)(8) < (s pars — ) / Gi(t.9)
X (OéQ/Gl 8, T)v dT+[32/G2 8, T)v (T)d7'+'ygv(s)> ds
1
Aas, B2,v2 / 027527’72 t 5 (5) ds (29)

0

forallv € B, N P. Let Mo := {v € B, N P: v < Av}. Now, we claim .#5 = {0}.
Indeed, if v € .5, by (29), we have

U(t) S 0427,327’)’2 /Ga2752,72 t 5 ( )d

http://www.mii.lt/NA
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Multiply (22) by ¥a,,3,.~, (t) on both sides and integrate over [0, 1] and use (15), (16) to
obtain

1 1
/ 0 35 () A < ety iy s — Nl / 0y s (1)
0 0

and thus fo t)%Vas, 82,4, (t) dt = 0. Consequently, we have v(t) = 0, i.e., 4> = {0}.
Therefore,
v€ Av Vv € 9B, N P. (30)

Now Lemma 7 indicates that the operator A has at least one fixed point on (Bg \ B,.)N P.
That is, (1) has at least one positive solution. This completes the proof. O

Theorem 2. Assume that (H1), (H4) and (HS) hold. Then (1) has at least one positive
solution.

Proof. By (H4), there exist » > 0 and € > 0 such that
f(t, r1, T2, 333) > ()\a3,B3,'y3 + 6)(0[3301 + 631‘2 + ")/313) Vo, € [O, T’], t e [0, 1] 3D
This implies

(A0)(1) > (Mg s + ) / Gy s.0s (£, 5)0(3) ds (32)
0

forallv € B, N P. Let #3 := {v € B, N P: v > Av}. We claim that .#3 = {0}.
Indeed, if v € .45, combining with (32), we find

0(t) > (g + ) / Gy s (£ 5)0(s) ds. (33)

Multiply (33) by ©a,,3,,+5 (t) on both sides and integrate over [0, 1] and use (15), (16) to
obtain

1 1
/U(t)wasﬂs»’m (t) dt > (>\a3 Bsvs T 5 as, 63 3 / ¢o¢3,63 3 t) di
0 0

and thus fo )y, Bs,45 (1) dt = 0. Hence, we see v(t) = 0, i.e., 43 = {0}. Conse-
quently,
vEAv YvedB, NP (34)

In addition, by (H5), there exist € € (0, Aa,,8,,~,) and co > 0 such that

J(t,x1, 22, 23) < (Nay,Baya —E) (a1 + oz +y423) +c2 Vo, 20, t € [0,1]. (35)

Nonlinear Anal. Model. Control, 21(1):1-17



12 J. Xu, Z. Wei

Let #y := {v € P: v < Av}. We shall prove that .#, is bounded in P. Indeed, if
v € #,, then we have

C2
v(t)g( aq,Baya T € /Ga45474 2 5 ()ds+ (Oé—l)F( ) (36)

Multiply (36) by ©a,.3,,+, (t) on both sides and integrate over [0, 1] and use (15), (16) to
obtain

1 1
Co
/U(t)¢a4,/34,v4 (t) dt < (Aas,fava— a4 Bava /U (D) ¥as,a,7a )dt"‘m
0 0
and then )
€7 Ny Bara C2
by, t)dt < e e T
/U( W 4754’74( ) OL(OL — I)F(oz)
0
It follows from Lemma 6 that
—ly~t Aaa,Ba,va C2
< ay,Ba,747 404,74 37
ol < e @)
for all v € .#,. Choosing R > sup{||v||: v € .#4} and R > r, we have
vk Av Yv € dBgRNP. (38)

Now Lemma 7 implies that A has at least one fixed point on (Bg \ B,.) N P. Equivalently,
(1) has at least one positive solution. This completes the proof. O

3.2 Uniqueness of positive solutions

In order to obtain our main results in this subsection, we first offer some lemmas. From
now on, we always assume that (H1)’ holds.

Lemma 9. If v(t) € C[0,1] is a positive fixed point of A in (12), then there exist

two positive constants a, and b, such that a,p(t) < v(t) < byp(t), where p(t) =
1

Jo Gi(t,s)ds.

Proof. The continuity of G1, G2 and v implies that there exists M > 0 such that |v(t)| <
M and | fol Gi(t,s)v(s)ds| < M forall t € [0, 1]. Taking

Ay = min t,x1,x2,23) >0
Y (h@1,ma.ws) €[0,1] X [0, M]3 F(t 21,22, 73) ’
by, = max flt,x1,x9,23) > 0.

(t,z1,22,23)€[0,1]x[0,M]3

http://www.mii.lt/NA
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Then we have

ayp(t) < v(t) = (Av)(t)

= /1G1(t, s)f <s, /lGl(s,T)v(T) dr, /1G2(s,7')v(7') dr, v(s)) ds
0

< bq,p(t)
This completes the proof. O

Lemma 10. Suppose that (H1)', (H4)—(H7) hold. Then the operator A has exactly one
positive fixed point.

Proof. By Theorem 2, A has at least one positive fixed point. It then remains to prove that
A has at most one positive fixed point. Indeed, if v; and v, are two positive fixed points
of A, then

vi(t) = /1G1(t,s)f (s, /1G1(s,7)vi(7) dr, /1G2(s,7)vi(7) dr, vl(s)> ds,
0 0

0

where ¢ = 1,2. By Lemma 9, there exist four positive numbers a;, b; for which a;p(t) <
vi(t) < bip(t) fort € [0,1] and i = 1, 2. Clearly, v2 > (az/b1)v1.

Let yg := sup{vy > 0: vy = yv1 } (# 0). Then vy > 0 and vy > yov;. We shall claim
that 79 > 1. Suppose the contrary. Then 7y < 1 and

va(t) 2/1 ( /G1 8, T)yov1(7) dr, /1G2(s,7')’yovl(7') dr, ’yovl(s)> ds

0

Gq(t s)ds + vhv1(t),

o\

where
1

1
= f(& G1(s,7)yovi(7)dr, [ Ga(s, T)vovi(T)dT, 70111(3))
/ /
_ %‘f(s, /Gl(s,T)vl(T) dr, /Gg(s,r)vl(r) dr, vl(s)>.
0

0

(H6) implies that g € P\ {0} and there is a a3 > 0 such that f01 G1(t,8)g(s)ds = asp(t)
by Lemma 9. Consequently, v2(t) > asp(t) +v4vi(t) = (az/b1)v1(t) + yovi(t), which
contradicts the definition of vg. As a result, 79 > 1 and vy > wv;. Similarly, v1 > vs.
Hence, v; = vy. This completes the proof. O

Nonlinear Anal. Model. Control, 21(1):1-17



14 J. Xu, Z. Wei

Theorem 3. Let all the conditions in Lemma 10 hold and v*(t) be the unique positive
solution of A. Then for any vy € P\ {0}, we have A"vg — v*(n — o0) uniformly in
te0,1].

Proof. Clearly, p(t) = fol G1(t, ) ds is a bounded function on [0, 1]. Then by Lemma 9,
there exist a,, b, > 0 such that
1

1 1
applt) < / Git, s>f<s, / Gi(s,7)p(r) dr, / Ga(s,7)p(r) dr, p<s>> ds
0

0 0
= n(t) < bep(t).

Let 81(t) = dn(t) with 0 < § < min{l/bp,aﬁ/(l_“}. Then we can choose 0 < ¢ <
min{l1, a,}, and

(AeBr)(1)
G1(s,7)ep(7)dr, /Gg(s,r)ﬁﬁl(ﬂ dr, 5ﬁ1(8)> ds

0

- / G1<t,s>f<s,

O\H O\H

-/ Gla,s)f(s, G5, 1) T o) ar
0
1 ef1(T) ef1(s)
/GQ(S,T) o) p(7)dr, p(s)p(s)> ds

1

0
> (5, [ Gl<t7s>f(s, [Gutsnptrar, [ Gals.mp(r) dT,p<s>> ds
0 0 0

= e#(8a,) n(t) = eon(t) = edn(t) = b1 ().
Thus we have Aef1 > €f:. On the other hand, let S2(t) = &n(t) with & > max{l/a,,
b/ UM Taking & > max{1,b,}, we find

EPa(t) = E"En(t)
1 1 1
=zte | Gi(t,s)f (s, G1(s,7)p(T)dr, | Ga(s,T)p(7)dT, p(s)> ds
[t /
1 1

o [ (v [ ST,
0 0

/1G2<sm>p<r>eﬁ2<f> o P9
/ g02(7) T EBa(s)

http://www.mii.lt/NA
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> e

1

/G1 t,s) f(s, /G (s,7)EPa(T dT,/G2 (s,7)EB2(T) dr, 562(5)) ds
0
1

> [ Gi(t,s f(s, G1(s,7)EB2(T)dr, [ Ga(s,T)EB2(T)dr, 562(3)) ds
[aeon(-] /

= (AZ52)(1).

Hence, Az6y < €5o.

(H7) implies that A is an increasing operator. It follows from Lemma 8 that A has the
smallest fixed point v, and the largest fixed point v** in [¢f1,E/33], respectively. Based
on this, we first show v* € [¢/31,202]. Indeed, for all n € N, we have

ef1 < A < A"Efy < EPs. (39

Let n — oo in (39), we see €31 < Vss < v* < 0™ < Efs. Forall 687 < vg < 65 and

n € Ny, we have vp € P\ {0} and
AnEﬁl < AnUQ =, < Angﬂg. (40)

By Theorem 2 and Lemma 10, we know that A has only a positive fixed point, i.e.,
lim,, 00 A"ef1 = lim,, 00 A"EB2 = v*, and thus lim,, oo A" vg — v*. This completes
the proof. O

To facilitate computations for the following examples, let a3 = g, f1 = [2, 71 = V2,
a3 = ay, 3 = B4, 73 = 4 in (H2)~(H5).
Example 1. Let a = 2.5, a1 = I'}(a) = 97/16 =~ 1.77, B1 = I'(2a) =
I'(a) = 3y/m/4 ~ 1.33. Then by Lemma 5, we get 0.23 < r(Lq, 8, ,4,) < 2.47, and
0.40 < Aoy 81,70 < 4.35.

Let

1.
f(t, 21,22, 23) = Z| sin(a1zy + frea + nws)| + (azy + frzg +y123)°.

Then
lim inf 1lsin(eazy + Bras + mws)| + (az1 + fras + niwz)?
L U A a1z + Biza + 1173
=00 > >‘Oé17,317717
and
lim sup 1lsin(arzy + Brzs + nias)| + (1z1 + Brze + yas)?
arz1+praza+yiaz—0t a1 + ﬁlffz + 713
1
= Z < >‘a1,31,’v1

Nonlinear Anal. Model. Control, 21(1):1-17
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uniformly for ¢ € [0, 1]. All conditions of Theorem 1 hold. Therefore, (1) has at least one
positive solution.

Example 2. Leta = 2.5, a3 = ['?(a) = 97/16 ~ 1.77, B3 = T(2a — 2) = 2, 73
I'(a—1) = /m/2 ~ 0.89. Then from Lemma 5 we have 0.10 < r(Lag,g;,75) < 0.43,
and 2.33 < Aay 85,45 < 10.

Let
[t xy, 29, 23) = e +In(1 + (azz1 + Baxa + y373)).
Then
t 4+ 1n(1
lim inf o + (1 + (a3 + B35 + 7373)) =00 > Aag,B3,73
azzi+Psre+y3zz—0t asxy + B3xo + Y3T3
and
!+ In(1
Jim sup e + In(1 + (azx1 + B3xa + Y323)) =0 < Ay e
aszi+PBarat+y3rs—+00 Q3T + B3x2 + Y3T3

uniformly for ¢ € [0, 1]. Hence, (H4), (H5) hold, and Theorem 2 implies that (1) has at
least one positive solution.

Example 3. Leta = 2.5, a3 = ?(2a—2) =4, B3 = 73 = ['(a — 2) = /7 ~ 1.77. By
Lemma 5, we can obtain An, g, ~, € [1.48,4.90].
Let

ft,z1,2,23) = €' + \/azz1 + B3z + 7373,

Similar with Example 2, we can show (H4) and (HS) hold. On the other hand, for any
k € (0,1), we have v/k < 1 and

\/E[et + \/@3581 + B3xa + 73.%3}
= kel + \/ozgfml + Bakao + y3kxy < ef + \/ag,mcl + B3kxo + Y3KT3.

As aresult, (H6) is also satisfied. In addition, (H1)" and (H7) automatically hold. Hence,
from Theorem 3, (1) has a unique positive solution.
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