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Abstract. This paper considers the state constrained optimal control problem for Lengyel-Epstein
model with obstacles. We prove existence and regularity results for this model by applying the
standard methods. We show the relationship between the control problem and its approximation.
Moreover, we derive the necessary conditions for the optimal control of our original problem by
using the approximate problem.
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1 Introduction

This paper is concerned with the state constrained optimal control problem for the
Lengyel-Epstein model

T
min L(u, v, w) / t)) + h(w(t))] dt (1)
0
subject to
4uv
Au—i—cu—|—1+ + kO, o+)(u) 2a—¢ inQ:=02x(0,T),
Ouv .
5Av—b€u+1+u =0¢+ Bw inQ, )

u(x,0) = uo(x), v(x,0)=wvo(x) in L2,
u(z,t) =0, wv(z,t)=0 onX:=0902x(0,T)
and
F(u) C S, 3)

where {2 is a bounded domain in RV (N = 1,2, 3) with a smooth boundary 0f2, say
of class C?, u and v are the dimensionless concentration for activator and inhibitor,
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Optimal control problem for Lengyel-Epstein model 19

respectively; a, b, ¢ and 0 are dimensionless parameters of the chemical system; § > 0
is proportional to the ratio of the diffusion coefficients of the main species. The obstacle
O, o+1(u) is the subdifferential of the indicator function I}, ,+j(u) on the closed in-
terval [0, 0*]; k > 0, 0i, 0" € R are the given constants. ug(z), ho(z) and ¢(z,t) are
given functions and Bw is the control term. Here F'(u) C S is the state constraint, which
can be regarded as the description of the physical background of the Lengyel-Epstein
model.

Equation (2) without the control term Bw and x = 0 is the classical Lengyel-
Epstein model (see [4,6, 10, 11, 13, 15, 16, 20, 26]). It comes from the reaction between
chlorine dioxide, iodine and malonic acid (CDIMA reaction), and is one of the most
thoroughly studied oscillatory chemical systems both in experiment and in numeric. In
[10], the photosensitive CDIMA reaction was investigated by using the Lengyel-Epstein
model modified to include the effect of external illumination. Jensen et al. studied the
localized structures and front propagation in the Lengyel-Epstein model [13]. Recently,
based on Runge—Kutta method, Bastian, Kartawidjaja [4] solved the parallel performance
of the Lengyel-Epstein model. More recently, Vaquez et al. [10] studied the chaotic
behaviors induced by modulated illumination in the Lengyel-Epstein model under Turing
considerations. As we all know, in some physical examples, the range of the activator u
would not be the whole real numbers R, but often be a bounded closed interval [0, c*].
Here we are going to pay attention to this point and give an adequate mathematical
treatment to it. Note that 0l},, ,+(u) is a multi-valued and maximal monotone graph
in R, which can coincide with the subdifferential of If,  ,«(u). Namely, Ij,,  ,+(u) is
assumed to be +oo out of a bounded interval.

Throughout this paper we denote L?(§2) by H with the usual norm denoted by |-|2,
and H}(£2) by V endowed with norm |[v||y = |Vwl|a, which is denoted by ||-||;. Set
HY0,T;H) = {y € L*(0,T;H); y, € L*(0,T;H)}, H*>Y(Q) = {y € L*0,T;
H*(2)); yp € L*(Q)} and WH2(0,T;V*) = {y € L*(0,T5V*); yr € L*(0,T5V*)}.
Then we have V. C H C V* = H~! and denote (-) be the scalar product of H and the
pairing between V and V*.

A pair (u, v) is said to be a weak solution of (2) if and only if

(u,v) € (C([0,T); H) N L2(0,T; V) N W20, T; V*))®

and (u, v) satisfies

d ~ ~ 4duv -
&(u,u) + (Vu,Va) + (cu + 58 + n@I[U*’U*](u), u)
S(a—¢,u) YaueV,
d - _ Ouv  _ . . @
&(U,U) +0(Vou, Vo) + | —bbu + T2 | = (Bw,v) VoevV,

u(0) = uo, v(0) = v

in the sense of D’(0,T). Let U be a real Hilbert space and B : U — H be a linear
continuous operator. Assume that Z is a Banach space with the dual Z*, which is strictly
convex, and S C Z is a closed convex subset with finite codimensionality.
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20 J. Zheng

The following items are the assumptions on data:

(H1) F: L*(0,T; H) — Z is in the class of C!.
(H2) g : [0,T] x H — R is measurable in t, g(t,0) € L*(0,T) and for every
A > 0, there exists L, > 0 independent on ¢ such that for ¢ € [0,7] and
lylz + |z]2 < A,
|lg(t,y) — g(t, 2)| < Laly — 22

(H3) U — R is lower semicontinuous and convex with the following growth prop-
erty: there exist ¢c; > 0 and ¢o € R such that

h(u) = cllull? +c2 Yu € U.
Let

Aaq = {(u,v,w) €Y x Y x L*(0,T;U): (u,v) is the solution of (2)
corresponding to w, F(u) C S},
where

dy

Y = {y € L*(0,T; H*(2)) nC([0,T); V), n

€ L*(0,T; H)}
and F(u) C S is the state constraint. In this paper, we consider the following optimal
control problem:

Minimize (P): L(u, v, w) over all (u,v,w) € Aug.

It is known that for each w € LQ(Q), ug € V and vy € V, system (2) has a unique
solution u,v € Y (see [9]). The first question regarding problem (P) is if there is an ad-
missible solution, namely, if the set A,q is nonempty. Taking into account the arguments
in the proof of the main results in [3], we may assume in the sequel that problem (P)
admits at least one admissible solution.

In the past decades, much attention has been paid to the optimal control problems
governed by nonlinear parabolic system including semilinear equations, variational in-
equalities and system with phase transitions [5, 7, 8, 12, 14, 18, 21, 22, 23, 27, 28]. In
particular, the optimal control for semilinear parabolic system without state constraint
was discussed in [14,21,25,29]. Recently, in [23], based on the energy estimates and the
compact methods, Ryu and Yagi considered the optimal control problems of adsorbate—
induced phase transition model. More recently, a first order optimality condition for non-
homogeneous Cauchy—Neumann boundary optimal control problem of non-linear phase-
field system was derived in [5]. In [24], the authors studied Pontryagin’s maximum prin-
ciple for optimal control problems (with a state constraint) governed by the 3-dimensional
Navier—Stokes equations. In order to overcome the problem associated with the state con-
straint, the authors first defined a new penalty functional depending on a small parameter ¢
with which they approximated the original problem with a family of optimal control
problems (P®) without state constraints. Pontryagin’s maximum principle is derived for
the approximate problem (P¢) and the limit as ¢ goes to 0 yields an optimality condition
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for the original control problem with a state constraint. These are the steps followed in this
article. The main differences between the present work and works mentioned above are as
follows. In this paper, the nonlinearity involved in the Lengyel-Epstein model is stronger
than that in the 3-dimensional Navier—Stokes equations, which makes the analysis of the
optimal control problems in this article more involved. Moreover, because of the obstacle
O, o+(u) in the first equation of system (2), we cannot obtain the optimal conditions
of problem (2) directly. In this paper, we derive the necessary conditions for problem (P)
by showing the relation between approximation problem (P®) (problem (P¢) contains the
approximation of 0/,_ ,+(u)) and problem (P).

In order to give the necessary conditions for problem (P), we specify our notion of
a strong solution to problem (2).

Definition 1. A weak solution (u, v) is called a strong solution to problem (2) on the time
interval [0, T') if it satisfies
(u,v) €Y x Y.

The main purpose of this paper is to derive the necessary optimal conditions for (P)
governed by the Lengyel-Epstein model with state constraints and obstacles, which can
be stated as follows.

Theorem 1. Suppose that (H1), (H2) and (H3) hold and (u*,v*,w*) is optimal for
problem (P). Then there exists a tetrad (jo, p, q, (o) € RxWH2(0,T; V*)NL2(0,T; V)N
C([0,T); H) x WH2(0,T; V)N L2(0,T;V) N C([0,T); H) x Z* and a measure n €
L>(Q)* such that

vt (1 — (u*)?)
0+ (w2
€ —[F'(u")]"¢o — pody(t, u*), 5)

u
g — A —_(4p+ ) =

p(T)=0. oT)=0

—pt —Ap+cp+ (4p + 0q) — bOq +n

and
B*q(t) € podh(w*(t)),

6
(Cors = F(u")),. , <0 VseS (©)

with (o, Co) # 0. Furthermore, if [F'(u*)]* is injective, then (pg, p, q) # 0.

Remark 1.
(i) For the definition of a set to be finite codimensional in Z and for related results,
one can refer to [1,17].
(i) Some basic examples of the F, g, h are: F(u) = u(x,T), g(t,u) = «a|u|3 and
h(w) = |w|3, where a > 0, one can see [18] for more details.
pagebreak
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22 J. Zheng

(i) Let F = I, Z = L2(0,T; H), S = {u € L2(0,T; H) [, [u2dt < r}. In this
case, (3) is equivalent to fOT lul3dt <

(iv) Let Z=RN and h; € H with1 < i
We define

F(u) = (/u(;v,t)hl(;v,t) dz dt, /u(x7t)h2(x7t) dzdt, ...,
Q

.
< N, which are linearly independent in H.

/u(x, Hhy(z,t)dz dt>
Q

and
S = ([al,bl], [ag,bg],...,[aN,bN]) C RN, a; < bi, 1=1,2,...,N,

then S is a convex and closed subset with finite codimensionality in R™. Consider
a state constraint of the form

aig/u(x,t)hi(z,t)dxdtgbi, 1=1,2,...,N,
Q

we have [F'(u)]*y = vazl yih; with y :== (y1,%2,...,yn) € RY. Due to
h; € H are linearly independent in H, [F”(u)]* is injective.

(v) The (u* v* w*) is optimal for problem (P) if and only if there exists (u* v*, w*) €
Aa,d, which satisfies that L(u* v*,w*) = min L(u, v, w).

(vi) The relations (5), (6)2 form the adjoint system, (p*,¢*) is called the adjoint
state and it represents a Lagrange multiplier associated with the state constraint.
Equation (6); expresses the maximum principle.

The rest of this paper is organized as follows. In Section 2, we consider the approxi-
mation problem (P?) of problem (P). After showing the solvability of (P®), we obtain the
relationship between the optimal control problem (P) and its approximation problem (P¢).
In Section 3, we derive a priori estimates for the optimal pair (u, v, w,) of (P?) and then
use a passage-to-limit procedure with € ™\, 0 to get the optimality conditions for (P).

2 The approximation problem

This section is to show the existence of the optimal control of the approximation problem
corresponding to Lengyel-Epstein model. Firstly, we show some technical lemmas and
the existence of problem (2), which is presented below for the sake of completeness and
easy reference. Next, we prove the existence of the control optimal problem (P?), which
is the approximation of problem (P). In order to approximate the 91}, ,-](-), we define
a nondecreasing function 3¢ [19] on R by

I7|

1 [~s—0.T [s—0*

5°(r) = senir) | mm{,
0

9

e2

+
) ds Vr eR,
€ g2
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Optimal control problem for Lengyel-Epstein model 23

where [-]T denotes the positive part. Then 3¢ € C*, (3°) € W1*°(R) and

—_

0<(5)(r) < é

: |(5€)(7’)|2*([T*0*]++[fo*fr]+)f% VreR. (7)

)

We fix a primitive /3¢ of 3¢ such that
BF(0)=0 and [°(r)=0 VreR. (8)

Now, we consider the following approximating system of (2)

duv - .
Ut*AU+CU+m+Ii5 (u):af(b an,
Ouv .
vt—éAv—b9u+1+u2:9¢+Bw in Q, 9)

u(z,0) = up(x), v(x,0)=wvo(x) in 2,
u(z,t) =0, ov(z,t)=0 onX.

Lemma 1. Suppose that 3° satisfies (7)~(8), (ug,v9) € V x V and ¢ € L*(0,T; H).

() Let Bw € L2(0,T;H). Then problem (9) admits a unique strong solution
(u,v) € Y x Y, which satisfies the following estimates:

|BE|L°°(O,T;L1(_Q)) + |BE|L2(0,T;H) + [ulLe0,13v)
+ [ul 20,182 (2)) + W' | 20,130y < C (10)
and
0| Loo (0,75v) + [0l 20,13 12(02)) + [V L200,730) < C, (11)
where C' > 0 is a constant independent of u, v and e.
(i) Let w, € L*(0,T;U),w, — u weakly in L*(0,T;U) and (u,v), (un,v,) be

the solutions of (9) corresponding to w and w,, respectively. Then on some
subsequence of (un,vy,), still denoted by itself, we have

(un,vn) — (u,v)  weakly in (L2 ((),T; HQ(Q)))Q, (12)

(un,vn) — (u,v)  stronglyin (C([O,T];H) N L2(0,T; V))2 (13)
and

(ul,,v)) — (u',v")  weakly in (L*(0,T; H))2 (14)

Proof. The existence of weak solution is proved by the standard Galerkin method. In-

deed, let
—-A 0
A= { 0 —5A} '
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24 J. Zheng

Then A is a linear, self-adjoint operator in H with D(A) dense in H. Therefore, we can
define the powers A® of 5, s € R, and V is nothing other than D(A'/?). Thus, there
exists an orthonormal family v; (j € N) of H and a sequence 7; (j € N) such that

O<m<np <<y - 00 asj— o0,
Arpy = mjib;.

For n € N, we define the discrete ansatz space by V,, = span{tn, ¢, ...¢,} C V. Set
Up(t) = up(x,t) = > u(t)1;(x) and require that u,, o(z) — uo in H. Performing
the Galerkin procedure for system (9),

4 nUn .
Un,t — Auy, + cuy + IZ—Z% + k8% (up) =a—¢ inQ,
Ouy, v, .
Unt — 0Av, — blu, + Tt =60¢+ Bw in(Q, (15)

n

Un(2,0) = upo(z), vn(z,0) =vy0(z) in {2,
Uy, = v, =0 onX.
According to the ODE theory, there is a unique solution to (15) in the interval [0,T},),

where T,, — T is a consequence of the following a priori estimates.
Multiplying (15); by u,, and (15)2 by v,, and integrating them, respectively, we derive

2
%%mn@ + V|3 + clun |3 +/ (qu:z% + ﬁﬁa(un)) dx
Q2
< (a—d,up) (16)
and
2
%%h}n@ + 6| Vu,|3 + /(bé)unvn + ml) dz
o)
= (06 + Buw, v,). (17)

Here we have use the fact that
B (un) = B%(un) — B7(0) = B(E)un < B (un)ttn,

where £ locates between 0 and u,,. Observing that

4u v,
Un? dx</4|vn|dw.
14+ u2

2 2

Therefore, from (16), Young’s inequality and Holder’s inequality it follows that

1d 5
5 gz Ul + [Vun 3 + /nﬂg(umdx <C(lunls +lonl3) + €. (8)

n
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Here and throughout the proof of Lemma 1, we shall denote by C' several positive con-
stants independent of w,,, v, and €. With similar arguments in the above, we show that

5 dt'””b +0IVonls < C(Junl3 + [vn3) + C, (19)

which, together with (18), implies that

1d

2dt<\un\2 +[0al3) + [V} +01V0a[3 + / B do

C(lunl3 + [vnf3) +C, (20)
which, combined with (8) and the Gronwall’s inequality, yields

[tn | Lo (0,7;1) F |UnlL2(0,7:v) + [Vn| Lo 0,1;1) + [VnlL2(0,7:v)

+ “|B€|L1(0,T;L1(Q)) <G 2D
Here we have use the fact that
B7(0)=0 and B°(r) >0 foranyr € R. (22)

On the other hand, testing (15); by —Auw,, and (15)2 by —Auw,,, respectively, and integrat-
ing the resulting equations over {2, we derive

Vw3 A3 + / (5°) () Vit d

< ||V |3 + ‘/ 4unvn Auy, dz| + (a — ¢, —Auy,) (23)

14+ u?

and

9 dtWU”'? + 5|Avn|2

< ’/ (bﬁunAvn + Guunvn Avn) dx
1+u2
o)

+ (6¢ + Bw, —Auvy). 24)

Notice that

4
|c||Vun|§ T ’ / T Aup dz| + (a — ¢, —Auy)

14+ u2
2

1 16u2v?

<7Aun2—|—/¢d + |¢||Vuy, |5 + C

18w+ [ s da el Vu
o

1
< SlAunf3 + Cloal3 + e Vun3 + C (25)
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and

+ (ed) + Bw, _Avn)

/ bOu,, Av,, + AL Av, | dz
14+ w2

202u?
2 A3 + /5 Uil e Ol + C

< §|Avn|§+0(|un|§+ lual3) + C. (26)

Inserting (25) and (26) into (23) and (24), respectively, we derive

1d
|Vun|2 + |Aun|2 + K (ﬂs),(un)|v“n|2 dx
2dt
2
1
< S lAunl3 + Cloal3 + e[ Vun3 + C @7
and

2 dt|vvn|2 + 5‘Avn|2 ‘Avn‘g =+ O(|un|§ + |Un|§) +C, (28)

which, combined with (7), (21) and the Gronwall’s inequality, implies that

[tn| Lo 0,75v) F [Un|L2(0,15H2(02)) < C (29)
and

[Vn| Lo (0,13v) + [VnlL2(0,1m2(2)) < C. (30)

Now, multiplying (15); by 8¢, integrating over [0, 7] and invoking the Young’s inequality,
we derive

d» /
I iy +RlB L+ [ (5 () Vo do

0

4 nUn &
:/[(a—qﬁ—cun— IZZ%)ﬂ (un)] dz
2

< g}5€|§+c(\¢|§+\un\§+|vn\§+1). (31)

Thanks to (7), (21) and the Gronwall’s inequality, we derive
‘ﬂEILOO(O,T;Ll(Q)) + ‘ﬂE‘L2(O,T;H) <G (32)

Finally, multiplying (15); and (15)2 by u,; and v, ., respectively, after some basic
calculation, we end up with

lur|r20,mm) < C and 0], |2 0,75m) < C. (33)
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By (29), (30) and (32)—(33) and applying the rather standard argument, we can conclude
that there exist a function (u,v) and a subsequence of (uy,,v,), still denoted by them-
selves, such that

(Un,vn) — (u,v) weaklyinY xY 34)

and (u,v) is the solution of problem (9). The uniqueness of the solution to problem (9)
can be got easily, we omit it.

Now, we prove the w-dependence of this lemma. To this end, replacing (u, v) and w
by (U, vy,) and wy, in (9), respectively, we obtain

4 nvn .
Un,t — Auy, + cuy + 11231 + k8% (up) =a—¢ inQ,

Ou, v, .
V.t — 0Av, — bOu,, + T 0¢ + Bw, inQ, (35)

un(x70) :U,O(l‘), Un(l‘,O) :’Uo(l‘) in (2,

Up =v, =0 onX.
By the above analysis, we have
|/BE’L°°(O,T;L1(Q)) + |B€|L2(0,T;H) + [unlL=,13v) + unlL2(0,7:82(2))
+ |y | 200,13y < C (36)

and
[Un|Loe0.13v) + |Unlrz(0,1:02(2)) + V5] L200,730) < C, (37)

where C' > 0 is a constant independent of n and €. By (36)—(37) and using Ascoli—Arzela
theorem and compactness lemma, we infer that there exists a subsequence of (uy,,v,),
still denoted by itself, such that

(tn,v) = (u,0)  weakly in (L(0,T; H*(22)))?, (38)

(tn,vn) = (u,v)  stronglyin (C([0,T7]; H) N L*(0,T; V))2 (39)
and

(ul,,vl) — (u',v") weakly in (L*(0, T} H))2 (40)
as n — oo. The proof is completed. O

Lemma 2. Suppose that 3° satisfies (1)—(8), let w. € L?(0,T;U) with w. — w* weakly
in L?(0,T;U) ase — 0, (ue, ve) is the solution of (9) corresponding to we. Then on some
subsequence (uc, ,ve, ) of (ue,v:), there exists a triple (u,v,m) € Y x Y x L?(0,T; H)
such that

n € 0y, oy(u) ae in L*(0,T; H), 41)

Nonlinear Anal. Model. Control, 21(1):18-39
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while
(te,,ve,) = (u,v)  weakly in (L*(0,T; HQ(Q)))Q, (42)
(e, ve,) = (u,v)  strongly in (C([0,T]; H) N L*(0,T; V))z, 43)
(ul vl ) — (u',0")  weakly in (L*(0,T; H))27 (44)
B (ue,) = n weakly in L*(0,T; H) (45)

as e, — 0 and (u,v,n) is a solution of (2) satisfying the following estimates
[ul¥ + [l + 12, < C (46)
with C' > 0 is independent of €, n.

Proof. Rewrite (9) as following:

4
Uet — Aug + cue + 1%2‘% + k65 (ue)=a—¢ inQ,
Ou.v, .
Vet — 0Av, — bOu. + m =60¢+ Bw. inQ, 47)

€

ue(x,0) = ug(xz), wve(x,0)=vo(z) in 2,
ue(z,t) = ve(z,t) =0 onX.
Employing almost exactly the same arguments as in the proof of Lemma 1, we conclude

that the results (42)—(44). Furthermore, by a standard argument in [2], we get n €
Oy, o+ (u) ae.in L?(0,T; H). This completes the proof. O

Now, we let (u* v* w*) be optimal for problem (P). For each ¢ > 0, assume
(uf, v, w?) is the solution to

4
ut—Au—Fcu—l—%—Fﬁﬂs(u):a—qﬁ in Q,

Ouv . .
v =080 —bu+ m—5 = 66+ Buw"  inQ, (48)

u(gj,O) = UO(I)a U(I,O) - UO(I) in £2,
u(z,t) = v(x,t) =0 onX.

It follows from Lemma 2 that
d(e) := ul —u*|r200,7,m) — 0. (49)
Now, for each € > 0, the approximating optimal control problems (P?) is as follows:

Minimize L. (w) over w € L*(0,T;U),
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Optimal control problem for Lengyel-Epstein model 29
where L. : L2(0,T;U) — R by

T
1 *
Letw) = [ oettou) + hw)] de + 5w = wFao o
0

1
24(e)

+ [ds (F(u.)) + ()] (50)

and (u.,v.) is the solution of (9). Here, dg(F(u)) denotes the distance between F'(u)
and S,
g:(t,y) = /g(t, Py — A7) pn(T)dr (51
Rn
is the approximations of ¢ [1], where n = [1/¢], p,, is amollifierin R” and P, : H — X,
is the projection of H on X,,, which is the finite dimensional space generated by {e; }7" ,
{e;}32, is an orthonormal basis in H, A,, : R™ — X, is the operator defined by A,,(7) =
Yo Tie; With 7 = (74, T2, ..., ).

In this case, one can transform the original state constrained optimal control prob-
lem (P) into non-constrained optimal control problem (P®) and use the method [3] to
obtain the optimality condition for problem (P) by a passage-to-limit procedure for € \, 0.

First of all, we show the existence of the optimal solutions for (P¢).

Lemma 3. (P°) has at least one optimal solution.

Proof. Let & > 0 be fixed. It is clear that inf L. (w) > —oo. Let d. = inf{L.(w): w €
L?(0,T;U)} and w,, be a minimizing sequence such that

1
ds < Ls(wn) < ds + Ev (52)

which, together with (H2), (H3) and (50), implies that w,, is bounded in L2(0,7T;U).
Without loss of generality, we may assume that w, — @ weakly in L?(0,T;U). Let
(tn,vy,) and (@, D) be the solutions of (9) corresponding to w,, and W, respectively. It
follows from Lemma 1 that on some subsequence of (u,,, v,,), still denoted by itself,

(Up,vn) — (4,0) weaklyinY x Y
and strongly in (C([0,T]; H) N L*(0,T; V))Q. (53)

With the help of (H2), (51) and (53), we also obtain

T T
/ |g€(t,un) — gs(t,ﬂ)|2dt < C’/ |y, — U|odt = 0 asn — oo. (54)
0 0
On the other hand, due to (53) and (H1), we have
lim F(u,) = F() (53)

n—oo

Nonlinear Anal. Model. Control, 21(1):18-39



30 J. Zheng

and therefore,
lim 251( y s (F(u W) +6(E)]” = 251( ylds (F (@ ) + ()] (56)

Finally, (50) and (54)—(56) imply that (&, 0, @) is the optimal for problem (P). This
concludes the proof of the Lemma 3. O

Lemma 4. Let w. be optimal for problem (P?) and (u.,v.) be the solution of (9) corre-
sponding to w.. Then on some subsequence &,

(usn,vgn) — (u*,v*) strongly in (C([O,T]; H) N LQ(O,T; V))z, (57)
we, — w* strongly in L*(0, T3 U). (58)

n

Proof. Since w, is solution to (P%), we have

T
/ggtu w™)] dt+251( Slas(Fn) + o) 69
0

which, together with (49), implies that
1

335 [ (F) + 8] < g5 [1F(2) = P, + 6]
1
25(5 [C|U —u*|200,m;m) + (e )]2
< a+oy —ZC) d(e) =0 ase —0, (60)
which, combined with (59), implies that

T

lim sup L, (w;) / )} dt, 61)

e—0

0

which implies that w. is bounded in L?(0,T;U). Without loss of generality, we may
assume that w. — w weakly in L2(07 T; U), which, together with Lemma 2, implies that
there exists a sequence of ,, such that

(e, ,ve,) = (@,3)  strongly in (C([0,T]; H) N L*(0,T;V))*. (62)

On the other hand, (50) and (61) imply that

lim dg (F(usw)) =0 (63)
en—0

and thus,
Elnlgo ds (F(u)) =0. (64)
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Thus, we conclude from (50), (62) and (64) that

T
/ [g(t,u*) + h(w*)] dt = L(w*) > liminf L., (w,,)
en—0
0 - 1
0
Hence, @ = u*, 0 = v*, w = w* and

w. — w* strongly in L*(0,T;U), (66)
Finally, it follows from Lemma 2 that
(ue, ,ve, ,we, ) = (W, 0™, w")
strongly in (C ([0, T]; H) N L2(0,T;V))* x L*(0,T; U). (67)

This completes the proof. O

3 The optimality condition for (P¢) and (P)

In the following, we derive the optimality condition for problem (P) by showing the
relation between approximation problem (P?) and problem (P). We start this section with
the necessary conditions for (u., v., w,) to be optimal for (P%).

Lemma 5. Suppose that ¢ satisfies (7)—~(8) and (H1)—(H3) hold. Let (u., ve, we) be op-
timal for problem (P¥). Then there exists a tetrad (., pe, -, () € Rx WH2(0,T; V)N
L2(0,T;V)NC([0,T]; H) x WH2(0,T; V)N L2(0,T;V) N C([0,T); H) x Z* such
that

ve (1 — u?) e\’
ﬁ(zlpe +0ge) — b0q- + £ (%) (ue)pe

= 7(F/(u6))*g€ - Nsvgi(t UE)

—Pet — Ape + cpe +

et —0AG + 5 + 2 5 (4pe +0gc) =0, (68)
p5($7t) =0, q€($7t) =0 in3,
p(T) =¢q:(T) =0
and
B*q. = pe [th(we) + we — w*] ae. t €10,T]. (69)

Proof. Let w, be optimal for problem (P¢) and (u., v:) be the solution of (9) correspond-
ing to w,. Set wX = w, + yw for any w € L?(0,T;U), (uX,vY) is the solution of (9)
corresponding to wX. Then it is clear that

(uX,vX) = (ue,v.) strongly in C([0,T); H) N L*(0,T;V) as x — 0. (70)

e ve
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Now, owing to w, is the optimal for problem (P¢), we have (L. (wX)— L. (w.))/x = 0 for
all x > 0. Hence, employing the same arguments as in the proof of [1], we conclude that

T

0< Ns/ [<v96<t5 us)7ys> + <Vh(ws) + Wwe — W*aw>U} dt
0

+ ((F'(ue)) G 9e) 5o 1)
where (ye, ¥ ) is the solution of

(1 —u?) du, E
(1+u )2 Ye + 1+Zgy5+ﬁ(ﬁ )/(us)ye :Oa

Ou, n Ov (1 — u2)
1+u 2 a2y
ys(o) =0, ye(o) =0,

Vg (t,u.) denotes the gradient of g. to the second variable at u., Vh(w,) denotes the
gradient of h at w, and

4u
t — Aye +cye +

t — 0Ay. + (72)

— bAy. = Bw,

Vds(F(u if F'(u S,
0 if F(ue) € S.
Thanks to S is convex and closed, we may also infer that
Clz- =1 if F(us) ¢ 8. (74)

Let

5(¢)

Mo = 50) + ds (F(u)) 7
and (pe, q-) be the solution of (68). Due to [1, Thm. 1.14], the boundary value prob-
lem (68) has a unique solution (pe, ¢-) € W12(0,T; V*)NL?(0,T;V)NC([0,T]; H) x
W20, T;V*) N L2(0,T; V)N C([0,T); H). It follows from (68), (71) and (72) that

T
0< /—(B*qg, w) + pe(Vh(w:) + we —w*, w),, dt, (76)

which implies (69). This completes the proof. O

Proof of Theorem 1. By using the properties of 3¢ and Lemma 4 that, on a sequence of ¢,
still denoted by &,

(ue,v:) = (u,v)  weaklyin (L*(0, T} HQ(Q)))Q, (77)
(ue,ve) = (u,v)  strongly in ( ( ) N L*0,T; V))Q, (78)
(ul,0l) — (o', 0')  weakly in (L2(0, T; H))2 (79)
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and
B°(ue,) —n weakly in L*(0,T; H). (80)

On the other hand, by the same argument in [1], we obtain that on a subsequence, still
denoted by ¢,

(p-,4:) — (p,g)  weakly in (L2(0,T;V))”

and weakly star in (C([0,77; H))Q, 81)
. 2
(perg=) = (p,q)  strongly in (L*([0,T1; H)) (82)
and
(pL,ql) = (0',q") weakly in (L?(0,T; V")), (83)
Now, we will prove that
(Bg)l(ug)pa — 1 weakly star in (LOO(QT))*. (84)

In fact, let ¢ : R — R be a smooth, bounded and monotone approximation of the signum
function such that ¢)(0) = 0 (see [1, Lemma 3.5]). Now, multiplying (68); by ¥(p.) and
integrating the resulting equations over [0, 7], we get

/ K (5°) (ue) o (pe )pe da dt
Q

= /(_ (F/(UE))*CE - Hev.ga(t7ue) + Pet + Apg — CPe

ve(1 — u?)

_ (1 n u2)2 (4pa - ﬁqe) + b0q6>1/)(p5) dz dt

T
< / |(F(we)) G| 4 |1V e (8, ) 2+ (e, 0,0) (1pe |3+ |ge 3+ P11 +|ve|3) dt
0

< O, (85)

where C; > 0 is independent of € and ~(c, 8, b) is positive constant depending on ¢,
and b. Here we have use the fact that

/Apaw(ps) dedt < Co + / ’paAw(ps)‘ dzdt < C3 + O4|pe|§~
Q Q

and 1 € L2(0,T;V) (see [1, Lemma 5.3]). Here and throughout the proof of Theorem 1,
we shall denote by C; (: € N) several positive constants independent of ¢. Therefore,
(85) implies that

/@/ ‘(ﬁs)l(us)pgl dzdt < Cs.
Q
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Hence, by the above inequality, we infer that there exists n € (L°°(Q7))* such that

(ﬁe)/(us)ps —n weakly star in (LOO(QT))*.

Thus, (84) holds.
On the other hand, it follows from (74) and (75) that

1< pe +|¢|z» <2 foranye > 0. (86)
Therefore, there exist two generalized subsequences of u. and (. such that
pe = o ase —0 and (. — (o weaklystarin Z* ase — 0. 87)

Here we use the fact that u. and (. are bounded on R and Z*, respectively. Using
Lemma 4, we may pass to the limit in (69) and derive (6);.

On the other hand, thanks to (H2) and (82), we may also infer from [1, Prop. 1.11]
that Vg, (¢, u.) weak star upper semicontinuous, which implies that

Vg (t,uc) — p(t) weaklyin L*(0,T; H) as e — 0, (88)

where p(t) € dg(t,u*) ae. t € (0,7T).
Similarly, due to (H1) [1, Prop. 1.12], we have

[F'(u.)] ¢ — [F'(u*)] ¢ weakly in L*(0,T; H) as e — 0. (89)

In the following we will prove

*

Ue .
T 2p5 1+(u*)2p weakly in L?(0,T; H) ase — 0 (90)
and
n(l-w)  v(- @)

Pe — " p weaklyin L2(0,T;V*) as e — 0. 91
(T+u2)2™ " (14 (ur)?)?

Indeed, let p € L?(0,T; H), then we derive

</T (o +ﬂ*>2p’“">’dt>2

Uspe (1+ (u)?) —u'p(l +u2) i
(o ’*">‘dt>
|502dt>

dt/ o2 dt. 92)

ucpe (1 + (u*)?) — u*p(1 4 u?)
(1 +u2)(1+ (u*)?)

Usp61+ ))—upl—l—u
(14 u2)(1+ (u*)?)
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On the other hand,

< 4/ (uepgfu*p€)2+(u*p57u*p)2+ug(u*)2[(p5u* *pU*)2+(pU* 7pug)2] da

J (A1 ()22
= Jl’s(t) + JQ’g(t) + Jg,g(t) + J4’g(t), 93)
where
UePe — U De 2
J1e(t) = 4/ (1—&1@%2(1 _,_I()u)*)z)z dz, 94)
Q
(u*pa _ u*p)Z
Tae(t) = 4 S (95)
Q/<1+ug> i+ W)
_ [ e )P (pew” — put)?
1el) = [ S o0
Q
and
Juc(t)=4 / (Zi ) )(1(’?+_(5>ZL)€))2 dz. (97)
Q

Moreover, due to the Holder’s inequality and Young’s inequality, we have

(uepe — upe)? ue — uw*[(Juc| + [u*])p?
(t) =4 de <4 cd
)= | i e <4 et G

=4

e~ wlfucle? el
A+ w221+ ()22 " (T +u2)2(1+ (ur)2)?

O — O~ O~—_

o f (el = w2
1+ u? 1+ (u*)?
<2 (\us - u*|p§ + |ue — u*\pg) dz = 4/ lue — u*|pg dz
I7)
< Afue — “*|2|p6|%4(9 4lue —u*[2 ‘pleG Q)|~O|1/6 (98)
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thus, by the Holder’s inequality and Sobolev embedding theorem, we have

/*E //1fﬁsu%%P““

0

4/ﬁ%fuMmumﬂ0W%u
0

< 4021Y max |u.(t *U*(t)|2/\ps|2m(n) dt,
0

0<t<T
T
1/6 * 2
< 4|02 Oglta<xT}u€ —u (t)|2/\ps|v dt, (99)
0

which, together with (78) and (81), implies that

T

T
/Jl’g(t)dt/|go|gdt—>0 as e — 0.
0 0

Similarly, by the Young’s inequality and (82), we have

T T T (w2 2 T
2 9, u*)*(pe — p 2
/Jz,a(t) dt/|g0|2dt—4// T3 @201 1 ()2 da:dt/|<p|2dt
0 0
// 1+ da:dt/|<p|2dt
2// dxdt/|<p|2dt—>0 ase — 0, (100)

0o

/TJ?,,E(t) dt/T|<p|§dt=4/T/ (1%22;)4((1171( ))2 dxdt/|gp|2dt

0 0 2

u*)*(p- — p)?

(14 2u2+ u4)(1 +2(u*)? 4+ (u*))

/ dacdt/|<p|2 dt—-0 ase—0, (101)
I7;

=4 dxdt/|gp\§dt

<2

St~ O\H
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T T
/ Ji. () dt / o2 dt
0 0

(u* —ue)?

( ) dxdt/|gp\2dt

(u* —ua)
1—|—u2 (u*)?)

dz dt/ |2 dt

dx dt 2at

14 u2 14 (u*)

/p2|U* — ue( |U*| + |us|
r[

T
<|u€ B U*H”Lte‘pg N |ue — u*|u>;|]3§> dxdt/ W@dt
0

/ (Jue — w2 + e — w*[p?) dedt / o2 dt
2

T T T
/ e — u*|p? der dt / o3 dt < 4 / e — * |alpe 24 At / o2 dt
(9] 0 0 0

1/6 * 2
<420 e fuc(t) = 0 (0)]2 [ [peliooy .
0

< 4|0|V6 A |ue (t) — u*(t)], / Ip|3,dt =0 ase — 0. (102)
0
Here we have use the fact (u*)? < 1+ (v*)? and u? < 1 + u2. With similar arguments
we can get (91).
With the help of (81)—(84) and (87)—(91), we can pass to the limit in (68) to derive
that (p,q) € (WH2(0,T;V*) N L*(0,T;V) N C([0,T]; H))? and satisfies (5). On the
other hand, observe that . € dds(F(u.)), we derive

(Cyw — F(u5)>Z*VZ <0 VYweS. (103)

Since u. — u* strongly in L?(0,T; H), by (H;), we yield that F'(u.) — F(u*) strongly
in Z. Letting ¢ — 0 in (103) we have (6)a.

Finally, we are in a position to prove that (pg, (o) # 0. To this end, we suppose that
o = 0. It follows from (74) and (75) that

0<d<|¢

7+ forsome § > 0. (104)
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On the other hand, by (103), we have
(CGyw—F(u*)),. , < (¢ F(us) = F(u")) . , —0 uniformlyinw € S. (105)

Since S C Z is a closed convex subset with finite co-dimensionality, so does S—F'(u*),
which, together with (104) and (105), implies that (19, (o) # 0 ([17]).

Assume [F'(u*)]* is injective and (ug,p,q) = 0, and thanks to (5), we derive
(F'(u*))*¢o = 0, which yields {; = 0 and (po, o) = 0. This is a contradiction with
(0, Co) # 0. Thus, if [F'(u*)]* is injective, then (uo,p,q) # 0. We complete the
proof. O
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