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Abstract. Recently, Samet et al. introduced the notion of a—i-contractive type mappings and
established some fixed point theorems in complete metric spaces. Successively, Asl et al. introduced
the notion of a.—1)-contractive multi-valued mappings and gave a fixed point result for these multi-
valued mappings. In this paper, we establish results of fixed point for c,-admissible mixed multi-
valued mappings with respect to a function 7 and common fixed point for a pair (S, T") of mixed
multi-valued mappings, that is, a..-admissible with respect to a function 7 in partial metric spaces.
An example is given to illustrate our result.
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1 Introduction

The study of iterative schemes for various classes of contractive and nonexpansive map-
pings is a central topic in metric fixed point theory. This research started with the work of
Banach [6] who proved a classical theorem, known as the Banach contraction principle,
for the existence of a unique fixed point for a contraction. The importance of this result is
also in the fact that it gives the convergence of an iterative scheme to a unique fixed point.
Since Banach’s result, there has been a lot of activity in this area and many developments
have been taken place (see also [26]). Some authors have also provided results dealing
with the existence and approximation of fixed points of certain classes of contractive
multi-valued mappings [7,8,12,17,21,22].

Let (X, d) be a metric space and let C B(X) denote the collection of all nonempty
closed and bounded subsets of X. For A, B € CB(X), define

H(A,B) := max{sgg d(a, B), ls)gg d(b,A)}7
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where d(z, A) := inf{d(z, a): a € A} isthe distance of a point z to the set A. Itis known
that H is a metric on C B(X), called the Hausdorff metric induced by the metric d.

Definition 1. Let (X, d) be a metric space. An element z in X is said to be a fixed point
of a multi-valued mapping 7' : X — CB(X) ifx € Tx.

We recall that T : X — CB(X) is said to be a multi-valued contraction mapping if
there exists k € [0,1) such that

H(Tz,Ty) < kd(z,y) forallz,y € X.

The study of fixed points for multi-valued contractions using the Hausdorff metric
was initiated by Nadler [17] who proved the following theorem.

Theorem 1. (See [17].) Let (X, d) be a complete metric space and T : X — CB(X) be
a multi-valued contraction mapping. Then there exists x € X such that © € T'x.

Later on, an interesting and rich fixed point theory was developed. The theory of
multi-valued mappings has application in control theory, convex optimization, differential
equations and economics (see also [11,15]). On the other hand, Matthews [16] introduced
the concept of a partial metric as a part of the study of denotational semantics of dataflow
networks. He gave a modified version of the Banach contraction principle, more suitable
in this context (see also [2, 3,10, 13,19,20,27]). In fact, (complete) partial metric spaces
constitute a suitable framework to model several distinguished examples of the theory
of computation and also to model metric spaces via domain theory (see, [9, 14, 16,23,
25,28]). More recently, Aydi et al. [S] introduced a notion of partial Hausdorff metric
type, associated to a partial metric, and proved an analogous to the well known Nadler’s
fixed point theorem [17] in the setting of partial metric spaces. Very recently, Romaguera
[24] introduced the concept of mixed multi-valued mappings, so that both a self mapping
T : X — X and a multi-valued mapping 7' : X — CBP(X) (the family of all non-
empty, closed and bounded subsets of a partial metric space X)), are mixed multi-valued
mappings. In this paper, we establish results of fixed point for a,-admissible mixed multi-
valued mappings with respect to a function 7. Also, we prove results of common fixed
point for a pair (S,T') of multi-valued mappings, that is, «.-admissible with respect to
a function 7 in the setting of partial metric spaces.

In the sequel, the letters R and N will denote the set of all real numbers and the set of
all positive integer numbers, respectively.

2 Preliminaries

First, we recall some definitions of partial metric spaces that can be found in [10, 16, 18,
19,23]. A partial metric on a nonempty set X is a function p : X x X — [0, +00) such
that for all z,y, z € X:

) z=y & p(z,z) = p(z,y) = p(y,y);

(02) p(z,z) < p(z,y);
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(3) p(x,y) = p(y,x);
4 p(x,y) < pz,2) +p(z,y) — p(2,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X. It is clear that if p(x,y) = 0, then from (p1) and (p2) it follows that x = y.
But if ¢ = y, p(z,y) may not be 0. A basic example of partial metric space is the pair
([0,4+00), p), where p(x,y) = max{x, y}.

Each partial metric p on X generates a Tj topology 7, on X, which has as a base the
family of open p-balls { B,(z,€): € X, e > 0}, where

By(x,€) = {y € X: p(z,y) < p(z,x) + e} (D

forallz € X, e > 0.

Let (X, p) be a partial metric space. A sequence {x,,} in (X, p) converges to a point
x € X if and only if p(z, z) = limy,_, 4 o0 p(2, Tp).

A sequence {z,} in (X, p) is called a Cauchy sequence if there exists (and is finite)
limy, 1 —s 400 P(@n, Tm). A partial metric space (X, p) is said to be complete if every
Cauchy sequence {z,} in X converges, with respect to 7, to a point # € X such that
p(z, ) = limy, s 400 P(Tn,s Tm)-

A sequence {x,,} in (X, p) is called 0-Cauchy if lim,, y—s 400 D(Zn, Tm) = 0. We say
that (X, p) is O-complete if every 0-Cauchy sequence in X converges, with respect to 7,
to a point € X such that p(z,z) = 0.

Now, we recall the definition of partial Hausdorff metric and some properties that can
be found in [1]. Let C BP(X) be the family of all nonempty, closed and bounded subsets
of the partial metric space (X, p), induced by the partial metric p. Note that closedness is
taken from (X, 7,,) and boundedness is given as follows: A is a bounded subset in (X, p)
if there exist zo € X and M > 0 such that for all a € A, we have a € Bp(:r:o, M), that
is, p(zo, a) < p(zo,x0) + M.

For A, B € CBP(X) and xz € X, define

p(x, A) = inf{p(x,a): a€ A},
6p(A, B) = sup{p(a, B): a € A},
6p(B, A) = sup{p(b, A): b € B}.

Remark 1. (See [4].) Let (X, p) be a partial metric space and A any nonempty set in
(X, p), then )
a € A if and only if p(a, A) = p(a,a), 2)

where A denotes the closure of A with respect to the partial metric p. Note that A is closed

in (X, p) if and only if A = A.

In the following proposition, we bring some properties of the mapping §,, : CB? (X)) x
CBP(X) — [0, +00).

Proposition 1. (See [1, Prop. 2.2].) Let (X, p) be a partial metric space. For any A, B,
C € CBP(X), we have the following:
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(i) 0,(A, A) =sup{p(a,a): a € A};
(i) 0,(A, A) < 6,(4, B);
(iil) 6,(A, B) = 0 implies that A C B;
(iv) 0p(A, B) < 0p(A,C) 4 0,(C, B) — inf.cc p(c, c).

Let (X, p) be a partial metric space. For A, B € CBP(X), define
H,(A, B) = max {6,(A, B), 6,(B, A)}.
In the following proposition, we bring some properties of the mapping H,.

Proposition 2. (See [1, Prop.2.3].) Let (X, p) be a partial metric space. Forall A, B,C €
CBP(X), we have:

(h1) Hp(A7A) < Hp(A>B);
(h2) H,(A,B) = H,(B, A);
(h3) Hy(A,B) < Hy(A,C)+ Hp(C, B) — infeec p(c, ¢).

Corollary 1. (See [1, Cor. 2.4].) Let (X,p) be a partial metric space. For A,B €
CBP(X) the following holds:

H,(A,B) =0 implies that A= B.

Remark 2. The converse of Corollary 1 is not true in general as shown by the following
example.

Example 1. (See [1, Ex. 2.6].) Let X = [0, 1] be endowed with the partial metric p :
X x X — [0, 400) defined by

p(x,y) = max{x,y} forallz,ye X.
From (i) of Proposition 1, we have
H,(X,X)=6,(X,X)=sup{z:0< 2 <1} =1+#0.

In view of Proposition 2 and Corollary 1, we call the mapping H, : CBP(X) x
CBP(X) — [0, +00), a partial Hausdorff metric induced by p.

Remark 3. Itis easy to show that any Hausdorff metric is a partial Hausdorff metric. The
converse is not true (see Example 1).

3 Main results

In [24], Romaguera introduced the concept of mixed multi-valued mappings as follows.

Definition 2. Let (X, p) be a partial metric space. T : X — X U CBP(X) is called
a mixed multi-valued mapping on X if 7" is a multi-valued mapping on X such that for
eachz € X,Tx € X or Tz € CBP(X).
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As said above, both a self mapping 7' : X — X and a multi-valued mapping 7" :
X — CBP(X), are mixed multi-valued mappings. This approach is motivated, in part,
by the fact that C B (X') may be empty.

Now, we consider the family

W= { (41, ..., P5): Py : [0, +00) = [0, +00), i =1,...,5}

such that:
(i) )2, 95 are nondecreasing and 1, is increasing;

(i) ¥1(t),¥2(t), ¥a(t) < Pa(t) forall t > 0;

(iil) a(s +1t) < a(s) + Ya(t) forall s, > 0;

(v) v1(t), a(t), 1s5(t) are continuous in t = 0 and 11 (0) = 12(0) = 15(0) = 0;
(V) S i (t) < +oo forall t > 0.

The following lemma is obvious.

Lemma 1. If (¢1,...,95) € U, then ¥4(t) < t forall t > 0.

Let (X, p) be a partial metric space and o, : X x X — [0, 400) be two functions
with 77 bounded. In the sequel we denote

ax(A, B) =z€fix{1£€Ba(x,y) and 7.(A, B) =x631}563n(x,y)

forevery A, B C X.

Definition 3. Let (X, p) be a partial metric space, T : X — X UCBP(X) a mixed multi-
valued mapping and @ : X X X — [0, +00) a function. We say that T" is an «v,.-admissible
mixed multi-valued mapping if

alz,y) 21 implies o, (Tz,Ty)>1, z,y€eX.

Definition 4. Let (X, p) be a partial metric space, S,7 : X — X U CBP(X) be two
mixed multi-valued mappings and a, 77 : X x X — [0, +00) be two functions with
bounded. We say that the pair (S, T) is a..-admissible with respect to 7 if:

alz,y) =2 n(z,y) implies .(Sz, Ty) = n.(Sz,Ty), z,ye€ X.

We say that T is an «,-admissible mixed multi-valued mapping with respect to 7 if the
pair (T, T) is cv.-admissible with respect to 7).

If we take, n(z,y) = 1 for all z,y € X, then the definition of «,-admissible mixed
multi-valued mapping with respect to 1 reduces to Definition 3.
The following theorem is one of our main results.

Theorem 2. Let (X, p) be a 0-complete partial metric space and let T : X — X U
CBP(X) be a mixed multi-valued mapping. Assume that there exist (¥1,...,¢05) € ¥
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and two functions a,n : X x X — [0, +00) with n bounded, such that

inf n(z,u) < a(z,y) implies
ueTx

H(Tz,Ty) < maX{wl (p(x,y)), Va2 (p(z,Tx)), ¥3(p(y, Ty)),

Ya(p(x, Ty)) + ¥s(p(y, Tx) — ply, y)) }
2

3)

forall x,y € X. Also suppose that the following assertions hold:
(1) T is an a.-admissible mixed multi-valued mapping with respect to 1,
(ii) there exist xo € X and x1 € Txq such that a(xg, 1) = n(xo, x1);
(iii) for a sequence {x,} C X such that oz, Tn+1) = N(Tn, Tpt1) foralln € N

and x,, — x as n — +00o, then either

inf  n(yn,un) < @(yn,x) or inf  n(zn,vn) < alzn, x)
un,eTyn Vn €T zn

holds for all n € N, where {y,} and {z,} are two given sequences such that
Yn € Txy, and z, € Ty, for alln € N.

Then T has a fixed point.

Proof. By (ii) there exist g € X and 1 € Txg such that o(zg,z1) = n(xg,x1). This
implies that a(zo, 1) > n(xo, 1) = infyerg, N(xo,y). If zg = z1 or 21 € Ty, then
x7 is afixed point of T'. Assume that x; ¢ Tz and that T'z; is not a singleton. Therefore,
from (3), we have

0 < p(x1,Tx1) < H(Txzp,Tx1)
< max{wl (p(0, 1)), Ya(p(zo, o)), s (p(a1, Tr),

Ya(p(wo, T21)) + s (p(21, Txo) — p(w1, 1)) }
2

< HlaX{d)l (p(w0,21)), ¥2(p(w0,21)), 3 (p(x1, Tx1)),
Ya(p(o, 71)) + ¢4(p($1aT$1))}

2
< max{vy (p(zo, 1)), Y2 (p(z0, 1)), ¥3(p(z1,T21)),
max{ ¢y (p(zo,21)), Ya(p(er,Tz1))} }

= max{1/)4 (p(xo, $1)), Py (p(xl, Txl)) }
Now, if

max {4 (p(zo, 1)), Ya(p(z1,T21)) } = Ya(p(21, T21)),
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then
0 < p(z1,Tz1) < H(Txo, Tx1) < Ya(p(er, Tz1)) < plzy, Tz,
which is a contradiction. Hence,
0 < p(z1,T2y) < H(Txo, Txy) < Yu(p(z0,21)).

If ¢ > 1, then

0 < p(z1,Tx1) < ¢H(Txo, Tx1) < qipa(p(ao, 1))
So there exists x5 € Tz such that

0 < p(x1,22) < qH(Txo, Tx1) < qoa(p(zo, 71)). )
If Tz = {x2} is a singleton, again by (3), we get

0 < p(x1,x2) < H(Txo, Tw1) < tha(p(ao, 1))

and so (4) holds.
Note that z; # x5. Also, since T' is a,-admissible with respect to 7, we have
ax(Txo, Tx1) 2 e (Txg, Tx1). This implies

a(r1,72) = aw(Txo, Tr1) = nu(Txo, T2r) = 121, 22) > yél%f n(x1,y).
T
Therefore, from (3), we have

H(Tx,Tx) < max{¢1 (p(z1,32)), ¥2(p(z1, Tx1)), ¥3(p(z2, Tx2)),

Ya(p(x1, Txo)) + s (p(ae, Tx1) — p(wa, 22)) }
2

< Y (p(z1, 22)). Q)

Put tg = p(xg,x1) > 0. Then from (4), we deduce that p(z1,22) < qp4(to). Now,
since 14 is increasing, we deduce ¥4(p(x1, 72)) < ¥4(q4(to)). Put

o= Ya(qepa(to))
7/14(p(ﬂv1,$2))

If x5 € Txo, then x5 is a fixed point of T'. Hence, we suppose that x5 ¢ Tx5. Then

> 1.

0 < p(xe,Tas) < H(Txz1,Txo) < 1 H(Tx1,Txs).
So there exists x3 € T'xo (obviously xs = T'xo if T'x is a singleton) such that

0 < p(x2,23) < H(Tx1,T2)
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and from (5), we get
0 < p(za,23) < (1 H(Tw1,Txs) < qiva(p(21, 22)) = va(qa(to)).
Again, since 14 is increasing, then ¥4 (p(x2, x3)) < ¥4 (a(qipa(to))). Put

Ya(¥a(g¥a(to)))
VYa(p(2,23))

If 25 € T'x3, then a3 is a fixed point of 7. Hence, we assume that x3 ¢ Tz3. Then

g2 = > 1.

0 < p(as, Txs) < H(Txza,Tas) < goH (Txo, Txs).
So there exists x4 € T'x3 (obviously x4 = T'xg if T'x3 is a singleton) such that
0 < p(as,xq) < goH(Txo,Tx3). (6)
Clearly, xo # z3. Again, since T is a.-admissible with respect to 7,

a(ze,x3) = an(Tay, Tro) = ny(Tay, Tas) = n(wg, x3) > yél%f n(za,y).
1 T2

Then from (3), we have

H(Txy,Txz) < maX{% (p(z2,23)), ¥2(p(z2, Tx2)), 3 (p(zs, Txs)),

Ya(p(w2, Tas)) + s (p(xs, Tra) — p(as, x3)) }
2

< Y (p(z2, 23)). 7

Thus from (6) and (7), we deduce that

0 < p(x3,24) < g H (T2, T3) < qopa(p(x2,x3)) = V4 (Vs(qvba(t0)))-

By continuing this process, we obtain a sequence {z,} C X such that z,, € Tz, _1,
Ty # Tno1, W(Tpo1,2n) = N(Tn_1,2n) and p(Tp, Tni1) < Y5 Hqu(to)) for all
n € N. Now for all m > n, we can write

m—1

P, ) < Y plag, o) < Zw (qva(to)).

k=n

Therefore, {x,} is a 0-Cauchy sequence. Since, (X, p) is a 0-complete partial metric
space, then there exists z € X such that p(x,,, 2) = p(z, z) = 0 as n — +o0. Then from
(iii), either

unlenjfyn N(Yns un) < a(yn,z) or Unlean% N(2n;vn) < a2y, 2)
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holds for all n € N, where {y,} and {z,} are two given sequences such that y,, € Tz,
and z,, € Ty, foralln € N. Here x,,_1 € Tx,,_sand z,, € Tx),_1.
Therefore, either

inf  n(rp_1,un) < a(zp_1,2) or inf n(zn,vn) < a(x,, z)
Un €ET Ty 1 vn €Ty

holds for all n € N. If p(z,Tz) > 0, from (3), we have
p(ZaTZ) < H<TxnflaTZ) +p(wn7 Z) - p(l‘n,.’lﬁn)
< max{wl (p(zn-1,2)), Y2 (p(xn-1,TTn-1)), ¥3(p(2,T2)),

Va(p(wn_1,T2)) —;— Y5 (p(z, TTp-1)) } + p(2n, 2)

< max{wl (p(xnfh Z))v /(/)2 (p(xnflvxn))v 1/J3(P(2’7TZ)),

or
p(z,Tz) < H(TxruTZ) +p(:17n+1a Z) 7p(xn+1axn+l)

< max{% (p(:rn,z)), 1/)2 (p<xnaTxn))v "/}3 (p(szZ)>v

Va(p(@n, T2)) + s (p(z, Tp))
2

< maX{M (p(2n,2)), V2 (P(Tn, Tnt1)), V3 (p(2,T2)),

¢4(p(l‘m Z) + p(z, TZ)) + ’(/J5(p(2’, xn-l—l))
2

} + p(Tn+1, 2)

} + P(Tn+1, 2)

for all n € N. Taking limit as n — 400 in the above inequalities, we get

p(Z,TZ) < 11/}4(p(Z,TZ)) < p(Z,TZ)

a contradiction. Thus p(z,Tz) = 0. If Tz is a singleton, then z = Tz. If Tz is not
a singleton, from p(z,7Tz) = 0 = p(z, z), by Remark 1, we deduce z € T'z. Thus z is
a fixed point of T'. O

If in Theorem 2, we assume 7n(z,y) = 1 forall z,y € X, then we obtain the following
corollary.

Corollary 2. Let (X, p) be a 0-complete partial metric space and let T : X — X U
CBP(X) be a mixed multi-valued mapping. Assume that there exist (¥1,...,¢05) € ¥
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and a function o : X x X — [0, +00), such that

H(Txz,Ty) < maX{t/fl (p(z, ), V2(p(x, Tx)), ¥3(p(y, Ty)),

Ya(p(x, Ty)) + ¢¥s(p(y, Tx) — py, y)) }
2

®)

forall x,y € X with a(x,y) > 1. Also suppose the following assertions hold:
(i) T is an o.-admissible mixed multi-valued mapping;
(ii) there exist xg € X and x1 € Txg such that o(xg, 1) = 1;

(iii) for a sequence {a:n} C X such that a(xy,, Tpy1) = 1foralin € Nand x,, — x
as n — +oo, then either

a(yn,z) =1 or a(zy,z) =1

holds for all n € N where {y,} and {z,} are two given sequences such that
Yn € Txy and 2z, € Ty, foralln € N.

Then T has a fixed point.

Example 2. Let X = {1,2,3,4} andp : X x X — [0,+00) be defined by p(1,1) =
p(2,2) = p(4,4) = 1/6, p(3,3) = 0, p(1,2) = p(1,4) = p(2,4) = p(3,4) = 1/2,
p(1,3) = 1/4, p(2,3) = 1/3 and p(z,y) = p(y,z) forall z,y € X. LetT : X —
CBP(X) be defined by T1 = {3}, T2 = {1}, T3 = {3} and T4 = {1,4}. Clearly,
(X,p) is a O-complete partial metric space and Tz is a bounded closed subset of X
forallz € X. Leta : X x X — [0,400) be defined by a(1,1) = «(1,3) =
a(2,3) = a(3,3) = a(3,1) = «(3,2) = 1 and a(z,y) = 0 otherwise. Now, let
Y1, P9, Y3, a4, Y5 - [O,+oo) — [O, +00) be defined by ’L/)l(t) = t/2, Po(t) = 2t/3,
V3(t) =1/2,1a(t) = 3t/4 and ¢5(t) = 5t/6, then (Y1, 2, V3, Y, h5) € W.

Now, we have:

H(T1,T1) = H({3},{3}) = 0 <1 (p(1, 1)),
H(T1,T3) = H({3},{3}) =0 < ¥1(p(1,3)),
H(T2,T3) = H({1},{3}) = 0.25 < ¢5(p(2, {1})),
H(T3,T3) = H({3},{3}) = 0 < ¢1(p(3,3))

This implies

H(Tz,Ty) < max{l/)l (p(a:,y)), g (p(;me)), U3 (p(y,Ty)),

Vu(p(z, Ty)) + Usp(y, Tx) — py, y)] }
2

for all z,y € X with a(x,y) > 1. T is an «-admissible mixed multi-valued mapping
and o = 1 satisfies condition (ii). Now, we note that for a sequence {x,,} C X such that
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Xy, Tpy1) 2 1foralln € Nand z,, — x as n — +o0o, we have z = 3 and this ensures
that (iii) holds. Thus, by Corollary 2 the mixed multi-valued mapping 7" has a fixed point.
We note that

HT2,74) = 5 > max{ 01 (02, 4)), va (02, T2), Ya(p(0. 7).

Ya(p(2,T4)) + 5 (p(4, T2) — p(4,4)) }
5 :

4 Common fixed point results

Let (X, p) be a partial metric space, let a, 7 : X x X — [0, 4+00) be two functions with
7 bounded and let S, T : X — 2% be two multi-valued mappings on X . We denote

I'(Sz,Ty) = mln{uléléxn(x7u), vlenjfy n(y,v)} =I'(Ty, Sx).
Let® = {(77111, coy5): ;2 [0,400) = [0, 4+00), i =1, ... ,5} such that:
(i) 19, 13 are nondecreasing and 14, 15 are increasing;
(i) P1(t),va(t), ¥s(t) < min{ey(t), ¥s(t)} forall ¢ > 0;
(i) Pi(s +1t) < i(s) +i(t) (@ = 4,5) forall 5,¢ > 0;
(iv) ¥1(t), ¥2(t) and 3(t) are continuous in ¢ = 0 and ¥;(0) = ¥2(0) =
¥3(0) = 0;
(V) S 2 (t) < 4oc forall t > 0;
(vi) 4(t) < tforallt > 0;
(vii) Pa(5(t)) = ¥5(2pa(t)) for all ¢ > 0.

The following theorem is our main result on the existence of common fixed point for
multi-valued mappings.

Theorem 3. Let (X,p) be a 0-complete partial metric space and let S,T:X —
X U CBP(X) be two mixed multi-valued mappings on X. Assume that there exist
(Y1,...,95) € @ and two functions a,m : X x X — [0, +00) with n bounded such
that

H(S2,Ty) < max{w (b)), ¥ (p(ar, S2)). s (p(y. ),

Ya(p(z, Ty) — p(x,2)) + ¢s(p(y, Tx) — p(y,y))
5 } 9

forall x,y € X with a(x,y) > I'(Sz, Ty). Also suppose the following assertions hold:
(i) the pair (S, T) is c.-admissible with respect to 1);
(ii) there exist xog € X and x1 € Sxg such that a(xg, x1) = n(xo, 21);
(iii) a(z,z) > I'(Sx,Tx) for all x € X, which is a fixed point of S or T;
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(iv) for a sequence {x,,} C X such that a(xy, Tni1) 2 (T, Tny1) foralln € N
and x,, — x as n — +oo, then either

unléléfyn U(ym un) X Ol(ynv I) or vn1€n7fzn n(zvu Un) < Oz(Zn, .CE)

holds for all n € N where {y,} and {z,} are two given sequences such that
Yn € Tz, and z, € Sy, foralln € N.

Then S and T have a common fixed point.

Proof. From (iii) and (9) it follows that the mixed multi-valued mappings S and 7" have

the same fixed points. Let g € X and x; € Sx( be such that o(zg, z1) = n(xo,x1),
then

oz, z1) = n(xe, 1) = inf n(ze,u) = I'(Sxe, Tx1).

uESxo

If o = 1, then zg is a common fixed point of S and 7. The same holds if x; € Tx;.

Hence, we assume that xg # x7 and 1 ¢ Ta;. Assume that Tz is not a singleton,
from (9), we have

0 < p(x1,Tx1) < H(Sxo,Tx1)

< max{z/;l (P(Zovﬂfl))a 2 (P(mo, Smo))a 3 (P(xl,T$1)),

Ya(p(zo, T21) — p(T0, 20)) + ¥5(p(21, ST0) — P(21,71)) }
2

< maX{wl (p(z0, 1)), 2 (p(z0, 21)), ¥3(p(x1, T1)),

Ya(p(zo, 21) + p(21, T21) — p(1, 1) — p(20, o)) }

2
< max{z/n (p(lfo,iﬂl ) (P 20, L1 ) (p(:cl,T:cl)),
max {4 (p(zo, 1)), Ya(p(x1,T21)) } }
= max{9s (p(zo, 21)), Ya(p(a1,Tx1)) }.

Now, if max{14(p(zo, 1)), Ya(p(x1,Tx1))} = ha(p(x1, T21)), then
0 < p(z1, Ter) < H(Sxo, Ta1) < Pa(p(z1, Tar)) < plar, Tzr),

which is a contradiction. Hence,

maX{¢4 (p(ivo,xl))a Py (P(fl,Tﬂﬁ))} =1y (p(mo,xl))~

If ¢ > 1, then
0< p(l’l,Tifl) < H(SSC(),TJ}l) < qH(Sl’o,Tllfl)
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and hence there exists xo € Tz such that
0 < p(x1,m2) < gH(Sxo, T1) < qiba(p(wo, 1)) (10)
If Tz = {x2} is a singleton, again by (9), we get
0 < p(x1,22) < H(Sz0,Tx1) < tha(p(20,21))

and so (10) holds. Note that 1 # x5. Also, since the pair (S, 7T) is a..-admissible with
respect to 7, then a.(Szg, Ty1) = 1« (Sxo, Ty1). This implies
a(x1,29) 2 au(Sxo, Tx1) = nu(Sxo, Tx1) = n(X1, 22)
> inf n(zy,y) > I'(Sxe,Tx1).

yETx,

If x5 € Sy, then x5 is a common fixed point of S and T'. Assume that x5 ¢ Sz and
that Szs is not a singleton, from (9), we have

0 < p(x2,Sx2) < H(Sx9,Tx1)
< maX{i/fl (p(z2,21)), Y2 (p(x2, Sx2)), VY3 (p(21, Tx1)),

Ya(p(x2, Tz1) — p(22,72)) + P5(p(71, S72) — p(T1,71)) }
2

< max{w1 (pl1,29)), o (plaz, Sv2)), s (p(a1,72),

Vs (p(1, 22) + p(w2, Sw2) — p(2, 22) — p(21,71)) }
2

< max {5 (p(z1,22)), V5 (p(x2, S22)) }.
Now, if max{¢s(p(z1, 22)), ¥5(p(z2, S22))} = ¥5(p(22, Sx2)), then

0 < p(xa, Swa) < H(Sza, Tx1) < Y5 (p(w2, Sz2)) < p(z2, Sx2),

which is a contradiction. Hence,
0< p(fEQ,S.’L'Q) < H(Sl‘Q?T‘rl) < 1115(?(5517952))- (11)

The same is worth also if Szs is a singleton. Put tg = p(z, z1). Then from (10), we have
p(x1,x2) < q4(to) where to > 0. Now, since )5 is increasing, then 15 (p(z1, z2)) <

¥5(qba(to)). Put
~ ¥5(q¥a(to))

M= s (o1, 72))

Since x9 € T'xq or x5 = T'x1, we have

> 1.

0< p(SCQ,SIQ) < H(SIQ,Txl) < qu(ng,Tosl)
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and hence there exists x3 € Sz or x3 = Sy such that
0 < p(ag,x3) < 1 H(Sxza, Tay).
Now, from (11), we deduce

0 < p(x2,23) < quH(Sxo, Tr1) < quips (a1, w2)) = 15 (qpa(to)).

Clearly, 25 # x3. Again, since the pair (S, T) is a..-admissible with respect to 7, then

n+(Txy1, Swa) = (w2, 23)

a(zg,x3) 2 ax(Txy, Sxo)
2 F(S.Q?Q,Txg,).

inf
PR CRY

VoWV

If x3 € Txs or x3 = Txg, then x3 is a common fixed point of S and 7. Assume that
x3 ¢ Txs. Now, from (9) we deduce

0< p(%g,T’JJg) < H(SZL’Q,TZL’g)
< max{i/& (p(w2,23)), V2 (p(w2, Sx2)), V3 (p(as, Txs)),

Ya(p(z2, Tx3) — p(T2, 22)) + ¥5(p(23, ST2) — P23, 73)) }
2

< maX{% (p(z2,23)), Y2 (p(z2,23)), ¥3(p(xs, Txs)),

Ya(p(xe, x3) + p(r3, Tx3) — p(T3, 23) — p(T2, T2)) }
2

< max{i/u (p(mz, $3)), g (p(xg, Tx3)) }
If max{t4(p(z2,x3)), Ya(p(xs, Tx3))} = Ya(p(xs, Txs)), then

0 < p(ws, Twz) < H(Sxg, Tws) < a(p(ws, Tz)) < plas, Txs),

which is a contradiction. Hence,

max {14 (p(z2,23)), Ya(p(x3, Txs)) } = va(p(x2,23))

and so
0 < p(xs, Txs) < H(Sxp, Tas) < a(p(w2,3)). (12)

Again, since 14 is increasing, we deduce that
Va(p(w2,23)) < a5 (qoa(to))).

Put

_ a(¥s(q¥a(to)))

= Y (p(z2,23)) > L
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Then
0 < p(xs, Txz) < H(Sxo,Txs) < goH(Sxo, Txs)

and hence there exists x4 € Tx3 or x4 = T'x3 such that
0 < p(w3,24) < q2H(Sw2, Tx3) < g2t (p(x2, 3)). (13)
Now, from (12) and (13), we deduce that
0 < p(zs,24) < @H (Sz2, T3) < govba(p(w2,23)) = V(5 (qvba(to))).

By continuing this process, we obtain a sequence {x, } in X such that 2, € Txa,_1,
ZTont1 € Sxop and

P(Tan—1,on) < (Vath5)" " (qa(to))
P(Ton, Tont1) < Us[(Yats)" " (qha(to))].

Now, for all m > n, we can write

— m—1
P(Ton, Tam) Z D(Zok, Topt1) + Z P(T2k41, Tak2)
k=n k=n
m—1
<D (W (gvalto))) + Z U5 (V5 (q¥alto)))
k=n =n
m—1
<2 UE (avalto))-
k=n
Since 3°125 ¥ (qia(to)) < 400, we get lim,, 4 o p(T2n, T2,m) =0. Similary, we obtain
ngrf P(Ton+1, Tam+1) = 0, nlirf P(Ton+t1, Tom) =0,
nll}IE P(Izm x2m+1) =0.

This implies that lim,, 400 P(Tp, Zm) = 0 and so {xn} is a 0-Cauchy sequence.
Since (X, p) is a 0-complete partial metric space, then there exists z € X withp(z,2z) =0
such that z,, — z as n — +o00. Then from (ii) either

f <
L 0(ynw) < alyn,2) or - inf n(zn,v) S oz, 2)

holds for all n € N, where {y,} and {z,} are two given sequences such that y,, € Tz,
and z,, € Sy, forall n € N. Here x3,, € T'xo,_1 and 22,11 € Sxa,. Therefore, either

inf  n(zen,u) < alxa,,z) or inf  n(xont1,v) < aronti, 2)
UESTon vET Tan 41

holds for all n € N. So from (9) and p(z, z) = 0 we have
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0<p(2,T2) < H(Sw2,,T2) + p(T2n41, 2) — P(T2n+1, T2nt1)
< maX{ﬂJl (p(xZna Z))v 1/12 (p(I'an SxQn))a 1/}3 (p(szZ))a

Va(p(z2n, T2) — p(T2n, T2n)) + 5 (p(2, Sz2n)) }

2

+ p(x2n+17 Z)
or

0 < p(z,52) < H(Txon+41,5%) + p(Xant2, 2) — P(Tont2, Tant2)
< maX{Ufl (p($2n+1a Z))v 1/)2 (p(Z, SZ))v 1/’3 (p(z2n+17Tx2n+1))a

a(p(z, Txant1)) + ¥s(p(x2n+1, S2) — p(@on+1, Tant1)) }
2

+ p(x2n+2,2)

for all n € N. Taking limit as n — 400 in above inequalities we get

p(2,T2) <a(p(z,T2)) or p(z,52) < s(p(z,52))

and hence p(z,Tz) = 0 or p(z,Sz) = 0. This implies that z is a fixed point of T or S,
and hence z is a common fixed point of the mixed multi-valued mappings S and 7. [
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