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Abstract. In this paper, by using a continuation theorem of coincidence degree theory and
a differential inequality, we establish some sufficient conditions ensuring the existence and global
exponential stability of anti-periodic solutions for a class of fuzzy Cohen—Grossberg neural
networks with time-varying and distributed delays. In addition, we present an illustrative example
to show the feasibility of obtained results.
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1 Introduction
In 1983, Cohen and Grossberg (see [9]) proposed the following Cohen—Grossberg model:

dx i
dt

n
:—ai(xi) bi(xi)_ztijsj(xj)_li 5 1= 1,2,...,77,,
Jj=1

where n > 2 is the number of neurons in the network, z;(t¢) denotes the neuron state
variable; a,(-) is an amplification function; b;(-) denotes a behaved function; (¢;;)nxn
is the connection weight matrix, which denotes how the neurons are connected in the
network; the activation function is s;(x) and I; is the external input. Since then, Cohen—
Grossberg neural networks (CGNNs) have been intensively studied due to their promising
potential applications in classification, parallel computation, associative memory and
optimization problems (see [2,3,5]). There have been many results on Cohen—Grossberg
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BAM neural networks. For example, in paper [23], authors established sufficient condi-
tions to guarantee the uniqueness and global exponential stability of periodic solutions for
a Cohen—Grossberg-type BAM neural networks by using suitable Lyapunov functions, the
properties of M -matrix and some suitable mathematical transformation; the author in [26]
considered the existence and global attractively of the equilibrium point for a class of
Cohen—Grossberg neural networks based on M -matrix theory; authors in [14] studied the
stability and existence of periodic solutions to delayed Cohen—Grossberg BAM neural
networks with impulses on time scales. For other results on Cohen—Grossberg neural
networks, readers may see [4, 11, 13,34,38] and reference therein.

Moreover, in mathematical modeling of real world problems, we will encounter some
inconveniences, for example, the complexity and the uncertainty or vagueness. For the
sake of taking vagueness into consideration, the fuzzy theory is considered as a suitable
method. T. Yang and L. Yang proposed fuzzy cellular neural networks in 1996 ( [35]).
They integrated fuzzy logic into traditional cellular neural networks and maintained local
connectedness among cells. Fuzzy neural networks have fuzzy logic between their tem-
plate input and/or output besides the sum of product operation. Studies have revealed
that fuzzy neural networks are very useful for image processing problems, which is
a cornerstone in image processing and pattern recognition. In recent years, lots of results
on fuzzy neural networks have been derived by many scholars (see [30, 32,37, 40] and
reference therein). For instance, authors in [15, 17, 19, 20, 22] obtained some sufficient
conditions for the existence and stability of unique equilibrium point or periodic solution
for some fuzzy neural networks; authors in [39, 41] studied the stability of fuzzy BAM
neural networks and fuzzy Cohen—Grossberg BAM neural networks, respectively.

Arising from problems in applied sciences, it is well-known that anti-periodic prob-
lems of nonlinear differential equations have been extensively studied by many authors
during the past twenty years (see [7, 8,36] and reference therein) and the existence and
stability of anti-periodic solutions are an important topic in nonlinear differential equa-
tions. For example, anti-periodic trigonometric polynomials are important in the study
of interpolation problems (see [10, 12]) and anti-periodic wavelets are discussed in [6].
Since the signal transmission process of neural networks can often be described as an
anti-periodic process, anti-periodic solutions for different classes of neural networks were
discussed by many authors (see [16,18,21,27,28,29,33] and reference therein).

In this paper, we will integrate fuzzy operations into Cohen—Grossberg neural net-
works and maintain local connectedness among cells. By using a continuation theorem
of coincidence degree theory which does not need to compute the topological degree and
a differential inequality, we study the existence and global exponential stability of anti-
periodic solutions for the following fuzzy Cohen—Grossberg neural network with time-
varying and distributed delays:

dx(;ft) = —a;(z;(t)) | b; (zi(t)) — Z ki (8) £ (25 (t — 735 (1))

j=1

— N\ ) fi (2 (t = 7;8)) =\ Bis (0 f; = (w; (t = 735(8)))
j=1

j=1
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“+oo

_ Z eij(t / 0;j(8)g; (x;(t — s)) ds

0
+oo

_ /\ i (t / v;5(5)g; (xj(t — 5)) ds

0
“+o0

- \/ §ij(t) / vij(s)g; (2 (t — 5)) ds

0
n

= 8O (t) = N\ Ty @i (t) = \) Hig(t)ps (1) — Lit) | (1)
Jj=1 Jj=1

j=1

where i = 1,2, ..., n, nis the number of neurons, x;(¢) denotes the activation of the ith
neuron at time ¢; a,(-) is amplification function; b;(-) represents the appropriately behaved
function; f;, g; denote the activation functions of the jth neuron; 0 < 7y (t) < Tij
is the transmission delay; k;;(t), e;;(t) are elements of feedback templates at time ¢ and
9,5 (t) is the element of feed-forward templates at time ¢; cv;;(t), 755 (t) denote elements of
fuzzy feedback MIN templates at time ¢ and f3;,(t), &;,(t) are elements of fuzzy feedback
MAX templates at time t; T;;(t) is the fuzzy feed-forward MIN template at time ¢ and
H;;(t) is the fuzzy feed-forward MAX templates at time ¢, respectively; p;(¢) denotes
the input of the jth neuron at time ¢; v;; : (0, 4+00) — (0, 4+00) corresponds to the delay
kernel function and satisfies f;roo v;5(s) ds < 0,5, where ¥;; is a positive constant; I;(t)
denotes biases of the ith neuron at time ¢, respectively, i, 7 = 1,2,...,n; A and V denote
the fuzzy AND and fuzzy OR operations, respectively. To the best of our knowledge,
there have been few papers published on the existence of anti-periodic solutions for fuzzy
Cohen—Grossberg neural networks by using the symmetry continuation theorem which is
used in this paper.
The initial condition of (1) is of the form

xi(s) = @i(s), s€(—00,0],i=1,2,...,n,

where ;(+) denotes positive real-valued continuous functions on (—oo, 0].
Denote R = (0, +00). Throughout this paper, we assume the following conditions
hold:

(HD) kw() O‘U(t) Tz]( ), T, () Bm( ), H (t) M](t) Li(t), ew() 'YU() fl]()
are w/2-anti-periodic contlnuous functlons forte R, 4,5 =1,2,...,n;

(H2) a; € C(R,R"),a;(—u) = a;(u) and there exist positive constants a!", a
such that a™ < a;(u) < aM forallu € R,i,j =1,2,...,n;

(H3) b, € C(R, R) is differentiable, b;(0) = 0, b;(—u) = —b;(u) and there exist
positive constants p;, §; such that 0 < p; < bj(u) < §; forallu € R, 4,j =
1,2,....n

M
B
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H4) fj,9; € C(R,R), fj(—u) = —fj(u), gj(—u) = —g;(u) and there exist
positive constants L; and Mj such that, for u,v € R,

|fi(w) = f;(v)] < L§|u—v\ and |g;(u)| < Mj;, i,j=1,2,...,n.

w 1/2
, h||2=</’h(t)’2dt> ,

where h is an w/2-anti-periodic function, and we denote

For convenience, we denote

h= h(t
()

n n n

Li(t) = 60 (8) + N\ T (0 (8) + \/ Hig (O () + Li(t),

Jj=1 Jj=1 Jj=1

1=1,2,...,n.

The organization of the rest of this paper is as follows: in Section 2, we introduce
some notations and preliminary results which are needed in later sections. In Sections 3
and 4, we establish some sufficient conditions for the existence and global exponential
stability of the anti-periodic solution of (1), respectively. In Section 5, as a special case
of our results obtained in Sections 3 and 4, we give sufficient conditions for the existence
and global exponential stability of the fuzzy Cohen—Grossberg BAM neural networks
with time-varying and distributed delays. In Section 6, we give an example to illustrate
the feasibility of our results obtained in previous sections.

2 Preliminaries

In this section, we state some notions and preliminary results.

Definition 1. Let u € C'(R, R). A function u(t) is said to be w/2-anti-periodic on R if
u(t+w/2) = —u(t) forall t € R,w > 0 is a constant.

A matrix or a vector A > 0 (or A > 0) means that all the elements of A are greater
than or equal to (or greater than) zero. For matrices or vectors A, B, A > B (or A > B),
means that all entries of A are greater than or equal to (or greater than) corresponding
entries of B.

Definition 2. (See [1].) A real matrix A = (a;;)nxn is said to be an M -matrix if a;; < 0,
i,7=1,2,...,n,i # j, and all successive principal minors of A are positive.

Lemma 1. (See [1].) Let A = (a;j)nxn be an matrix with nonpositive off-diagonal
elements, then the following statements are equivalent:
(i) A is an M-matrix;
(ii) There exists a vector 1 > 0 such that An > 0;
(iii) There exists a vector &€ > 0 such that €T A > 0.

http://www.mii.lt/NA



Anti-periodic solution for fuzzy Cohen—Grossberg neural networks 399

Lemma 2. (See [24].) Let matrix A > 0. Then the following statements are equivalent:
() p(A) < 1;
(i) (E— A)~! >0, where E denotes the identity matrix;
(iii) There is a constant vector ¢ > 0 such that ¢ > cA,
(iv) There is a constant vector ¢ > 0 such that ¢ > cAT.

Lemma 3. (See [22].) Let f; be defined on R, j = 1,2,...,m. Then for any a;; € R,
1=1,2,...,n,7 =1,2,...,m, we have the following estimations:

/\aijfj(uj)_ /\aijfj(vj Z|alj||f] UJ fj(vj)|
j=1 j=1 =1

and

NE

laiz|| £ (uz) = £;(05)],

\ aij £i(u;) = \/ aij f5(v;)| <
j=1 j=1

1

<.
l

where uj,v; € R, j=1,2,...,m.

Definition 3. The anti-periodic solution z*(t) = (23(t), z5(t), ..., x5 (t))T with initial

n

value ¢*(s) = (¢5(5),¢3(s),...,¢%(s))T of (1) is said to be globally exponentially
stable, if for any solution z(t) = (z1(t),x2(t),...,x,(t))" with initial value ¢(s) =
(01(8),2(8), - -+, on(s))T of (1), there exist constants § > 0 and 7 > 1 such that

Y failt) = 2i ()] < el — ¢l
=1

holds for all t > 0, where || — ¢*[|1 = DI SUD e (_oo o) |9i(s) — 27 (5)]-

Lemma 4. (See [31].) Let z(t) = (z1(t), 2(t), ..., 2, (t))T be a solution of the differ-
ential inequality
Dt2(t) < Cz(t) + Dz(t), t=>0,

where Z(t) = (Z1(t), Z2(t), ..., Zn(t))", Zi(t) = sup_coci{mi(s)} i = 1,2,...,n
If the conditions

(i) C = (Cij)nxn Cij Z0G# 4,7 =1,2,...,n Y p_; Z£(0) > 0;
(i) —(C + D) is an M-matrix

hold, then there exist constants § > 0, r, > 1 (k= 1,2,...,n) such that

< g Z Zk _6t t>0.

The following fixed point theorem of coincidence degree is crucial in the arguments
of our main results.

Nonlinear Anal. Model. Control, 20(3):395-416
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Lemma 5. (See [25].) Let X, Y be two Banach spaces, {2 C X be open bounded and
symmetric with 0 € (2. Suppose that L : Q(L) C X — Y is a linear Fredholm operator
of index zero with D(L)N 2 # O and N : 2 — Y is L-compact. Further, we also assume
that:

(H) Lx — Nz # MN(—Lx — N(—=)) forall x € D(L) N 9£2, X € (0,1].

Then equation Lx = N has at least one solution on D(L) N {2.

3 Existence of anti-periodic solutions

Theorem 1. Assume that (H1)-(H4) hold. Suppose further that
(HS) G := Gy — Gq is an M-matrix, where G; = diag(a™ — 6;a™aMw)nxn, G2 =
(Vi) vig = aM (1) pit+af'w) YT (kji+agi+Bji) LY, i j = 1,2, n
Then (1) has at least one w/2-anti-periodic solution.

Proof. Let C*[0,w] = {u = (z1,22,...,7,)T : [0,w] — R"|u¥ () is a continuous map},
k =0, 1. Take

X=Y= {u € C[0,w]: u(t+ (;) = —u(t) forallt € {0, ﬂ },

then X and Y are Banach spaces with the norm ||ul|x = [Jully = Y_;—, |#i|o, in which
|zilo = maxyeqo,o |2:(t)], 1 = 1,2,...,n. Set

L:DomILNX =Y, u—,

where

Dom L = {u € C'0,w]: u(t+ o;) = —u(t) forallt € [0, ;]}
and

N:X =Y, Nu=(A(t), As(t),..., Au(1)",

where
Ai(t) = —ai(x(1)) [bi(xi(t)) - Z kij () f (x5 (=735 (t)))

- /\ aij(t) f (x5 (t=Ti5(t))) — \/ Big (8) fi (x5 (t—7i5(1)))

- Zeij(t) / vij(8)g; (2;(t—s)) ds — /\ 35 (t) / vij(s)g; (z;(t—s)) ds

] f:oo 0
j=1 0
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It is easy to see that

Ker L = {0} and ImL—{zeY: /z(s)ds—()}:Y.
0

Thus dim Ker L = 0 = codim Im L, and L is a linear Fredholm operator of index zero.
Define the continuous projector P : X — Ker L and the averaging projector () :
Y - Y by

= uls s =U, Z:leS S.
Pu—/()d 0, Q O/()d

0

Hence Im P = Ker L and Ker Q = Im L = Im(I — Q). Denoting by L;l :ImL —
Dom L N Ker P the inverse of L|p(z)nker p» We have

t w/2
Lptz = /z(s) ds—% / z(s) ds. (2)
0

0

Similar to the proof of Theorem 3.1 in [14], it is not difficult to show that QN (£2),
Ly (I — Q)N(£2) are relatively compact for any open bounded set 2 C X. Therefore,
N is L-compact on {2 for any open bounded set 2 C X.

In order to apply Lemma 5, we need to find an appropriate open bounded subset {2
in X. Corresponding to the operator equation Lu — Nu = A(—Lu — N(—u)), A € (0,1],

we have
1

! _ . o . _ ':
xi(t)fil_'_/\Gz(t,x) Gi(t,—z), i=1,2,...,n, 3)

j=1 Jj=1
n oo
3 e ®) [ vi()g, (st - 9)) ds
J=1 0/
n +oo
- /\ Yij (t) Vij (5)-9] (IJ (t - 5)) ds
Jj=1 0/
n T
-\ &) / vij(s)g;(w;(t —5)) ds = L) |, i=1,2,....n,
Jj=1 0
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+o0
—Ze” /v” g]( J;J(t—s))ds
n '(‘()‘OO
_/\%J(t)/vij( )g; (—z;(t —s)) ds
n EOO
_\/gw(t)/vij(s)g]( ( ))ds— ()1, i=1,2,....n

In view of the first equation of (3), forz = 1,2,...,n, we get from (H2)~(H4) and
Lemma 3 that

Fotn [0 A
/|Ii(t)|dt—/‘MGi(t7$)—MGi(t, —z)|dt
0 0
1
S [14—)\ } —o)|} dt
<al /‘bl DIdt+d ks / w;(t = 7i(t))) | dt
0 j=1 0
+//\d]|f] (¢ =it |dt+/\/ il fi (s (t = 7i5())) | dt
o J7=1 o J=1
n w 400
+2 e / vij (s)|g; (z;(t — s)) | dsdt
J=1 0

8

+

Vij (s)|gj (xj (t— 3)) | dsdt

3

+

O — “~——¢

<
Il
—

vi;(s)]g; (z;(t — )|dsdt—|—Ilw

=
<.

O\+ o\-{- o\

<= 1>:
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VA
2
g
1
F
§

S~

|dt ZE / Tij(t))) —fj(O)‘dt

—Tij(t ) fj(0)| dt

+
NE
sQ|
S—c
§

<.
Il
—

0)] dt + Fw

<.
Il
—_

+ +
ANGERINGE
o\g
=
<
o)
—
=
.
—
-
:‘
.
=
Nt
SN—

<
Il
—

((bi + @i + Big)w| f5(0)] + (€55 + i + fz‘j)vijWMj)]

Oiv/wl|wil|2 + Z kzy +aji + BZJ)L Vw [|lzjll2 + IzW

“E

Jj=1
+ Y (kij + @iy + Big)w| f5(0)] + Y (Eij +7ij + gij)@jWMj] Q)
j=1 j=1
Integrating (3) from 0 to w, fori = 1,2, ..., n, we have that
/ az z z t ) )\ai<_mi(t))bi(_xi(t))
dt
14+ A
| T [asa@)biea() | daiea()bi /
- /{ 1+>\ + 1+)\ alacl J:l dt
0 0

<alt [zkwm 55(t (1)) — 1,0

>|

+Z%!fj 2 (t—75(0)) = 0] + I

—I—Z@j’fj(mj(t —Tij(t))) — fj(o)ﬂ dt

n
al" Y " (kij + g + Bij)w| f50)] + @} (@5 + i + &) vijw M,
j=1 j=1

<al | > (kij + iy + Bij) LIV il + Liw

J=1

n n
+ Z('Eij + Q5 + Bij)“}’f] Z €ij +Yij + g’L] vijwM;
j=1 i=1
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By the mean value theorem of integration and (Hs), for i = 1,2, ..., n, we obtain that

/ai(m t
0

M n _
a; - _ - =
dt’ < o [Z(kij +aij + Bi) LIV ||zl2 + iw
i =

+ > (kij + @i + Big)w| £5(0)|

Jj=1

+

v

(éij + Yi; + gij)@ijwMj] . 5
1

J

For any ¢;,n; € [0,w],7=1,2,...,n, we have

/wai(a:i(t))zi(t) dt < /wal-(xz( ))xz(g)dtJr/w (/w{:z: )|dt> dt,
0 0 0

and

/wai(xi(t))xi(t) dt > /wai(xz( ))xz(m)dt—/ </|x )
0 0

0

where i = 1,2,...,n. Dividing by [ a;(z;(t))dt on the two sides of above two
inequalities, respectively, we obtain that, fori = 1,2, ..., n,

1 w w
2i(G) 2 o [ ai(zi(t))zi(t) dt — [ |} (t)] dt, (6)
fO al(acl(t)) dt ! 0/

and

zi(1;) < W/ai(xi(t))xi(t) dt+/|x;(t)|dt. (7
0 0

0

Let ;, t; € [0,w] such that x;(f;) = maxyc(o) 2i(t), zi(t;) = mingep,.,) z4(t), by the
arbitrariness of (;, 7;, we obtain from (4)—(7) that for: = 1,2, ..

R

2i(t) > ;/a-(xi(t))x-(t)dt—/|x§(t)|dt
0

Jo ai(zi(t) dt
a;i(z t)dt| — [ |@i(t)] dt
gl 0=

http://www.mii.lt/NA
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M n B
a; - _ _ =
> _am;w > (kij + auj + Bij) LIVw ||zj 2 + Liw
i P |

+ 3 (kij + @i+ Big)w| £50)] + D (@5 + 75 + §z‘j)vz‘jwMj]
j=1 j=1
M 7 - 2 NS 7
—a; [91‘\/07 lzillz + Y (kg + s + Big) L Ve |l + Liew
j=1
+ D (kij + @ + Big)w| £50)| + D (85 + 75 + §z‘j)vijwMj]
Jj=1 j=1

and
w

2i(E) < W/ai(xi(t))xi(t)dt—i—/]xg(t)|dt

w

+/|x;(t)|dt

0

1 w
) Jy ai(zi(1) dt O/‘Zi(xi(t))xi(t) dt

oM [ 7
< = [Dkwau+/3ij>L;f\/a||xj||2+fiw

a™p;w
(2 p'L ]:1

+ 3 (kij + @i + Big)w| £50)] + D (85 + 75 + &j)vijWMj]
j=1 j=1

Oiv/w ||il|2 + D (kij + @ij + Big) LY v || 512 + Tiww

Jj=1

+alM

+ ) (kij + @i + Big)w| £(0)] + D (@i +%ij + §z‘j)vijWMj] :
j=1 Jj=1

Thus, we have that fort = 1,2,...,n,

M n _
a’ _ _ =
- . LA A7t . )
|zilo = t1611[3§]|x1(t)| < a%"zpiw LE_I(I% + @i + Bij) L v || 2 + Liw

-

+ > (kij + i + By )| f30)] + D (Eij + i + f_z'j)@ijWMj]
Jj=1 j=1
Mg /e ||z Fis + s+ Biy) L V@ ]z + T
+a;" |Oivwl|lzill2 + ) (Kij + @iz + Bij) 3 w ||zl + Liw
j=1

+ 3 (kg + aiy + Big)w| f0)] + Y (@i + 75 + f_ij)ﬁijWMj] - ®
j=1

j=

[
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In addition, we have that

w 1/2
2]z = (/‘xi(s)‘2d5> < Vw Irfgx]|xi(t)’ = Vo|zilo, i=1,2,...,n
te|0,w

0

By (8), we have for: = 1,2, ..., n,

al'w|x;lo < :
(3

M[n _
[Z(kl] + a;; + 5@‘)[4?\/5 |22

j=1
+ w4+ Y (kg + g + Big)w| f50)] + D (855 + 705 + gz‘j)@ijWMj]
j=1 j=1

O/ |will2 + Y (Fij + i + Bij) LI v [l2jll2 + Liw

+ a;nwalM
i=1

+ ) (kij + auj + Big)w| £(0)] + ) (8ij + Fij + &ij)vijwM;
j=1

—

Jj=

M n _

a: _ B _ =

< pl (kij + @iy + ﬁij)waMj‘O + Liw
g =

Jj=1
+ ) (kij + auj + Big)w| £f(0)] + > (8 + i + gij)vijWMj]

j=1 j=1
n _ _ —
+ a;nwalM ﬁiw|$i|0 + Z(kij + @ + Bij)L§w|xj|o + Lw
j=1
n B B n _
+ 3 (kig + @i + Big)w| F(0)] + D (855 + 75 + fij)vz‘jWMj] ;
j=1 j=1
which imply that
1 L _ .
(al" — ;" a w)|xs]o — a (p' + a?w) Z(kij +a;; + Bij)L§|$j|0
4 i=1
1 o
<a}t < + ai”w> <Z(kz‘j + @i + Bij)w|f;(0)]
i J=1
+ ) (Bij + Fig + &ij)ijwM; + I) AN, i=1,2,...,n. 9)
j=1
Denote
|u|0 = (|I’1|0, |LE2|0, ceey |£Z?n‘0) and N = (Nl, NQ, e ,Nn)T.
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Then (9) can be rewritten in the matrix form
Elulp < N
Since E is a nonsingular M matrix, we have that

|u|0 g E_lN = (Q17Q27' - aQn)T'

LetQ = >_;_, Qi +1(clearly, Q is independent of ). Take 2 = {u € X: |ul|x < Q}.
It is clear that (2 satisfies all the requirements in Lemma 5 and condition (H) is satisfied.
Hence, we conclude from Lemma 5 that system (1) has at least one w/2-anti-periodic
solution. This completes the proof. O

4 Exponential stability of anti-periodic solution

In this section, we study the global exponential stability of the anti-periodic solution of
(1) obtained in Section 2.

Theorem 2. Let (H1)-(HS) hold. Suppose further that:

(H6) There exist positive constants M ]‘-f such that | f;(u)] < M jf forall u € R,
j=1,2,...,m
(H7) There exist positive constants L} such that

lai(u) — a;(v)| < Lfju—v| Vu,v€R,i=1,2,...,n;
(H8) There exist positive constants  such that

(ai(w)bi(u) — a;(v)b;(v)) (u —
)|

|ai(u)bi(u (v)b;(v)| = la|u—v|

foralluyve R, i=1,2,....n
(H9) I' :== A — CFTL is an M-matrix, where A = diag((i)nxn, ¢ = & +

L“(Z (k” + o + 62])M + I) = diag(aM,ad?, ..., aM) i, F =
(Flj)’n,XTL! Fj - ezg + 77.] + fzg, = dlag(L{aLQw--aL%);)nxn; Z;] -
1,2,...,n

Then (1) has one w /2-anti-periodic solution, which is globally exponentially stable.

Proof. From Theorem 1, it is clear that (1) has at least one w/2-anti-periodic solution.
We denote this anti-periodic solution by z*(t) = (x%(t),25(t),..., 2% (t))T and the
initial condition by ¢*(s) = (¢3(s), ¥5(s), ..., ¥%(s))T. Next, we will use a differential
inequality to study the global exponential stability of this anti-periodic solution.

Suppose that z(t) = (z1(t), x2(t),...,x,(t))" is an arbitrary solution of (1) with ini-

tial value ¢(s) = (¢1(8), p2(s), ..., n(s))T. Let O(t) = (ur(t),u2(t), ..., un(t))T =

Nonlinear Anal. Model. Control, 20(3):395-416
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z(t) — z*(t), where u;(t) = z;(t) — 2 (t),i = 1,2,...,n. Then (1) can be rewritten as
dqz-t(t) = —[ai(@; () bi (2 () — a; (2} (t))b; (2} (t))]

+ [ai(2:(0)) — ai(xi(®))] [Zn: i (8) 5 (2 (=735 (1))

j=1

+ N @i ()i (25 (t=7i5(0))) + \ Big(0) f; (e (t=735(1)))

j=1 j=1

+oo +oo
+ Z eij(t) | vij(s)g; (xa (t—s) ds + /\ i (¢ / v(5)9; (xj (t—s)) ds
0

j=1

o\

“+o0

+ \/&j

vi;(8)g; (my (t— 5)) ds

o\

+ai(w [ka i (w; (t=75 (1)) + \ i (1) F; (w; (t=75()))

Jj=1
n n +oo
+ \/ 61] (t)f] (wj (t Tij (t))) + Z eij(t) / vz](s)gj (:L‘] (tfs)) ds
n +o0 n 0 +o0
+ /\'yz](t)/v”(s)gj (zj(t—s))ds+ \/ fzj(t)/vw(s)g] (zj(t—s))ds
Jj=1 0 j=1 0
+ [az(‘rl(t)) —ay (x:((t))]jl(t)v = 1325 , 1, (10)
where
fj (w] (t Tij (t))) =/ (333‘ (t = Tij (t))) — [ (JU] (t Tij (ﬂ))
and

i (zi(s)) = g;(x;(s)) — g5 (2} (s))-

The initial condition of (10) is the following:

ui(s) = @i(s) —¢i(s), s€(-00,0],i=1,2,...,m
Calculating the upper right derivative of D" (|u;(t)|), by (H2)-(H8), we have

D* (Jus(t)]) < =1 [ui(t)] + L§ Z(Eij + Qi +Bz‘j)MJf +1 i (t)|
j=1

4 af\/[ Z(E” + &ij + Bij)l_}ijLﬂﬂj(t)}
j=1
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=— l?—i—L?(Z(k”—i—a”—i-BU) f) |ui(t)]
j=1
+at > (ki + @ + Bij)vi L ()], i=1,2,...,n
j=1
Let A(t) = [O(t)]F, where [O(t)]F = (Jui(t)], |ua(t)],- - ., |un(t)])T. Then, we have the

following inequality: -
DTA(t) < —AA(t) + CFTLA(t),

where A(t) = (A1(t),Ax(t),..., A ()T, Ai(t) = SUPg<s< oot Uit — 8)|}, @ =
1,2,...,n. According to Lemma 4, there exist constants 6 > 0 and r, > 1 (k =
1,2,...,n) such that

Ai(t) = ‘zk(t)—zk rkZ’zk —z;(0 ‘ e %, t>0,
that is
|2 (t) = 2 (0)] < 7lo = ¢*[ie™™, 7= max {r}, t>0.
Hence, we have
n
3 Jait) 2t @®)] <re o — "I, = (0,
i=1

holds for all t > 0. That is, the anti-periodic solution z*(t) = (27 (t), x3(t),..., 2% ()T
of (1) is globally exponentially stable. This completes the proof. [

S Anti-periodic solution for fuzzy Cohen-Grossberg BAM neural
networks

Consider the following fuzzy Cohen—Grossberg BAM neural networks with time-varying
and distributed delays

d:cdit(t) = —a;(zi(t)) [ Zk ) f; (y; (t—754(1)))
= N\ @) £ (y; (t=755(1))) — \/ B5i(t) fi (y; (t=75(1)))
j=1 j=1
+oo
- Z eﬂ UJZ )gj (yj (t—s)) ds
'/

m +oo

_/\'VJL /UJL )gj(yj(t—s)) ds
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+o0 m
- \/sﬂ / 03i()95 (s (t—9)) ds — 3 65405 (1)
0 J=1
—/\ng ) (t C/ — L), i=1,2,...,n, (11
j=1
E2u cj<yj<t>>[ zp” ((t—0,5(1))

— /\CU yl t 9” \/Qz] yl t 01]( )))

“+o0
vij(s )izl (yl (tfs)) ds

72 rij

+
80\

v (s )i~L (yl(t 5))d5

_ /\%J

v (s )?L (yz (t—s) Z

o\—é— o\

- /\ Ty () ua(t) — \/ Hy(Op(t) = J;(0)], j=1,2,....,m, (113)
i=1 =1

where n, m are the number of neurons in layers, ;(t) and y;(¢) denote the activations of
the ith neuron and the jth neuron at time #; a;(-) and ¢;(-) are amplification functions;
b;(-) and d;(-) represent appropriately behaved functions; f;, g;, hi, h; denote the activa-
tion functions of the jth neuron from Fy- and the ith neuron from F'x, respectively; 0 <
75i(t) < 75, and 0 < 6;5(t) < 6;; are transmission delays; k;;(t), ej;(t), pi;(t), 7i;(t) are
elements of feedback templates at time ¢ and d;;(t), &;;(t) are elements of feed-forward
templates at time &5 cj;(t), v;i(t), Gij(t), Yij (¢) denote elements of fuzzy feedback MIN
templates at time ¢ and 3;;(t), §;:(t), qi; (1), €i;(t) are elements of fuzzy feedback MAX
templates at time t; T};(t), Tj;(t) are fuzzy feed-forward MIN templates at time ¢ and
H;;(t), H;j(t) are fuzzy feed-forward MAX templates at time ¢, respectively; p;(t),
fi;(t) denote the input of the ith neuron and the jth neuron at time ¢; I;(t), J;(t) denote
blases of the ith neuron and the jth neuron at time ¢, respectlvely, vﬂ, vij : (0,400) =
(0 +oo) correspond to the delay kernel functions and satisfy fo vji(s)ds < v;; and
fo v;;(s)ds < 1,5, where Uj; and ;; are positive constants; ¢ = 1,2,...,n,j =
1,2,...,m; /\ and V denote the fuzzy AND and fuzzy OR operations, respectively.

In View of the proof of Theorem 1 and Theorem 2, since fuzzy Cohen—Grossberg
BAM neural network is a special case of fuzzy Cohen—Grossberg neural network, many
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results of fuzzy Cohen—Grossberg BAM neural networks can be directly obtained from
the ones of fuzzy Cohen—Grossberg neural networks, needing no repetitive discussions.
We have the following corollaries.

Corollary 1. Suppose that the following conditions hold:

(A1) kji(t), aji(t), 75(t), Tja(t), Bat), Hyi(t), pj(t), Li(t), e5i(t), v5i(t), &alt),
85i(t), pis (), Cis (1), u( ) Tij(2), qm(t) Hij(8), fua(t), J(t), rig(t), 7is(t
5”( ), 6:5(t) are w/2 ann-perlodlc continuous functionsont € R, i =

,n,j=12.

(A2) aj, ¢; € C(R, R*), ai(—u) = a;(u), ¢j(—u) = c;(u) and there exist positive
constants al”, azM, cr, cj»” such that a]* < a;(u) < alM and ¢ < ¢; (u) < cé‘/[
forallu e R, i=1,2,...,n,7=1,2,....m;

(A3) b;,d; € C(R, R) are differentiable, b;(0) = 0, d;(0) = 0, b;(—u) = —b;(u),

d;j(—u) = —d;(u) and there exist positive constants p;, d;, €;, U; such that
0<p; <b(u) <and0 <e¢; < d;(u) <Y forallue R i=1,2,...,n,
j=12....m;
(AD) fj, g5, by hi € C(R,R), fi(—u) = —f;(u), g;(—u) = —g;(u), hi(—u) =

—h;i(u), hi(—u) = —h;(u) and there exist positive constants L;, M;, L and
o; such that

[fiw) = f;)] < Llu—of,  |g;(w)] < M;,

|hz(u) (v | th\u7v|, |hl(u)| < o0;

forallu,ve R, i=1,2,...,n,7=1,2,...,m;

(A5 G = (7%3 252) is an M-matrix, where Gy = diag(a® — 6;a7aMw)nxn,
G2 = (Uij)nxm> G3 = (0ji)mxn, Ga = diag(c]* — ﬁ-cmcyw)me, Ui =
aiM(l/PﬂraQ”w) Z (szJrO‘ﬂJﬁBJz)LJ: Qji = €5 (1/63 +¢; Tw) Z?:1(151'j+
Gi+ @)Lk i=1,2,...,n,7=1,2,....,m

Then system (11) has one w/2-anti-periodic solution.

Corollary 2. Assume that (A1)—(AS) hold. Suppose further that:

(A6) There exist positive constants MY, M such that |fJ( )| < Mjf and |h;(u)| <
thorallueRz—12 Ln i =1,2,.

(A7) There exist positive constants L“ LC such that
|ai(u) = ai(v)| < Lifu— v, |ej(u) —¢j(v)] < Liu — v
forallu,v e R,1=1,2,...,n,j=1,2,...,m;
(AB) There exist positive constants ', I5 such that
(ai(u)b;(u) — a;(v)b;(v))(u —v) >0,
) = ai( )|

)bi(
|ai (u)b; (u 0)b; (V)| = IF|u— vl,
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(cj(w)d;(u) — cj(v)d;(v )(u
()]

|ej(u)d;(u) = ¢;j(v)d; (v

forallu,v e R,1=1,2,...,n,j=1,2,...,m;

(A9)

= (—Dl?(TH 7C§TL) is an M -matrix, is an M -matrix, where A=diag({;)nxn,
G =1+ L“(Z (kaz + Qji + ﬂJZ)M + I) B = diag(p;)mxm, pj =

lc + Lc(zl 1(]%3 + ng + ng)M + J C = dlag(a{\/f,ag[,,,.,aﬁ/[)nfn,

D = diag(cM, e, ..., M) sms F = (Fji)mxn, Cji = kji + aji + Bjir
L = diag(L{, L}, ..., L Yoscm, K = (Kij)nxm» Fij = Dij + Cij + Gij»
H = diag(LP, L. LY i = 1,2, umyj = 1,2,...,m

Then system (11) has one w/2-anti-periodic solution, which is globally exponentially

stable.

6 An example

In this section, we present an example to illustrate the feasibility of our results obtained
in Sections 3 and 4.

Example.

Let n = 2. Consider the following fuzzy Cohen—Grossberg neural network

2

dt

where

- /\ i () f (25 (= 735 (1)) — \/ Bij () f5 (5 (t = 755(t)))

j=1
—+oo

vij (s)g; (2;(t — 5)) ds

St
vij(8)g;(z;(t — s)v) ds

- /\71]
- \/Ezy

2 2
- Z‘Sz‘j(t)uj(f) — N\ TOps(t) = \/ Hij () (1) - Ii(t)17 (12)
i=1 i=1

Jj=1

+ o =
8\?3_\

vij(8)g; (;(t — 5)) ds

o\

1.2 + 2 arctan |u] 1 (u _2s
(ai)ax1 = ( ) (bi)ax1 = 207 (u> ) vii(s) =e >,

1.1+ 2 arctan |u]
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) — (4) B 0.5sinu (ki) 1 sint cost
3)2x1 = 197)2x1 = 0.4sinu/’ 9227 90n \cost  sint )’

Lcost Lsint

—Lgint 0
10 20 _ 10
(045(1)) 32 = ( 0 5cost) o (B (1) 0 = ( Lcost  gosint)’
L cost 0 0 15 cost
(5ij(t))2><2 - 0 1—10 cost (Tij(t))“z - icost 0 ’
(H (t)) ( 0 210sint> ( (t)) ( %cost 0 )
ij - 1 . 9 eij - 1 . 1 . }
2%x2 gsmt 0 2X2

Lgint

()0 = ( ;

70 cost
By calculation, we have
- 0.04 —0.125 r_ -0.3 —0.42
~ \—0.06 0.675 )’ ~\—0.26 —0.437
and G, I" are M -matrices. We can verify that all the assumptions in Theorems 1 and 2 are
satisfied. Therefore, (12) has a m-anti-periodic solution, which is globally exponentially

stable (see Figs. 1 and 2).

1

0.8

0 100 200 300 400 500
time t

Fig. 1. Responds of x1, x2 with time ¢.
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0.8

Fig. 2. Responds of x1, x2.
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