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Abstract. We give sufficient conditions for the existence of common fixed points for a pair of mixed
multi-valued mappings in the setting of 0-complete partial metric spaces. An example is given to
demonstrate the usefulness of our results over the existing results in metric spaces. Finally, we prove
a homotopy theorem via fixed point results.
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1 Introduction

In the last century, the concept of metric space was largely studied and generalized in
many directions. One of the most interesting is due to Matthews [17], which introduced
the concept of partial metric as a part of the study of denotational semantics of dataflow
networks. Several authors followed the ideas in [17] and proved many results, especially
in fixed point theory; see [1,4,5,7,10,11,15,16,19,22,25].

On the other hand, the study of multi-valued mappings received much attention in the
last decades, because of its applications in mathematical optimization, control theory and
differential inclusions [20]. We can say that this theory lies at the junction of topology,
theory of functions and nonlinear functional analysis. In particular, we recall that Nadler
[18] combined the concepts of contraction and multi-valued mapping by establishing the
following fixed point result.

Theorem 1. (See [18].) Let (X, d) be a complete metric space and T : X — CB(X) be
a multi-valued mapping satisfying H(Tx, Ty) < kd(z,y) for all x,y € X, where k is
a constant such that k € (0,1) and CB(X) denotes the family of non-empty closed and
bounded subsets of X. Then T' has a fixed point, that is, there exists a point u € X such
that u € Tu.
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Later on, a variety of generalizations, extensions and applications of this result ap-
peared in the literature [9, 12, 13, 14,21, 23]. In particular, Aydi et al. [6] introduced the
concept of partial Hausdorff metric and extended Theorem 1 in the setting of partial metric
spaces.

Very recently, Aleomraninejad et al. [2] discussed the existence of fixed points for
multi-valued mappings in the classical setting of metric spaces. Precisely, they proved
fixed point theorems, which generalize known results in the literature, by using a suitable
continuous function. These results were generalized by Yingtaweesittikul [26] to the set-
ting of b-metric spaces. In view of the above considerations, we investigate the possibility
to extend the results in [2,26] to the setting of partial Hausdorff metric spaces. Also, our
theorem and corollaries generalize and complement well known results in the literature
on partial metric spaces. An example is given to demonstrate the usefulness of our results
over the existing results in metric spaces. Finally, we prove a homotopy theorem via fixed
point results.

2 Preliminaries

The aim of this section is to give some definitions and known results needed in the sequel.
Let R™ be the set of all non-negative real numbers and N the set of all positive integers.
We start with some concepts related to partial metric spaces.

Definition 1. (See [17].) A partial metric on a non-empty set X is a mapping p : X X
X — RT such that, for all z, y, 2 € X, the following conditions are satisfied:

(P z =y & ple,z) =p(z,y) = p(y,y);

(P2) p(z,z) < p(z,y);

(P3) p(z,y) = p(y, v);

(P4) p(z,y) < p(x,2) +p(2,9) = p(2,2).
A non-empty set X equipped with a partial metric p is called partial metric space. We
shall denote it by a pair (X, p).

If p(x,y) = 0, then (P1) and (P2) imply that = y, but the converse does not hold
true always.
Notice that if p is a partial metric on X, then the mapping p® : X x X — R™ given by

p*(z,y) =2p(z,y) — p(x, ) — p(y,y)

is a metric on X. Also, each partial metric p on X generates a T topology 7, on X,
which has as a base, the family of the open balls (p-balls){B,(x,¢): z € X,e > 0},
where

Bp(z,¢) = {y € X: p(z,y) < p(z,z) + ¢}
forallz € X and e > 0.
Furthermore, lim,,, oo p* (2, ) = 0 if and only if
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Definition 2. (See [3,17].) Let (X, p) be a partial metric space. Then a sequence {z,, }
is called:
(i) convergent, with respect to ,, if there exists some x in X such that p(z,z) =
hmn—H—oo p(l’, :En);
(ii) Cauchy sequence if there exists (and is finite) lim,, ;400 P(Zn, Tm)-

A partial metric space (X,p) is said to be complete if every Cauchy sequence
{zn} in X converges, with respect to v,, to a point x € X such that p(z,z) =
1imn,m—>+oo p(x’ru xm)

A sequence {z,,} in (X, p) is called 0-Cauchy if lim,, ;100 D(Zn, Tm) = 0. Also,
we say that (X, p) is O-complete if every 0-Cauchy sequence in X converges, with respect
to the partial metric p, to a point z € X such that p(x, z) = 0.

Lemma 1. (See [3,17].) Let (X, p) be a partial metric space. Then:
(1) A sequence {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy
sequence in the metric space (X, p®);
(ii) (X,p) is complete if and only if the metric space (X, p®) is complete.

Let C'BP(X) be the collection of all non-empty closed and bounded subsets of X with
respect to the partial metric p. Consistent with Aydi et al. [6], closedness is taken from
(X,7p). Moreover, boundedness is given as follows: A is a bounded subset in (X, p) if
there exist 29 € X and M > 0 such that, for all ¢ € A, we have a € By (o, M), that
is, p(xo,a) < p(xo,z0) + M. Then, for A,B € CB?(X), z € X, §, : CBP(X) x
CBP(X) — R define

p(z, A) = inf{p(x, a): a € A}, 0p(A,B) = sup{p(a,B): a € A},
p(A,B) = inf{p(x,y): r€A ye B}, 0p(B,A) = sup{p(b,A): be B}
and
H,(A, B) = max{d,(A, B),6,(B,A)}.
It is easy to show that p(x, A) = 0 implies that p*(z, A) = 0, where
p°(z, A) = inf{p°(z,a): a € A}.
Proposition 1. (See [6].) Let (X, p) be a partial metric space. Forall A, B,C € CBP(X),
we have the following:
i) 0,(A,A) = sup{p(a a): a € A},
(i) 0,(A, A) < 0p(A, B);
(iil) 6,(A, B) = 0 implies that A C B;
(iv) 6,(A,B) < 6,(A,C) +6,(C, B) —inf.cc p(e, ).

Proposition 2. (See [6].) Let (X, p) be a partial metric space. Forall A, B,C € CBP(X),
we have the following:
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(H1) H,(A,A) < Hy(A, B);
(H2) Hp(A,B) = Hp(B7A);
(H3) H,(A,B) < Hy(A,C) + H,(C, B) — inf.ec p(c, ¢);

(H4) Hy(A,B)=0 = A=B.

The mapping H,, : CBP(X) x CBP(X) — R is called the partial Hausdorff metric
induced by p. Every Hausdorff metric is a partial Hausdorff metric but the converse is not
true, see Example 2.6 in [6]. Also, a partial Hausdorff metric is not a partial metric, in
general.

Lemma 2. (See [3].) Let (X, p) be a partial metric space and A any non-empty set in
(X, p), then -

a€eA <<= pla,A) =pa,a),
where A denotes the closure of A with respect to the partial metric p. Notice that A is
closed in (X, p) if and only if A = A.

Lemma 3. (See [6].) Let (X, p) be a partial metric space, A, B € CBP(X) and h > 1,
then, for any a € A, there exists b(a) € B such that p(a,b(a)) < hHy,(A, B).

Theorem 2. (See [6].) Let (X,p) be a partial metric space. If T : X — CBP(X) is
a multi-valued mapping such that, for all z,y € X, we have Hy(Tx,Ty) < kp(x,y),
where k € (0,1), then T has a fixed point, that is, there exists a point u € X such that
u € Tu.

Lemma 4. Let (X, p) be a partial metric space and T : X — CBP(X) a multi-valued
mapping. If {x,} C X is a sequence, x,, — w and p(u,u) = 0, then

lim p(z,, Tu) = p(u, Tu).

n—-+oo
Remark 1. Notice that the proof of Lemma 4 is an immediate consequence of the fact
that the inequality
p(u, Tu) = p(u, zn) < p(an, Tu) < p(en, u) + plu, Tu)
holds for all n € N.

Very recently, Romaguera [22] introduced the concept of mixed multi-valued mapping
as follows.

Definition 3. (See [22].) Let (X, p) be a partial metric space. T : X — X U CBP(X)
is called a mixed multi-valued mapping on X if 7" is a multi-valued mapping on X such
that, foreach z € X, |Tz| = 1 (i.e., Tz = {y} forsome y € X) or Tz € CB?(X).

A self-mapping T : X — X and a multi-valued mapping T : X — CBP(X) are
mixed multi-valued mappings.

According to [2] and [26], we consider a continuous function g : (RJ’)5 — Rt
satisfying the following conditions:
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1. g(1,1,1,2,0) = g(1,1,1,0,2) = h € (0,1);
2. g is sub-homogeneous, that is, for all (z1, 29,73, 24,25) € (RT)?, a > 0, we

have
g(axy, axy, axs, oy, axs) < ag(ry, T2, T3, T, T5);
3. g is a nondecreasing function, that is, for z;,y; € RT, x; < y;, i = 1,...,5, we
have

9(x1, 2,23, 24, 25) < 9(Y1, Y2, Y3, Y4, Y5)
and if z;,y; € RY, x; <y;fori =1,...,4, then

9(z1, 22, w3, 74,0) < g(y1,Y2,Y3,Ya,0),

9(z1, 22, 73,0, 24) < g(y1,Y2,Y3,0,ya).

In this case, we write g € P; for results involving similar functions in metric spaces,
see [8] and the references therein.
Then we have the following lemma.

Lemma 5. Ifg € P and u,v € R™ are such that
u < max{g(v, v,u, v+ u,0), gv,v,u,0,v + u),
g(v,u,v,v + u,0), g(v,u,v,0,v + u)},
then u < hw.

Proof. Without loss of generality, we can suppose that u < g(v, v, u,v + u,0). Ifv < u
then

u < g(v,v,u,v+u,0) < g(u,u,u,2u,0) < ug(l,1,1,2,0) = hu < u,
which is a contradiction. Thus, © < v and

u< gw,v,u,v+u,0) < g(v,v,v,20,0) <vg(l,1,1,2,0) = ho. O

3 Main results

Inspired by [2] and [26], we give the following results.

Lemma 6. Ler (X, p) be a partial metric space and let F,G : X — X U CBP(X) be
two mixed multi-valued mappings. Suppose that there exist « € (0,1) and g € P such
that

mln{ap (z, Fz), ap(y,Gy)} p(z,y)
implies that
p(y ) (y y))
forall x,y € X. Then Fix(F') = Fix(Q).
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Proof. Let 2 € Fix(F), then p(x, Fx) = p(x,x) and ap(z, Fx) < p(x,z). Thus, we
have

p(z,Gz) < Hy(Fz,Gz)
< g(p(x,x), p(z, Fz), p(x,Gx), p(x, Gx) — p(x, ), O)
< g(p(x, ), p(z,x), p(z, Gr), p(z, Gz) + p(z, ), 0).

Using Lemma 5, we get p(x, Gx) < hp(z,z) < p(x,x). On the other hand, by (P2)
of Definition 1, we have p(z,z) < p(z,Gz) and so p(x,z) = p(x,Gzx). Since Gz is
a closed set, we conclude that © € Gz. Thus, Fix(F) C Fix(G). Similarly, we deduce
that Fix(G) C Fix(F"). This completes the proof. O

Theorem 3. Let (X, p) be a 0-complete partial metric space and let F,G : X — X U
CBP(X) be two mixed multi-valued mappings. Suppose that there exist « € (0,1) and
g € P such that a(h + 1) < 1 and min{ap(z, Fx), ap(y, Gy)} < p(x,y) imply that

HP(F‘I7Gy) < g(p(m,y), p(m,Fx), p(y7Gy)a p(l‘,Gy) —p(x,x),
p(y, Fz) = p(y,y))

SJorall z,y € X. Then Fix(F) = Fix(G) and Fix(F) is a non-empty set.

Proof. By Lemma 6, Fix(F') = Fix(G). Letr € (h,1) and 2o € X. If ¢ is not a fixed
point, choose x; € Fxg, then ap(xg, Fzg) < p(xo, z1). Consequently, we get

p(x1, Gy)

By Lemma 5, we have p(x1,Gx1) < hp(zo, 1) < rp(xo, z1). Now, if 24 is not a fixed
point, there exists x5 € Gx; such that p(x1,x2) < rp(xo,x1). Since ap(z1, Gry) <
p(x1,z2), we have

), p(z1,Gxy), p(re, Gr1) — p(2, 22),

1 )

< g(p(x1, 22), plag, Fxa), p(x1,22), 0, p(x1, 22) + p(x2, F2)
( )

)

, p(z1,22), 0, p(1, 22) + p(x2, F2)).

http://www.mii.lt/NA



Fixed point and homotopy results for mixed multi-valued mappings 165

By Lemma 5, we get p(z2, Fxs) < hp(z1, 22) < rp(xi, z2). Again, if 25 is not a fixed
point, there exists 3 € Fxy such that p(xa,13) < rp(z1,22) < 7?p(20,1). Thus, by
iterating this procedure, we can construct a sequence {x,, } in X satisfying

Ton—1 € Fxon_o, Ton € GTon—1, P(Tn, Tny1) < rp(xo,x1),
P(ZTon, Fxon) < hp(xan—1, Ton), P(Ton—1, GTon—1) < hp(on—_2, Ton—1).

The next step of the proof is to show that the sequence {z,} is a 0-Cauchy sequence.
Indeed, for each ¢ € N, we have

p(l‘n, xn-i—q)
< p(.%'n, :L'n+1) + p(anrlv anrq) - p(anrh $n+1)
< P(@n, Tnt1) + P(@Tnt1, Tnta) + P(Tnt2, Tntg) — P(Tnt1, Tnt1)
—P(Tn+2, Tni2)
< P(Tn, Tng1) + P(Tng1s Tng) + -+ P(Tnyg-2, Tntg—1) + P(Tntqg—1, Tniq)
n+q—1
— Y plak )
k=n+1
rp(x0, 1) + r" T ip(zg, x1) + - A+ T 2p(20, 1) + T p(20, 2)
r"p(xo, 1) [1 + 7 + 244 rqfl}
n

r
1—r

N

N

p(x03x1)~

Consequently, since

,',.TL

1—r
we deduce that {z,,} is a 0-Cauchy sequence and so, by O-completeness of the space,

x, — x for some x € X with p(z,z) = 0.
Now we claim that, for each n > 1, at least one of the following assertions holds:

p(zo, 1) = 0 asn — +oo,

ap(Ton, Fron) < p(xan,z) or  ap(xont1, Grant1) < p(T2n41,).
Suppose to the contrary that
ap(Ton, Fran) > p(zan,x) and  ap(zant1, Grany1) > p(Xoni1, )
for some n > 1, then we have

p(z2n, ) + p(T2n41,7) — p(2, )
a[p(zan, Fran) + p(zant1, Gront1)]
a[p(on, Tany1) + hp(Tan, Tani1)]
alh+ Dp(xan, T2nt1)-

p(l“zm $2n+1)
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This leads to the contradiction a(h + 1) > 1, and so the claim is proved. By using the
assumption, for each n > 1 and p(z, x) = 0, either

Hy(Fxa,, Gr) < g(p(v2n, ), p(22n, Fa,), p(z, Gx),
p(x2n, Gx) — p(@2n, T2n), p(z, F1ay))
or
Hy(Fx,Grant1) < 9(p(2, 22n41), p(x, Fz), p(Tani1, Grant),
p(x, Grany1), P(Tont1, Fz) — p(@2ni1, Tani1))

holds. Consequently, one of the following cases occurs:

(a) There exists an infinite subset I C N such that

p(Ton+1, Gx) < Hy(Frop, Gx)
< g(p(x2n, ©), p(x2n, Fran), p(z, Gz), p(22n, G)
— p(xon, T2n), p(x, Fran))

forall n € I;
(b) There exists an infinite subset J C N such that
< Hy(Fz,Gzony1)
< g(p($»$2n+1)7 p(z, Fz), p(xont1, GTany1), (2, GTant1),

p(2nt1, Fr) — p(Tont1, Tani1))

foralln € J.

Thus, in case (a), we write

p(z,Gr) T, Tont1) + P(T2n41, GT) — p(T2ni1, Tany1)
T, Zon+1) — P(T2n+1, Tant1) + 9(p(T2n, ), p(22n, Faon), p(z, Ga),
L2n, GCC) - p<x2n7 x2n)vP(=T> F«T2n))

< p(
< p(
(
< p(w, T2n41) — P(T2nt1, Tans1) + g(p(:ngn,x),p(xzn,x2n+1),p(x, Gz),
(
(
(

S|

P\ T2n,T ) +p($, Gl‘) _p(xQ’rux%z)a p(ﬂ?, xQn—i—l))
< p(@, Tont1) — P(T2nt1, Tong1) +g(p(l’zmx),p(@n,l’znﬂ),p(%Gx),
P(Zon,x )+p(l.an)ap(wax2n+l))

for all n € 1. Since g is continuous, passing to limit as n — 400, we obtain
p(z, G) < g(p(z,2), plz,z), plz, Gr), p(z, ) + p(z,Gr), 0).

x),
This implies, by Lemma 5, that p(z, Gz) < (m, x) = 0 and so, by (P2) of Definition 1,
we deduce that p(z,Gx) = p(x,z) = 0, that is, x € Gz and hence, Fix(G) =

Fix(F) # 0.
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On the other hand, in case (b), we have

p(z, Fx) < p(z, v2042) + p(Tonto, Fr) — p(Tonio, Tant2)
< p(a, Tony2) — P(Tant2, Tant2) + 9(P(2, T2nt1), p(z, F),
P(@ant1, Groni), p(x, Gran 1), p(@ani1, F) — p(Tany1, Tani1))
< p(x, Zont2) — P(Tant2, Tant2) + 9(p(x, 22n11), Pz, Fx),
P(Tant1, Tanta)s PT; Tanv2), P(Tant1, ) +p(a, F2) —p(Tanyi1, Tani1))
< p(@, Tant2) — P(@2nt2, Tant2) + 9(p(@, T2n41), Pz, F),

(

P\T2n+1, ‘T2n+2)7 p(x7x2n+2)7 p(‘r2n+17x) +p(xa FI))

for all n € J. Since g is continuous, passing to limit as n — +00, we obtain

p(x, Fx) < g(p(z,x), p(x, Fx), p(z, ), 0, p(z, z) + p(z, Fz)).

Also, by Lemma 5, we get p(x, Fz) < p(z,z) = 0 and so, by (P2) of Definition 1, we
deduce that p(x, Fx) = p(x, x), that is, x € Fx. Thus, Fix(F') # (. This completes the
proof. O

The following corollary is an immediate consequence of Theorem 3 in the case of
a mixed multi-valued mapping.

Corollary 1. Let (X, p) be a 0-complete partial metric space and let T : X — X U
CBP(X) be a mixed multi-valued mapping. Suppose that there exist « € (0,1) and
g € P such that o(h + 1) < 1 and ap(xz, Tx) < p(x,y) imply that

Hy(Tz,Ty) < g(p(x,y), p(z, Tx), p(y, Ty), p(a, Ty)—p(z, ), p(y, Tx)=p(y, y))
forall x,y € X. ThenT has a fixed point.

Moreover, we give some particular cases of Corollary 1, which can be used in appli-
cations.

Corollary 2. Let (X,p) be a 0-complete partial metric space and let T : X — X U

CBP(X) be a mixed multi-valued mapping. Suppose that there exists r € (0, 1) such that
1 p(z, Tx) < p(z,y)

= H,(Tz,Ty) < Tmax{p(gc,y)7 p(z, Tx), p(y,Ty)} (D

forall z,y € X. Then T has a fixed point.

Proof. Let g € P be defined by g(z1, 22, x3,24,25) = 7 max{x1, x2, 23}, Where r €
(0,1). Putaw=1/(r +1). Since h =r < 1 and a(h + 1) < 1, by using Corollary 1, we
conclude that 7" has a fixed point. O
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Corollary 3. Let (X,p) be a 0-complete partial metric space and let T : X — X U
CBP(X) be a mixed multi-valued mapping. Suppose that there exist a,b,c € [0,1) with
a+ b+ c < 1such that
1
1+a+b+c
=  H,(Tz,Ty) < ap(z,y) + bp(x, Tx) + cp(y, T'y) (2)

p(z, Tz) < p(=,y)

forall z,y € X. Then T has a fixed point.

Proof. Let g € P be defined by g(x1, x2, x3, x4, T5) = ax1+brotcrs, where a+btc< 1.
Puta =1/(a+b+c+1). Since h = a+b+c < 1 and o(h+1) < 1, by using Corollary
1, we conclude that 7" has a fixed point. O

Here we give an example, which illustrates the use of Corollary 2. Also, we show that
this corollary is a valid generalization of the analogous result on metric spaces (see [2]).

Example 1. Consider the partial metric space (X, p) with X = {0,1,2}andp : X xX —
R given by

p(070) =p(1,1) =0, p(2,2) = i, p(()7 1) =p(1,0) = %7

P0.2)=p20) =2, p(1,2)=p(21) =

Clearly, (X, p) is complete.
Also define T': X — CBP(X) by

7o J10} ifeefon),
{0,1} otherwise.

Now we get

max{p(z,Tz): v € X} = % and min{p(z,y): v,y € X, v £y} = é

Note that, for each r € [1/5, 1), we have

1
r+1p

(z,Tz) < p(z,y)

for all z,y € X with x # y. Putting r = 5/6, we get

5

H,(T0,T1) = p(0,0) =0 < G max{p(0,1),p(0,70),p(1,T1)},
1

H,(T0,T2) = p(0,1) = 3= %p(072) < %max{p(o,2),p(0,T0),p(2,T2)},
1

H,(T1,72) = p(0,1) = 3 < 2p(1,2) < > max{p(1,2), p(1, T1), p(2, T2)}
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and hence, for all x,y € X with z # y, condition (1) holds true. Also, condition (1)
holds trivially for z = y = 0, but is not applicable for z,y € {1,2} with x = y, since
1/(r + 1)p(x, Tx) £ p(x,z). Thus, all the conditions of Corollary 2 are satisfied and
x = 0is a fixed point of 7.

Next, we consider the metric space (X, p®), where the metric p®, induced by the partial
metric p, is given by

] s s s s 2
p°(0,0) = p*(1,1) = p*(2,2) = 0, P(071):p(1a0):§7

73 11
(1,2) =p*(2,1) = *(0,2) = p*(2,0) = .
p'(1,2) =p (2 1) = o5 p7(0,2) =p(2,0) = 5

We show easily that Corollary 2.5 of [2] is not applicable in this case. Indeed, since

1 1
——p*(0,70) = *(0,0) = 0 < p*(0,
1P (0.70) = == p%(0,0) p*(0,y)

is satisfied for each r € (0,1) and y € X, then, for y = 2, we must have
H,:(T0,7T2) < rmax{p°(0,2),p*(0,70),p*(2,T2)}.
After calculations, we get

H,-(T0,T2) = Hy- ({0},{0,1}) = %

and

1 11) 11 2
5(0,2), p*(0,T0), p*(2,T2)} = =0, == — < 2.
max{p*(0,2),p*(0,70),p*(2,72)} maX{ 500 20} 50 < 3

Thus, for each r € (0,1), we have
H,:(T0,T2) & rmax{p®(0,2),p*(0,70),p*(2,72)}

and so Corollary 2.5 of [2] does not hold with respect to the metric space (X, p®).

4 Homotopy result in 0-complete partial metric spaces

In this section, inspired by [24] and following a similar argument, we apply our Corol-
lary 3 to get a homotopy result. Before establishing our theorem, we need the following
proposition, which shows that if the multi-valued mapping 7': X — C'BP(X) has a fixed
point in X, then its self-distance is equal to zero.

Proposition 3. Let (X, p) be a partial metric space and let T : X — CBP(X) be a multi-
valued mapping satisfying (2). If z € Tz for some z € X, thenp(x,x) = 0 forallx € Tz,
and hence, H,(Tz,Tz) = 0.
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Proof. Letz € Tz € CBP(X) sothat, by Lemma2, p(z,Tz) = p(z,z) and Hy,(Tz,Tz) =
0p(T2,Tz) = sup,ep, p(z, x). Consequently, assuming p(z, z) > 0, by (2) we get

H,(Tz,Tz) < ap(z,z) + bp(z,Tz) + cp(z,Tz),

sup p(z, ) < (a+b+c)p(z, 2), sup p(z,z) < p(z,2),
z€Tz z€Tz
which yields to contradiction, because z € T'z. This completes the proof. O

Finally, we introduce the function 7 : [, 5]> — R such that one of the following
conditions hold:

(nl) Forall r,s,t,u,v € [, B], we have n(¢,7) < n(t,s) + n(r,s) and n(u,v) — 0
ifu— v;
(n2) Forall s,t € [«, 8] and some L > 0, we have 7(t, s) < L|t — s|.
Theorem 4. Let (X, p) be a 0-complete partial metric space, F be a closed subset of X

and U be a non-empty open subset of X withU C F. Leta, 5 € Rand T : F x [a, f] —
CBP(X) be a multi-valued operator satisfying the following conditions:

(i) x € T(x,t) foreachxz € F\U and each t € |a, B];

(i) There exista,b,c € [0,1) witha+b+c < 1 andb < c such that, forall x,y € F
and each t € [o, 3],
1

— <
1JraerJrcp(x,T(ffvt)) < p(z,y)

implies that
Hy(T(x,t), T(y,1)) < ap(@,y) +bp(z, T(z,t)) +cp(y, T(y,1));
(iii) There exists M > 0 such that, for all t1,ts € [a, §] and each x € F,
H,(T(z,t1), T(z,t2)) < Mn(ty,ta);
(iv) Ifx € T(x,t), then T(z,t) = {z}.
If T(-,t1) has a fixed point in F for at least one t| € |« ], then T(-,t) has a fixed point
inU forallt € |, B]. Furthermore, for any fixed t € [, 3], the fixed point of T(-,t) is
unique.
Proof. Define the set
Q:={tela,p): xzcT(z,t)forsomexz c U}.

Since T'(+, ¢1) has a fixed point in F' for at least one ¢1 € [«, (], that is, there exists x € F
such that z € T'(z, ;) for at least one ¢; € [«, 8] and (i) holds, therefore, Q # 0. We
shall show that @) is both open and closed in [«, 3] and so, by connectedness of [a, (],

Q= [a, .
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Step I: Q is closed. Let {t,} be a sequence in Q and ¢, — s € [, ] as n — +o0.
We must show that s € Q. Since t,, € @ for all n € N, there exists xz,, € U with
Zpn € T(xp,ty,) for all n € N. Now, for n,m € N with m > n, using (ii), (iii) and
Proposition 3, we obtain

Hy(T(2n, tw), T(@m, tm)) < ap(Tn, Tm) + 0p(20, T (20, tm)) + cp(@m, T(Zm, tm))

ap(mny xm) + pr (T(*/En7 tn)a T(xru tm))7

NN

that is,

Hp(T(J;n,tm), T(mm,tm)) < ap(Tp, Tm) + OMn(tn, tm).

Thus, using the last inequality, (iv), and (H3) of Proposition 2, we get

P(Tn, Tm) = Hp(T(xm tn), T (T, tm))
< H, (T(a:n,tn),T(xn, tm)) + Hp(T(xn,tm),T(xm,tm))

— inf T, T
atET(xn,tm)p( )

Hp (T(wn; tn)» T(:I;TL) tm)) + Hp (T(.’I/‘n, tm)7 T<mm7 tm))
Mn(tyn,tm) + ap(n, Tm) + bMn(tn, tm)
=1+ b)Mn(tn, tm) + ap(xn, Tm).

<
<

Since a < 1, we have
1+b
p(xmxm) < 1 ks Mn(tmtm)'
—a

From the properties of function 7 and the fact that ,, — s as n — 400, we deduce that
N(tn, tm) — 0asn — +oo and hence,

ngrfmp(a:n, T,) = 0.

Therefore, the sequence {x,} is 0-Cauchy in F, (X, p) is O-complete and F is closed.
This implies that there exists z € F' such that

lim_ p(en,2) = p(z,2) = 0.

n—-+oo

Moreover, for all n € N, we have
p(xna T(zna 5)) g Hp (T(xnv tn)v T(xnv S)) g M"?(tna 5)
and hence, using again the properties of function 7, it follows that

lim p(z,, T(zy,s)) = 0.

n—-+oo

This implies

lim p(z,T(zn,s)) < lim (p(z,2n) + p(@n, Tz, s))) = 0.

n—-+oo n——+00
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Next,

p(xn, T(z,5)) Hp(T(xn,tn),T(z,s))
Hp(T(xn, tn), T (2, s)) + H,,(T(xn, s), T(z, s))

_ inf ,
acEZ{?xn,s) p(ac 117)

< Mn(tn, s) + ap(xn, 2) + bp(xn, T(zy, s)) + cp(z,T(z, s)),

<
<

that is,

p(2n, T(2,8)) < Mn(tn,s) + ap(zn, 2) + bp(zn, T(2n, 5)) + cp(z,T(z, 5)).

From above, it follows easily that

p(2,T(z,5)) < p(2,20) + p(20, T(2,5))
=p(z,xp,) + Mn(t,, s) + ap(xy,, z) + bp(mn,T(mn, s))+ cp(z,T(z, 5)),

that is,
(1=0)p(2,T(2,9) < 1+ a)p(z,20) + M1(tn, s) + bp(zn, T(xn, 5)).

Since p(xy, T (zy, s)) — 0asn — 400, 1 —c > 0 and using the properties of function 7,
from above inequality we deduce that p(z, T'(z, s)) = 0. Therefore, z € T'(z, s), and from
(i) we obtain z € U. Thus, s € @ and hence, Q is closed in [«, J].

Step II: Q is open. Letty € @ and x¢ € U with xg € T(xo,to). Note that, for such ¢,
Proposition 3 is applicable and hence,

p(xo,z0) = 0.

Since U is open, there exists » > 0 such that Bp(xo,r) C U. Now, assume ¢ =
(1 —k)/M)r > 0withk = (a+b)/(1 —b) < 1. By definition of function 7, we
can choose § > 0 such that n(t,tg) < e forallt € (to — J,to + ).

Lett € (to — d,t0 + 9), then, for all z € By(zo,7) = {x € X: p(x,z0) < 7+
p(zo,x0)} = {x € X: p(x,z9) < r} (as p(xo, o) = 0), we shall show that T'(x,t) C
By (zo,7) and hence, T : By(zg,r) — CBP(B,(xo,r)). Let € B,(xo,r), then we
have

H,(T(z,t0), T(z0,t0)) < ap(x, z0) + bp(z, T(z,t0)) + cp(zo, T(z0,t0))
< ap(x, x0) + b[p(z, x0) + p(z0, T(z, t0))] + cp(wo, o).
Since p(zo, T(x,t0)) < Hp(T (20, t0), T (x,10)), we get
H,(T(z,t0), T(z0,t0)) < (a+ b)p(x, o) + bH, (T (z0, t0), T(z,t0))
and so we deduce that

a+b
—b

Hy, (T (x,t0), T(x0,t0)) < p(z,20) = kp(z, 70).

—_
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Suppose y € T (x,t), then using the last inequality, we obtain

p(yaIO) = p(Q;T(‘TOatO)) < HP(T(I7t)aT(z07t0))
< Hy(T(w,t), T(z,t0)) + Hy(T(z,t0), T (w0, t0)) — €iTr(lf . )p(w,w)
w x,lg
< Mn(t,to) + kp(z,m0) < Me+kr < (1 —k)r+kr=r.

Therefore, y € By(xo,r) and so, for each fixed ¢t € (tg — 6,%9 + J), we have T'(z,t) C
By(zo,7). Thus, T(-,t): By(xo,r) — CBP(By(xo,r)) and T(-,t) satisfies all the
conditions of Corollary 3 and has a fixed point in By,(z¢,r) C F. By (i), this fixed point
must be in U, therefore, (to — d,to + ) C @ and hence, @ is open. Thus, Q = [«, 3] and
T(-,t) has a fixed point in U for all ¢ € [«, 3].

For uniqueness, fixed ¢ € [« f], then there exists z € F such that x € T'(z,t). If y is
another fixed point of 7'(+, ¢), then from (iv) we have

p(z,y) = Hy(T(2,t),T(y,t)) < ap(x,y) + bp(z, T(z,t)) + cp(y, T (y, t))
= ap(z,y) + bp(x, ) + cp(y,y) < (a+ b+ c)p(x,y) < p(,y),

which is a contradiction. Therefore, for any fixed ¢ € [, §], the fixed point of T'(-, t) is
unique. O
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