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Permanence and existence of periodic solution
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Abstract. In this paper, we consider a discrete predator—prey system with feedback and time delays.
By applying the theory of difference inequality, as well as analysis technique, sufficient conditions
are obtained for the permanence of the system. And by applying Mawhin’s coincidence degree
theory, we obtain the existence of the positive periodic solutions.
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1 Introduction

In the past decades, predator—prey systems with feedback controls have been extensively
studied by many authors (see [1,3,10]). Zhou and Zou [13] studied the following discrete
logistic equation:

2(n+ 1) = 2(n) exp{r(n) (1 - ;((Z))) } (1)

where r(n) and K (n) are positive w-periodic sequences, some sufficient conditions are
obtained for the existence of a globally stable positive solution.
Li and Zhu [10] studied the following difference equations with feedback control:

N(n+1) = N(n) exp{r(n) (1 - W - c(n)u(n)) }

Ap(n) = —a(m)p(n) +b(n)N (n —m).
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By applying Mawhin’s coincidence theorem, they obtained some sufficient conditions for
the existence of positive solutions.

Li and Zhang [9] discussed the following delay logistic equation with feedback
control:

z(n+1) =xz(n) exp{r(n) [1 — ;;,((T;L)) - Z as(n)x(n — sg)
=3 b (mutn - )} G
s1=0
pn 1) = (1 - a(m)um) + 3 Bu(maln - s2).
s9=0

The authors used the theory of difference inequality to obtain the permanence and the
almost periodic sequence solution for the system.

Chen and Zhou [4] discussed the permanence and the existence of a globally stable
periodic solution of the following discrete competition system:

1) =) exp{ () (1= T pa(myaa(o) ) .

“)
x2(n+1) = 25(n) exp{rg(n) (1 - 22222)) ,ul(n)xl(n)) }
Li, Chen and He [8] discussed the following system with delays:
z1(n+1) =xz1(n) exp{rl(n) <1 _mln—m) pa(n)za(n — 7'12)> },
) )

zo(n+1) = xa(n) exp{rg(n) (1 - w —p1(n)z1(n — 7'21)) },
2(n)
they first discussed the permanence and global attractivity of system (5). Further, by
means of an almost periodic functional hull theory, they showed that the system has
a unique strictly positive almost periodic solution, which is globally attractive.
Recently, Chen [2] considered the following system with feedback control:

(1) = sr(mexpd () (1= £ < pa(mas() - b )}

za(n+1) = 22(n exp{ ( “”2((’:3)—m(nm(n)—bg(nm(n))}, ©6)

Apr(n) = —ai(n)pi(n) + f1(n)z ( )s
Apa(n) = —aa(n)pz(n) + B2(n)za(n).
The permanence and the existence of periodic solution of system (6) were discussed with

fixed point theorem. Moreover, they discussed the periodic solution of system (6), which
is globally stable.
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Niu and Chen [11] discussed system (6) about the almost periodic sequence solution
which is uniformly asymptotically stable.

In this paper, we consider the following discrete predator—prey system with feedback
control and time delays:

z1(n+1) =z1(n) exp{rl(n) (1 — xl(;;lznT)u) — pa(n)xa(n — 712)

—bi(n)pa(n — 713)> },

x2(n 4+ 1) = z9(n) exps r2(n) <1 - W — p1(n)z1(n — T22) %)

= ba(n)p2(n — 723)) },

p(n+1) = (1 - ai(n))p(n) + Bi(n)zi(n — o1),
pa(n +1) = (1 — ag(n))pa(n) + Ba(n)za(n — 02),

where x;(n) is the density of the species at time n and p;(n) is the control variable at time
n, r;(n) represent the intrinsic growth and K;(n) represent the carrying capacity. Here
Tij» 04, ¢ = 1,2; j = 1,2, 3 are all nonnegative integers.

Let 7 = max{7;;,0;, i = 1,2; j = 1,2,3}. We consider system (7) together with
the following initial conditions:

{,CZ(G):(,O,L(G) >0, (,02(0) >0, GGN[—T,O], 1=1,2,

1i(8) = 0a(6) > 0, i(0) >0, BeN[-70,i=12, ®)

where N[—7,0] = {—7,—7 + 1,...,0}. It is not difficult to see that solutions of sys-
tem (7)—(8) are well defined for all n > 0 and satisfy x;(n) > 0, p;(n) > 0, n € Z,
1=1,2.

The organization of this paper is as follows. In Section 2, we will introduce some
definitions and several useful definitions and lemmas. In Section 3, by applying the theory
of difference inequality, we get the permanence of system (7)—(8). In Section 4, by means
of Mawhin’s coincidence degree theory, we obtain the existence of the periodic solution
for system (7)—(8). Finally, we give some examples and numerical simulations to verify
our results.

2 Preliminaries

We first give some notations as follows:

. _ KM exp{r]’ —1} o K exp{r}f —1}

réexp{—mrM}’ ry exp{—ma1ry'}’
5{\437{ 55\/]5’33 M L :
= 5= a” = sup a(n a” = inf a(n
:ul Ot{\/[ ) /1'2 Oééw 9 neg ( )a neN ( )7
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Discrete Lotka—Volterra competition system 193

L_/J’* *
Ny = <log(1 ab) WQHFOO) NN,
I

L * %
N2 = (10g(1—0¢£’) W,"‘OO) ﬂN,

by 13
* K N1« _— Nz &
B = = i — b{”(l _O‘IL) s F = ry — piay - bé‘/[(l _042L) “3s
M
7
Gyt = KE exp{—711D1} + bM exp{—713D; } EM,
N M
Gy? = KL exp{— 7'21D2}+b2 exp{— 723D2}E 2,
L T]]_VI M L 7"%\/1 M
Dy =ry — KL Ty — paxy — by pg, Dy =ry — KL x5 — pixy — by p3,

EM = Z 1—ak) 51 exp{—Di(o1+j+1)},
j=
Ny—1 .

B =S (1= ad) B exp{—Da(on + + 1)},
=0

Then we introduce some basic definitions and useful lemmas.

Definition 1. System (7) is said to be permanent if there exists positive constants M7,
Ms;, my;, me;, which are independent of the solutions of the system such that any positive
solution (21 (n), 22(n), p1(n), pz(n))T of system (7) satisfies

my; < lim infa;(n) < lim supa;(n) < My, i=1,2
n—-+oo n—-+oo

me; < lim infu;(n) < ngr}rloo supu;(n) < Mo, i=1,2.

n—-+oo
Lemma 1. See [12]. Assume that {x(n)} satisfies x(n) > 0 and
z(n+1) < z(n)exp{a(n) — b(n)z(n)}, neN,
where a(n) and b(n) are nonnegative sequences bounded above and below by positive

constants. Then )
lim supz(n) < WL exp{a™ —1}.

n—-+oo

Lemma 2. (See [12].) Assume that {x(n)} satisfies x(n) > 0 and
z(n+1) = z(n)exp{a(n) — b(n)z(n)}, n = No,

lim,, ;oo supz(n) < z*, (O™ /a®)z* > 1 and x(Ny) > 0, where a(n) and b(n) are
nonnegative sequences bounded above and below by positive constants and Ny € N.
Then

L
N a M
> .
nhI_iI_l inf z(n) T exp{a —boMa*}
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194 W. Li et al.

Lemma 3. (See [6].) Assume that A > 0 and y(0) > 0, suppose that
y(n+1) < Ay(n) + B(n), n € N.

Then for any integer m < n,

m—1

y(n) <A™y(n—m)+ Y A'B(n—j-1).
=0

If A < 1 and B is bounded above with respect to U, then

i m<- Y
n_l}r_{loosupyn NS 1*A

Lemma 4. (See [6].) Assume that A > 0 and y(0) > 0. Suppose that
y(n+1) > Ay(n) + B(n), n € N.

Then for any integer m < n,
m—1
y(n) = A%y(n —m) + Z A'B(n—j—1).
j=0
If A < 1 and B is bounded below with respect to K, then
lim inf < —.
o () < 7=
Let X and Y be two Banach spaces, L : DomL C X — Y is a linear map, and
N : X — Y is a continuous map. If dim Ker L, = codimIm L. < +ocoandIm L € Y is
closed, then we call the operator L is a Fredholm operator with index zero. And if L is
a Fredholm operator with index zero and there exist continuous projects P : X — X and
Q:Y — YsuchthatIm P = Ker L, Im L = Ker Q = Im(/ —Q), then L|pom LAKer P :
(I = P)X — Im L has an inverse function, we set it as K p. Assume {2 € X is any open
set, if QN (£2) is bounded and Kp(I — Q)N (§2) € X is relative compact, then we say N
is L-compact on (2. Following we recall the Mawhin’s coincidence theorem.

Lemma S. (See [7].) Let X and Y be both Banach spaces, L : Dom L C X — Y be
a Fredholm operator with index zero, {2 € Y be an open bounded set, and N : 2 — X
be L-compact on 2. If all the following conditions hold:

(Cl) Lz # ANz forxz € 02NDom L, X € (0,1);

(C2) Nz ¢ Im L forxz € 92 NKer L;

(C3) deg{JQN, 2NnKerL, 0} #0, where J : Im Q — Ker L is an isomorphism;
then the equation Lz = Nz has at least one solution on {2 N Dom L.

Lemma 6. (See [5].) Let g : Z — R be w periodic, i.e., g(k + w) = g(k); then for any
fixed k1, ko € 1, and any k € 7Z, one has

o) <alk) + S lgls+ 1) — g gk > glk) = 3 lals +1) — g(s)].
s=0 s=0
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Discrete Lotka—Volterra competition system 195

3 Permanence

In this section, we consider some permanence results for system (7) and (8) with r;(n),
K;(n), bi(n), a;(n), Bi(n), p;(n), i = 1,2, are all bounded nonnegative sequences such
that

O<al<aM <1, rF>o.

Theorem 1. Assume that
H1) r¥ — szl > 0and ri — pia; >0,
then every solution (x1(n),xo(n), u1(n), ua(n))T of system (7) satisfies

N < lim infa(n) <

i m supz;(n) <z, i=1,2,

li )

n—-+4oo n—-+oo

N; . . . .

pid < Hminfpi(n) < lUm suppi(n) <pi, 1=1,2,

that is, system (7) is permanent.

Proof. Let (z1(n),x2(n), u1(n), u2(n))T be any positive solution of system (7), from
the first equation of system (7) it follows that

z1(n+1) < z1(n) exp{ri(n)} < z1(n) exp{r'}. )
By (9), one can easily obtain that
x1(n—m111) = exp{—rnr{V[}. (10)

Substituting (10) into the first equation of system (7), it follows that

Kl(n)

ri1(n)
/4}1 (TL)

Thus, as a direct corollary of Lemma 1, according to (11), one has

z1(n +1) < 21(n) exp [rl(n) _ nim)zi(n) exp{—ﬁlr{w}]

< z1(n) exp [rl(n) — exp{—mr{”}xl(n)]. (11)

KlM exp{r{w -1} -

lim supzi(n) < = 7. 12
oo P 1(n) < riexp{—m1rM} ! (12)
In the same way, we can get
KM exp{r¥ — 1
lim supza(n) < 2" exp{ry b x35. (13)

n—rtoo rk exp{—rurd} T

For any positive contant €y small enough, it follows from (12) that there exists a large
enough ng > 0 such that
xz1(n) < a7 + €, n=ng. (14)
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196 W. Li et al.

Then the third equation of system (7) leads to
p(n+1) < (1= ai(n)pi(n) + Bi(n)(z] +€0), 1 >no+1. (15)
By applying Lemma 3, it follows from (15) that

. B (a3 +€0).

nErJrrloo sup u1(n) < ol (16)
Letting g — 0 in the above inequality yields that
: My
Jm sup i (n) < T T (17)
In the same way, we can get
M 5
ngrfoo sup pa(n) < ;MQ = U (18)

2

From the definition of /N7 and (H1) there exists a positive constant €; small enough and
large enough n; > max{ng, N1} such that

* * N *
ri— (us+ea)(@s +e) — b (1—af)™ (uf + ) >0,

and
zi(n) <zl e, piln) <pl4+e, i=1,2, n>n,
which imply that
Lt M
(1) 3 o) exp{ = Ty (ot 1) = (5 + )+ e0) ~ 0+ )}
1
:=x1(n)exp{D1¢,}, n=ni+r, (19)
where
rrit M
Diey =y — pp (@i +e) = (up +e)(oy + 1) = b1 (1 +e1)
1
M M M M pM
r r B 2 bp
<7,L7Lx*7 *$*7bM * < Lfix*fix*,l 11’*
ST KlLl Koy 1 1S KlLl a2L2 041L 1
oo (2 B g blod IR K oot )
~ ~
! K¥E ak tet KEak rexp{—r1rM}
KM ’I"M bMﬂMKL
L 1 1 1 P11y M M
ry — — | — + ———— | expy 11T expyr; — 1
<t =R (e ) et ool 1)
<rM exp{r{”fl}<7’ff7"{w<0
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Discrete Lotka—Volterra competition system 197

Therefore, for n < n, by using (19), we have

z1(n) < z1(n) exp{—qu (n— n)} (20)

From the third equation of system (7) we have

pa(n+1) < (1= af)™ pa(n) + Bi(n)ai(n — o). 1)

According to Lemma 3 and (21), for any n > N1, we have

Ni—1 A
() < (1= a8 Vo= M) + 3 (1 abY ¥arln— o — - 1)
j=0
N Ni—1 )
<(1—af) (i +e)+ DY (1—af)' B exp{—Di (01 +j + 1) }ai(n)
§=0
=(1- alL)Nl (U7 +€1) + E1,z1(n), n>=ng+r, (22)
where
Ni—1 )
B =" (1-af)' B exp{~Dic, (o1 +j+ 1)}
§=0

Substituting (20) and (22) into the first equation of system (7), one has

M
/r‘ * *
r1(n+1) > x1(n) exp{r{: — ﬁ exp{—711D1¢, tz1(n) — (13 + €1) (25 + €1)
1
N1, o«
=0 (1= af) ™ (uf + e0) — 0B exp(-maDic Yo (o)}
=xz1(n) exp{Ffle - Gﬁllxl(n)}, (23)
where
* * N *
Fffi =rf = (us+e) (@3 +e) — biw(l - 04%) "y +e),

M
,
Gﬁll = 71L exp{—711D1¢, } + bin{E exp{—713D1c, }.
1

Notice that

M
T
Gﬁll e ﬁ eXP{—TuDlel}x* - rM exp{—711D1¢, } KM exp{r} — 1}
= =
Fﬁf ! 7"1L ! 7”1LK1L 7”1L€Xp{—7'117“{w}
M M M M
rit Ki* exp{ry® —1 exp{r;’ —1
> ORI 1 o (D, i)y > Ry
1 1 1 T1

Nonlinear Anal. Model. Control, 20(2):190-209



198 W. Li et al.

Applying Lemma 2 to (23), we obtain
N N N1,
Fie eXP{Fk; - Glellwl}

. . > leq
lim inf 2, (n) > G
Letting €; — 0 in the above inequality leads to
FNl FN1 _ GN1 *
ity () > TP SO %)
1

For any positive constant e small enough, from (24) it follows that there exists a large
enough no > n; such that

z1(n) = xﬁ} — €, T =no.
Then the third equation of system (7) leads to
pr(n+1) = (1—a)pa(n) + A1 (212 — €a),

which implies from Lemma 4 that

o BE(z)} — €)
> L 72
lim inf 41y (n) > oM

Letting e — 0 in the above inequality leads to

1LCU§VI N
im i > o=yt
lim inf i1 (n) > =~ i T (25)
In the same way, we can get
L F2N2 exp{F2N2 - Gé\f?x; No
by fnf 22(r) > G = @9
o 52LJU§VQ N.
1 f > o= pp 2. 2
lim inf p12(r2) > = 7 % @7
Then system (7) is permanence. O

4 Existence of positive periodic solutions

In this section, we consider assume that r;(n), K;(n), b;(n), a;(n), Bi(n), w(n),
1 = 1,2, are all periodic nonnegative sequences with a common period w and satisfy

Ki(n)>0, r(n)>0, O0<a;<1, =12 nel,.

For convenience and simplicity, in the following discussion, we use the notation

f(S), Iw ::{0715"'5(")71}5

where f(s) is an w-periodic sequence of real numbers defined s € Z.

http://www.mii.lt/NA



Discrete Lotka—Volterra competition system 199

Theorem 2. (z1(n), x2(n), u1(n), p2(n))* is an w-periodic solution of system (7) if and
only if it is also an w-periodic solution of

x1(n+1) =z1(n) exp{rl (n) (1 - W — po(n)za(n — 112)

— by(n)pa (n — 7'13)) }

xa(n + 1) = z9(n) exp r2(n) (1 - W — p1(n)zr(n — 712)
= ba(n)pz(n — 7'13)) }, (28)
n+w—1
pa(n) Z Gi(n,u)B1(w)z1(u—o1) := (P121)(n),
n+w—1
pa(n) = Y Galn,u)Ba(u)zz(u — 03) = (Pa2)(n),

[ (= ai(s)

Gi(n,u) = s=utl
) S I 0 et
Proof. First, let (x1(n), z2(n), u1(n), pe(n))T be an w-periodic solution of system (7).
From the third and the fourth equation of system (7) and the variation-of-constant formu-
las it follows that

pi(n) = 1:[ (1 — (s l )+ Z Hjol—az(i;)] . (29)

s=0

, i=12,ue{nn+1,...,n+w—1}

Then
ntw—1 n+w—1 —O'z')

hence, using p;(n) = pi(n 4+ w), we get

1570 - oals) T8 65T (8)zi(s — o)
1i(0) = T T — ans) - Z HJ o(1—ai(4)) (30)

Substituting (30) into (29), we get

nt+w—1

> Giln,uw)Bi(uw)ai(u — ;) = (Pi;) ().

Next let (x1(n), T2(n), p1(n), pa(n))T be an w-periodic solution of system (28). Then

n+w

pi(n+1) =Y Giln+ 1L u)bi(wzi(u — o)

u=n-+1

Nonlinear Anal. Model. Control, 20(2):190-209



200 W. Li et al.

n+w—1
= Z Gi(n+1Lu)Bi(w)zi(u—o0;) + Gi(n+ 1,n+w)fi(n+w)z;(u+w—0y)

TG+ 1L,n)Bi(n)zi(n — oy)
n+w—1

Z Gi(n+ 1,u)8;(w)z;(u — 0;)
4 [Gi(n+ 1,n+w) — Gi(n+1,n)]Bi(n)z;(n — o)
= (1 = a;(n))pi(n) + Bi(n)zi(n — 0y), i=1,2.
Above we use the period of a;. Then the proof is completed. O
Theorem 3. Assume that:
(H2) 3w — P 35020 ra(n) X010 G (n )i () > 0,

(H3) 7w — e2B2 Zn ori(n) ZZ+Z ! Ga(n,u)B2(u) > 0, where

312r1w+1n{(:i)}, BQQT‘QW+1H|:(:3):|.

Ky Ky
The system (7) has at least one positive w-periodic solution.
Proof. By Theorem 2, system (7) can be reformulated as

z1(n+1) = z1(n)exp [rl(n) (1 - xl(lzlzn;ll) — (Pax2)(n)x2(n — T12)

~ b @) - )|

(31
zo(n+ 1) = z2(n) exp |:T‘2(Tl) (1 - xQ(KnQ(nT)H) — (P121)(n)z1 (N — T22)
— bg(ﬂ)(@gl‘g)(n — 7'23)>:| .
Let z;(n) = exp y;(n) and according to (28), then (31) is the same as
i+ 1) = ya(n) =y () 1 - eXp{yIl((ln(;) Ti1)}
— (D3y2)(n) exp{ya(n — 112) } — b1 (n)(P1y1)(n — T13)] :
[ exp{y2(n — 721)} (32)
pa(n+1) = () = ra(m) |1 = =

(@) (n) explun(n — ma2) ) — ba(n) (@y2)(n — >] ,

http://www.mii.lt/NA



Discrete Lotka—Volterra competition system 201

where
n+w—1

(P7yi)(n) = Z Gi(n,u)Bi(u) exp{yi(u — i)}, i=1,2.

u=n

In order to apply Lemma 5, we take

X =Y ={y(n) = (11(n),y2(n)): y(n +w) =y(n), n € Z}.

Denote the subspace of all w periodic sequences equipped with the usual supremum norm
[I-II, i-e.,

lyll = max [y;(n)[, i=1,2,y€X.
It is not difficult to show that X, Y are Banach space. Let

w—1
Xo{yEX: Zy(n)()}7 Xc:{yEX:y(n):hGRz,nGZ}.
k=0

Then it is easy to check that X and X are both closed linear subspaces of X and

X = Xo @ X..
Let
L:DomLNX =Y, (Ly)(n) = @EZH;:%%)
Ny — (MO S~ (@) (e b ()@ig) (= 7is)

ev2(n—721) * n—r: *
ra(m)[1 — L2520 (@) (m)eth ("72) — by (n) (@) (m — 720)]

It is not difficult to find L is a bounded linear operator with Ker L = X, Im L = X,
dimKer L = 2 = codim Im L, and it follows that L is a Fredholm operator with index

zero. Define
w—1

Pz:;Zz(s):Qz, ze X,

s=0

then P, () are continuous projectors such that
Im P = Ker L, ImL =Ker@ =Im(I — Q),

furthermore, the generalized inverse Kp : Im L — Dom L N Ker P exists and has the

form
k—1 1 w—1
Kp(z)(n) => 2(s) = — > (w—s)z(s).

w
s=0 s=0

Nonlinear Anal. Model. Control, 20(2):190-209
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QNy
_ ev1(n—711) * n—r *
LS ()1 - T (@) ()t (712 by () (@i41) ()]}
= w— e¥2(n—721) * —T *
L s {ra(n) 1= s — (B1y1) (n)e¥* ("=722) —by (n) (@5 ) (n—723)]}
7"7 L Z‘;; 31?1(7:1) yl(niTll)

7z — 1 w1 ra(n) ys(n—7o1)
Zn 0 Ks(n) e

B Ly ri(n)bi(n) St G (n — Tug,w) By (w)evr (4= o)
Ly ra(n)ba(n) S0 Gy (n — Tag, u) Ba (u)ev2 (4= 2)

w n—r23

_ (i Snzori(n) ZUI Ga(n, >/32<u>ey2<”722>+y2<“2>>
1 E:’;é r2(n) ZZJF;— G (n, u) By (u)evr (=mi2)+yi (u=o1)

w

Obviously, QN and Kp(I — Q)N are both continuous. Since X is Banach space, by
using Arzela-Ascoli theorem, we know that operator K p(I — Q)N (§2) is compact and
QN (£2) is bounded for any open bounded set 2 € X. So, N € §2 is L-compact on (2

with any open bounded set 2 € X.

In order to use Lemma 5, we need to find an appropriate open, bounded subset {2.
Considering the operator equation Ly = ANy, A € (0,1), i.e
y1(n+1) —yi(n)
y2(n +1) —y2(n)
y1(n—711)
ri(m)[1 = AT (@) (n)e2(T12) — by (n) (@) (0 — 713)]
ra(n)[1— 202 (@) (n)eh () — by (n) (@) (n — 723)

=A

Suppose that y(n) = (y1(n),y2(n))T € X is an arbitrary solution of above equation
for a certain A € (0, 1). Integrating both sides of the above equation over the interval
[0, w — 1] with respect to n, we obtain

(n) exp{y1(n — 111)}
O = )\ Z |:’I”1 Kl( )

=11 (n)(P5y2)(n) exp{y2(n — 712) } — by (n)ri(n)(P1y1)(n — 713)} , (33)
0=\ i [Tz(n) ~ r2(n) exp;g/(i(lgl —721)}
n=0
—ro(n)(PEy1) (n) exp{yr (n — To2)} — ba(n)ra(n)(Phya)(n — 723)] e
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that is,
s N [ra(m) explyi(n — 1)}
' 7;) { K1(n)

+ 71(n)(P5y2) (n) exp{ya(n — T12) } + b1 (n)r1(n)(P1y1)(n — 713)} , (35)

=

w—

Tow = Z 7"2 exp{y2 n— 7’21)}

0

T ra(n) (@) (n exp{yln—m}m (nr <><¢;y2>(n—m>} (36)

From (33)—(36) it follows that

i |(y1(n+1) —y1(n))|
n=0
w—1
< A{ > )]+ Z {Tl eXp{ylgb Ti1)}
n=0
+71(n)(5y2) (n) exp{y2(n = i2)} + b ()ra () (@iy1)(n — ﬂ }
< 21w,

i (200 + 1) — o)
{§|r2 |+Z [7’2 exp{yz(n—fgl)}

n=0 n)
+ r2(n)(P1y1)(n) exp{y1(n — 722) } + ba(n)ra(n )(@yz)(n—ﬁs)}}
< 2Tw.

In the view of the fact y = {y(n)} € X, there exist &;,7; € I, such that

vi&) = min{y:(n)},  wi(m) = max{ys(n)}, =12 (37)

From (35) and (37) we get

Tiw > Z r1(n exp{y1 (n =)} > exp{y1 (&)} i 7‘11(("))

Ki(n) — Ki(n

= exp{yl & }(K1> (38)
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which implies

yl(il)gln{rl}

(®)

Then from Lemma 6 we obtain

w—1 _
yi(n) <y(&) + Z |(y1(n+ 1) —yl(n))’ < 2ﬁw+1n[h] = Bj.

n=0 (%11)

In the same way, we can get

ya(n) < 27w + In [’AZJ = By. (39)
Ko

On the other hand, (35) and (37) imply that

w—1

o = Y | PRSI0 ) @) ) exp{aatn — 710}
n=0
by () @)~ 70
< exp{yl(nl)}(fz)w

w—1 n+w—1
+exp{ya(m)} Y _ri(n) [ > Gan,u)Ba(u) exp{ya(u — 02)}1
n=0 uU=n

n—Tiz3+w—1

+ z_: bi(n)ri(n) l Z G1(n — 713, u)B1 (v) exp{y: (u — 01)}]
n=0

U=—Nn—T13

()

w—1 n+w—1
+ exp{2ya(n2) } [ > ri(n) Y Gan, U)ﬁz(u)] -

n—ri3tw—1

w+ Z_: bi(n)ri(n) Z Gi(n — 73, U)ﬂl(u)]
n=0

U=n—T713

<exp{y1(m)} l

n=0 u=n

From (39) we will get

—— w—1 n—7i3tw—1
7w < exp{y (m) } [(K)w 2 b)Y, Giln -7, uW“)]
- o n=0 U=n—T13
1 2B Z r1(n) Z Ga(n,u)Ba2(u),
n=0 u=n
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namely,

n—713+w—1

exp{y1(m)} [(;;)w + z_: bi(n)ri(n) Z Gi(n — 113, u)B1(u)
n=0

U=N—T13
w—1 n+w—1
> Fw — e? P2 Z ri(n) Z Ga(n,u)Bz2(u).
n=0 u=n

From (H3) we can get

() > In T~ €% Fasg i) TAZL ™ Ga(n,w)Ba(w)
() + 3000 ba(n)ra () 027275 Gi(n = 7, w)Ba ()

From Lemma 6 we get

w—1
yi(n) = yi(m) = Y [pi(n+1) —yi(n)]
s=0

Tiw — e2B2 3247 L (n) 0T G (n, u) Ba (w)

n (T1) w—1 n—Ti3tw—1 — 2rw
(E)w + Zn:O bi(n)ri(n) Zu:n—ng Gi(n — 113, u) 51 (u)
= Bg.
In the same way, according to (H2), we can get
==, _ a2B1 w—1 n+w—1 G
y2(n) > In oW — e ) nmo "2(1) doumn 1(n, )P (u) o

(R + 320g ba(m)ra(n) Ui Ga(n = 72, 0)Ba(w)
= B4.

Clearly, By, B2, B3, By are independent of \. Set M = My + Ms + Mg, where M, =

max{|Bi|, |Bs|}, M2 = max{|Ba|,|Ba|}, My is taken sufficiently large such that each

solution (if it exists) y* = (y7, y3) of the algebraic equations

QNy = (F1,F)" =0

satisfies ly*]| = [[(y7.53)™]l = yi| + ly3] < M. in which

R n—T7iz3+w—1
Fy =71 - <K11((n))>eyl — (7"1 (n)bi(n) Z Gi(n — 13, U)ﬁl(“)) et

U=n—T13

n+w—1
—<7“1(n) > G2(”a“)52(“)>62y27
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n—ro3+w—1

Fy=75— < ra(n) )eyz - (rg(n)bg(n) Y Galn— s, u>32(u)>ey2

U=N—T23

n+w—1
—(7"2(") Z G1(nau)51(u)>ezyl-

u=n

We now take 2 = {y = (y1(n),y2(n))™: vy € X, |ly|| < M}. This satisfies condi-
tion (C1) of Lemma 5. When y = (y1,y2)" € 02 NKer L = 02 NR% y = (y1,y2)T
is a constant vector in R? with ||y|| = M, then we have QNy # 0. This prove that

condition (C2) of Lemma 5 holds.
Now we consider homotopic, let

= (ri(n) \
(%) —H (Hl(y17y2)> re

H(yi,y2, 1) =
7o r2(n H y
B *(1(22((71)))6112 2(Y1,Y2)
where
w—1 n—ri3+w—1
Hl(yl yg) l rl(n)bl(n) Z Gl(n — 713 u)ﬂl(u)eyl
) w O E ) )
n= U=N—T13
1 w—1 n+w-—1
l 2y2
+ o r1(n) Z Ga(n, u)B2(u)e™?,
n=0 u=n
w—1 n—Tro3+w—1
1 1,
Hy(yi,y2) = — Y _ra(n)ba(n) > Ga(n —7a3,u)B2(u)e?”
w n=0 U=n—"Ta3
1 w—1 n+w—1
l G 2y1
+ - 2 r2(n) uz:;l 1(n,u)Bi(u)e

When (y1,y2, 1) € 02NKer L x [0,1], H(y1, y2, 1t) # 0. Hence, by a direct calculation
we have

deg{JQN, 2NKer L, 0}
= deg{H(yl,yg7 1), 2 NKer L, 0} = deg{H(yhyg,O), N2 NKerlL, 0}

= deg{ (rl — ([7;11(&)))&1’” — (;2((7:3))ey2)T7 2NKerL, 0}.

Obviously, the algebraic equation

ﬁ_(;(ll(&)))eyl =0, rz—%e“ =0,

has a unique solution (71, 72)T € £2 N Ker L, thus

—( ri(n) )ev 0
deg{JQN, 2 NKer L,0} = sgn Ki(n) - =1.
0 —( ra(n) )evz
K2() 7™ (@1,52)
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This completes the proof of condition (C3) in the Lemma 5. According to Lemma 5,
system (32) has at least one positive w-periodic solution, that is, system (7) has at least
one positive w-periodic solution. O

Remark 1. If we take 711 = T2 = Ty3 = To1 = Tog = Toz = 01 = 02 = 0, system (7)
becomes the model in [2]. So, we generalize the main result of [2].

Remark 2. When a;(n) = as(n) = 1, fi(n) = Ba2(n) = bi(n) = ba(n) = 0,
system (7) becomes (5). So, we extend and improve the main results of [8].

5 Application

As application, we consider the following system:
z1(n+1) =z1(n)exp[(1.15+ 0.05sinn) (1 — z1(n — 1) — pa(n)za(n — 1)
—(0.02+0.01sinn)u (n — 1))],
z2(n + 1) = za(n) exp[(1.25 — 0.05cosn) (1 — w2 (n — 1) — p1(n)x1(n — 2)
— (0.015 — 0.005 cos ) pa(n — 2))],
p1(n+1) = (0.075 — 0.025sinn) 1 (n) + (0.015 — 0.005 cos n)z1(n — 1),
pa(n+1) = (0.075 4 0.025 cos n) pa(n) + (0.025 + 0.005 sinn)z2(n — 2)

with the initial condition (z1(0), y1(0), ¢1(0), 12(0)) = (1,0.1,0.1,0.2).
By simple computation, we derive

(40)

ri~3.6865,  ui~0.0388,  xh~3.7347,  ph~0.1179,
L usay ~0.6597 >0,  rk— plal ~1.0569 > 0.

So, by Theorem 1, we claim that system (40) is persistent. Its integral curves and orbits
are shown in Figs. 14, respectively.

25
| ih 25¢
2 | | ﬂl hw J | ‘ '
TENEEEEER || ﬁ\
YESRERERNRNR 4HM‘“\W“‘
I ol ‘ I U ‘\
b \‘\ | I | ‘ [ I ‘\‘ \‘ \‘ H H \ \‘\
1A5p“‘\‘ ““ “‘\ \“\ | H‘ H H ‘H“ H‘“H i ] ‘\‘\ H‘ “\ ‘\“ “‘ ‘“ | ‘
\“\‘H\‘\H || I L] ‘H
| NI 15 | I
1\“\‘\\““\‘\‘\\\““\\ ‘MM “‘ | H \H\ HH‘H\H M \H
\\\ T H\‘H\ HM\ ‘H \ ‘
‘u‘m“q“m\‘\‘“‘“q“‘\“\HH\W "\““\‘Hw | “‘M\ \M““M
\ | RN
ST 05m\su»smmwm
“‘“\\ _w‘;“\\HwHH aIRIRRIRIRRRIAIRIR w\
v ', V I} ‘v‘ Uy I U | L‘ “L‘ )\U’ “‘ “\ Al | |
% 20 40 ) 8 100 20 o 20 20 60 80 100 120
Fig. 1. The orbit of x1-time n. Fig. 2. The orbit of z2-time n.
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120

Fig. 3. The orbit of x1-time n. Fig. 4. The orbit of pa-time n.

From Figs. 1-4 we see that there is a positive periodic solution of system (40).

6 Conclusions

In this paper, we consider a discrete periodic Lotka—Volterra competition system with
feedback control and time delays. By applying the theory of difference inequality and
Mawhin’s coincidence degree theory, which is different from that of [2, 4, 8], we show
that the permanence and the existence of periodic solution of system (7). From the proof
of Theorems 1 and 3 we can also consider the permanence and periodic solutions of
a discrete n-species Lotka—Volterra competition system with feedback control and time
delays, the similar results can be obtain. Compared with [4], we can find that the feedback
control variables have no influence on the persistent properties of the system, Similarly,
we can obtain the delay is harmless for the permanence and the positive periodic solution
of system (7). In [11], the author considered the almost periodic solution of system (6).
As for the existence of system (7), we leave this for the future work.
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