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Abstract. We propose necessary and sufficient conditions for a distribution (generalized function) f
of several variables to be positive definite. For this purpose, certain analytic extensions of f to
tubular domains in complex space C™ are studied. The main result is given in terms of the Cauchy
transform and completely monotonic functions.

Keywords: positive definite functions, positive definite distributions, Cauchy transform, analytic
representations of distributions, completely monotonic functions, convex cones, complex tubular
domains, Plemelj formulas.

1 Introduction

A complex-valued function f on R" is said to be positive definite if

n
Z f(zj — zp)eje, > 0 ey
J,k=1
for any finite sets z1,...,z, € R™ and for any c1,...,c, € C. The Bochner theorem

(see, e.g., [5, p. 293] and [2, p. 58]) states that continuous f : R™ — C is positive definite
if and only if it is the Fourier transform of a positive finite measure p on R", i.e.,

fla) = pla) = [ @D du(b),
R[

x € R™. Here and later, for z and \ in R” or in C", we write (2, \) = 21\ +- -+ 2, A
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Distributional boundary values of analytic functions 211

Definition (1) cannot carry over to distributions (to generalized functions). Therefore,
it is convenient to replace (1) by

/ f@) (o) (@) de >0, o (x) = p(-a), @)
]Rn

where ¢ runs over L*(IR™) or ¢ runs over all continuous functions on R” with compact
support. Here u * v denotes the convolution

uxv(x) = /u(x — t)ou(t) dt.

R

If f is continuous, then (2) is equivalent to (1) (see, e.g., [19, p. 420]). Property (2) can
be taken as a definition for positive definite distributions. Let us recall some notion. We
shall follow [21].

The Schwartz space S(R™) consists of infinitely differentiable functions w such that

sup (14 ||a:H2)Sijw(x)| < 00
z€R™, |u|<k

n

for all k, s € N. Here u is a non-negative integer multi-index, |u| = 37, u;,

2ll2 = /2% + - + a3,

u u Un
and Dy = D! --- Dy, where
0

The set of continuous linear functionals on S(R™) is denoted by S’(R™). Each f €
S’(R™) is called a tempered distribution and the action of f on a test function w € S(R™)
is written as (f,w).

Let D(R™) be the subspace of S(R™) consisting of functions with a compact support.
The topology on D(R"™) is introduced as usual (see [21]). The elements of D’(R™) are
called distributions. Note that D(R™) C S(R™) and S’(R") C D’(R™) are true in the
sense of topological spaces.

A distribution f € D’(R™) is said to be positive definite if

(f,ox@*) >0 3)

for all ¢ € D(R™). The Bochner—Schwartz theorem [21, p. 125] states that f € D'(R™)
is positive definite if and only if f is the Fourier transform of a non-negative tempered
measure on R™. Recall that a non-negative measure 77 on R” is said to be tempered if
there exists a, 0 < « < oo such that

D,,

/ (1+ Hx||§)7a dn(z) < co.

Rn
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212 S. Norvidas

There are many characterizations of positive definite functions (see, e.g., [8, pp. 70—
83]). As far as we known, it is perhaps surprising that there are almost no such results
for positive definite distributions. We mention only [17], where attention has been paid
to positive definite measures on R, i.e., to distributions of order zero, with applications to
a Volterra equation. See also [4] and [7].

Tillmann [20] proved that any f € S’(R) with a compact support has a decomposition
into a positive and a negative distributional frequency parts

F=Ffw - fo- “4)

Here f() is the boundary value (on R), in the sense of convergence in S’(R), of certain
9g(+) that is analytic in the open upper half-plane C 4. Similarly, f_) is the boundary
value of g_y that is analytic in C(_y = —C,. Note that (4) is a distributional counter-
part of the first Plemelj formula (see [12, p. 358], [1, pp. 155-157], and [13, pp. 4-5]).
Then {g(_), g(+)} defines a sectionally analytic function on C\ R. It is called an analytic
representation of f € S’(R). Note that an analytic representation of f is not unique and
differs from other representations by at most an entire function.
Let f € S’(R). If, in addition, f has a compact support, then

KD = g (722 ) o= 5 (100 =) )

= omi = omi 2

is well defined for all z € C \ R. The function K (f)(z) is called the Cauchy transform
of f and gives an analytic representations for f (see, e.g., [3, p. 73]). Unfortunately, K (f)
does not exist, in general, for all f € S’(R) (see [1, p. 156]). Even so, any f € S’(R) has
a finite order g (see [21, p. 77]). Therefore, if m > oy, then the following generalized
Cauchy transform (f, (z — ¢)~(™*1)) is well defined. We derived in [9] necessary and
sufficient conditions for f € S'(R) to be a positive definite distribution in terms of this
generalized transform and completely monotonic functions. Let us recall that a function
0:(a,b) = R, —0o < a <b< oo, is said to be completely monotonic if it is infinitely
differentiable and for its nth derivative functions 6(")

(=1)"0™ (y) > 0

foreachy € (a,b)andalln = 0,1, 2, .. .. Further, §(y) is said to be absolutely monotonic
on (a,b) if a (—y) is completely monotonic on (—b, —a).

Theorem 1. (See [9, Thm. 1.3].) Let f € S’(R) and let n be an integer such that 2n > oy.
Suppose a1,a2 € R and a1 # as. Let

K(f,)(z) = H)”% (ei“ﬂft, (Z_tl)2+1> ©)

for z€ C\Rand j = 1,2. Then f is positive definite if and only if:
i) y— I?(fN,j)Oy) j = 1,2, are completely monotonic functions for y € (0, 00);

() y — —K(f,7)({y), j = 1,2, are absolutely monotonic functions for y €
(70070)'
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Distributional boundary values of analytic functions 213

Although the Cauchy kernel (¢t — 2)~! ¢ S(R), it belongs to another Schwartz test
functions spaces Dy, (R) for each 1 < p < oo (we give a precise definition later).
Thus, the usual Cauchy representation (5) seems possible for all f € D7 (R) C S'(R)
(see, e.g., [10, p. 457]). For this reason, we investigate in this paper positive definite
distributions in D}, (R™).

Let Dr»(R™), 1 < p < oo (see [15, pp. 199-205]), denote the space of complex-
valued functions ¢ on R™ such that D¥¢(z) € L,(R™) for all non-negative integer multi-
indexes u. Obviously,

D(R"™) c S(R") C Dr»(R"). (7)

The topology of Dp»(R™) is given in terms of countably family of seminorms
H@HILU = HDg(P(x)HLp(]Rn)' ¥
Since || - || p,0 i8 @ norm, it follows that the family (8) defines on Dz»(R™) a sequentially

complete locally convex topology.

Suppose 1 < p,q < 00, 1/p+1/q = 1. According to Schwartz [15, p. 200], we define
D', (R™) as the dual space of Dyq(R™). Note that if ¢ € Dy»(R") and 1 < p < o0,
then

lim Dyp(z) =0 )

T—r00

for all u (see [15, p. 200]). Hence, convergence in D(R™) or in S(R™) implies conver-
gencein Dp»(R™), 1 < p < co. This means that (7) is also true in the sense of topological
spaces. Hence, any f € D’ ,(R™) can be identified with a distribution in S’(R™). Thus,
forany 1 < p < oo, we get

Dy, (R™) c §'(R") c D'(R™). (10)

We wish to study the Cauchy transform of f € D’ , (R™) as an analytic representation
of f. For this purpose, let us define at first the Cauchy kernel of several variables. This
definition is related to a notion of convex cone. A set I" C R" is said to be a cone (with
vertex at zero) if x € I" implies ax € I for all & > 0. The dual cone of I is defined by

I'*={teR" (z,t) >0forallz € I'}.

I'* is always closed convex cone and (I"*)* = ch I, where ch I" denotes the convex hull
of I'. We say that I is salient (acute) if ch I" does not contain any line (one-dimension
subspace of R™). This is equivalent to the statement that the interior set of 1™ is nonempty.
A cone I is said to be regular if I" is an open salient convex cone.

Let {A;}1* be a family of regular cones. We say that {/;}7" covers R™ exactly if

4, =R (11)
j=1

and the Lebesgue measure of A; N /TJ is equal to zero whenever i # j. Any w =
(w1,...,wn) € R™ whose entries wy, are —1 or 1 defines the cone Q, = {z € R™

Nonlinear Anal. Model. Control, 20(2):210-225



214 S. Norvidas

axpwg > 0 for k = 1,...,n}. This cone Q,, is called a quadrant in R™ and the collec-
tion of all 2™ cones {Q,, }., covers R™ exactly. Note that Q(1,...,1) is called the positive
quadrant in R" and is denoted by R’} .

For an open cone I', the set Tr = R" +il"' = {z =z +iy: © € R", y € I'} is called
a tube domain in C™. If I" is regular, then the Cauchy kernel of I" (or with respect to I")
is defined as

Kr(z) = /eiW) dt, ze€Tr. (12)
1_‘*
K is analytic on T [21, p. 143].
If f is a distribution on R™, then
1

(f(),Kr(z—"-)) = ﬁ(fmf(r(z —t)), zeTp, (13)
is called the Cauchy (or Cauchy—Bochner) transform of f. For example, if n = 1, then
there are only two regular cones (—oo,0) and (0,00) in R. If I' = (0, 00), then we see
that (13) coincides with the usual definition of the Cauchy transform (5).

The notion of completely monotonic functions on (0, o) generalizes also to the case
of several variables. Note that cones are the natural domain for these functions. Let I" be
aregular cone in R™. The directional derivation and the directional difference of a function
§: I — Calonga = (a1,...,a,) € I'are defined as follows: D,0(y) = (a1 Dy, +- - -+
anDy, )0(y), and A,0(y) = 6(y + a) — (y), respectively. Now 6 is called completely
monotonic on [ if

(—DFALA, . ALO(y) =0, k=0,1,...,

for each y € I" and all 71,...,7, € I'. These conditions are equivalent to that 8 €
C>(I'") and
(-1)*D.,D,,...D,,0(y) =0, yel,v,...., €T, k=0,1,... (14)

(see [6, p. 172]).

Now we are able to describe positive definite distributions f € D’ ,(R™) in terms of
their Cauchy transform K (f). The following theorem is the main result of the present
paper. To simplify the proofs, we will do here the case D ,(R™).

Theorem 2. Let f € D' ,(R™). Suppose that {I;}T" is a family of regular cones such
that {I'; }T* covers R™ exactly. Then f is positive definite if and only if y — K, (f)(iy),
y € I, is completely monotonic on I'; forall j = 1,2,...,m.

We conclude this section with a few examples of positive definite distributions in
D', (R™). As usual, a function v (or a measure ) is identified with a distribution in
D', (R™) by the formula

(v,0) = / v(a)p(x) de < (1) = / sa(x)du(:c)>, o€ Dua(RY). (15)

Rn Rn
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Distributional boundary values of analytic functions 215

Now obviously, LP(R™) C D’ ,(R™). Then any positive definite function v € LP(R™)
defines a regular positive definite distribution in D/, (R™). Further, there exist measures
wu € D}, (R™), e.g., distributions of order zero, such that y are positive definite. Indeed,
using (9), we see that any finite measure p on R™ with non-negative Fourier transform [
defines by (15) a positive definite distribution in D’ ,(R™) for each 1 < p < co. For
example, let i be any finite discrete non-negative symmetric measure on R™ such that

p({0}) = p(R™\ {0}).

Obviously, &t = 0 on R", so p is positive definite. Finally, appropriate distributional
derivatives of 1 give explicit examples of positive definite distributions in D ,(R"™) of
any finite order.

2 Preliminaries and proofs

Let us start with some definitions and lemmas. We define the inverse Fourier transform
of a finite measure y as

1 .

(€)= —IED qut). 16

HE) = e [ €60 dutt) (16)
R’n

In the case if 4 has a density ¢ in L*(R™) or in S(R™), then the inverse transform is

defined similarly. In addition, the inversion formula ¢ = ¢ holds for suitable .

We define the Fourier transform F[f] of f € S'(R™) by

(FIf1 ) = (£,4), (17)

where 1 is any element of S(R™). We can modify slightly definition (3) in the following
manner:

Lemma 1. f € S'(R"™) is positive definite if and only if
(fiw)=0 (18)
for every positive definite w € S(R™).

Proof. If both f € S'(R™) and w € S(R"™) are positive definite, then using the Bochner
theorem in S(R™) and in S"(R™), respectively, we get that 7| f] is a nonnegative tempered
measure and that « is a nonnegative function in S(R™). Hence, (F[f], &) may be defined
as usual integral (15). Then (17) implies that (f,w) = (F[f],&) = 0. On the other hand,
if o € S(R™), then the Fourier transform of ¢ * ¢* is equal to |3|%. Hence, ¢ * ¢* is
positive definite. If now f € S’(R™) satisfies (18) for any positive definite w € S(R"),
then we can set w = ¢ * ¢*. Thus, (3) holds. O

Remark 1. Since D(R") is dense in S(R™), it follows that f € S’(R™) is positive
definite if and only if (18) is fulfilled for all w € D(R™).

Nonlinear Anal. Model. Control, 20(2):210-225



216 S. Norvidas

Lemma 2. Let ¢ € D2 (R™). If ¢ is positive definite, then there exists a sequence (1)
of positive definite vy, € S(R™), k = 1,2, ..., such that limy_, o, Y, = ¢ in Dr2(R™).

Proof. Take any non-negative o € S(R™) supported on [—1,1]™ C R™ and such that
o(x)dz = 1. (19)
]R'n.
For a > 0, we define o,(x) to be a"o(ax). Then &, is positive definite. Set
Vi(z) = ok(2)e(), (20)

k =1,2,.... The product of positive definite functions is positive definite. Hence, vy, is
positive definite. Using that 6, € S(R™) and that ¢ € Dy2(R"™) satisfies (9), we see that
Y € SR™),kE=1,2,....

Now we shall show that limg_,o, )y = ¢ in Dp2(R"™). Recall that (¢5), ¥ €
Dy2(R™), converges to ¢ € Dy2(R™) as k — oo if

Jim | Dk = )] 2 gy =0 @n

for every nonnegative multi-index u© € R"™. To do this, first we will estimate the function
1 — 6y (x) and its derivatives.
Let € > 0. The definition of oy, conjugate with (19), implies that

1 - Gp(x) = 6(0) — o(i)
Since & is a characteristic function, it follows that
|1 —6x(x)| <2 forallz € R (22)
Moreover, for any 0 < M < oo, there exists 0 < K = K (M, &) < oo such that
|1 —6k(z)| <e forallk > K, z € R", ||lzflz < M. (23)

Let s be a non-negative multi-index such that |s| > 1. Then by (19), we have

<

for all x € R". 24)

T =

|D; (1 —6x(x))| = ‘D;/a(t)eiu,t)/k dt "

R™

If w € R™ is an arbitrary non-negative multi-index, then it is easily seen that there
exists a finite collection V' = {v} of not necessarily different nonnegative multi-indexes v
such that

DY (¢p(x)—th(x)) = Di (p(x) [1=6%(x)])
= (1=61(2)) Di¥p(z) + > (Dip(a) Dy " [1=6x(x)]). (25)

veV
|[u—v|>0
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Distributional boundary values of analytic functions 217
Since ¢ € Dp2(R™), we have that for e > 0, there exists 0 < M = M (e) < oo such that
1/2
( / |ch<p(a:)|2 dac) <e forall s € {u,V}. (26)

lll2>M

Now fix any multi-index u € R™ and any € > 0. Then take 0 < M = M (e) < o0
so that (26) holds. Finally, choose 0 < K = K (M, e) < oo such that K > 1/e and (23)
holds. If £ > K, then combining (25) with (22), (23), (24), and (26), we have

||D;(90 - W)HLQ(R,L)

<O =Dkl pany + Do I1D20DE I = 00| oy
veV

|lu—v|>0 12 12
<< / |<1—&k>|2|Dzzso<x>|2dx> +< / |<1—&k>|2|Dzso<m>|2dx>
Hw\lzéM [lzll2>M
Z D3|l 2 e
veV
\u—v\>0
<s(||DzwuL2<Rn)+2+ 5 el ) @
veV
lu—v|>0

Since V' is finite and depends only on v, (27) implies that || Dy (o — )|l L2mn) <
Const(u)e for all £ > K. This proves (21) and Lemma 2. O

We recall the definition of the Laplace transform. Suppose that A is a closed convex
salient cone in R™. Let S’(A) denote the set of all f € S’(R™) supported on A. Then
S’(A) is simultaneously a closed subspace of S’(R™) and a commutative convolution
algebra [21, p. 64]. For y € R™, the Laplace transform of F' € S’(A) is defined by

Ly(F)(z) = F[F()e W] (z) = Fe[F(€)e V] (x), zeR™ (28)

If y € intA*, then F(-)e’(y") belongs to S’(R™) (see, e.g., [21, p. 127]). Hence,
L,(F)(z) is well defined for all y € intA*. Further, L, (F)(x) is analytic on the tube
domain Ti,t 4+ as a function of z = x + iy, and

6|u\ |u uy u —
mLy(F)(x) =ilF (g - i) F(&)e™ W9 (2) (29)

for any non-negative integer multi-index v = (u1, ..., u,) [21, p. 128].

Now we briefly touch upon the problem whether the Cauchy transform is well defined
on D’ ,(R™). The following simple lemma contains a precise statement. For complete-
ness, we also give its proof.

Nonlinear Anal. Model. Control, 20(2):210-225



218 S. Norvidas

Lemma 3. Let I' be a regular cone in R™. If f € D' ,(R"), then the Cauchy trans-
form (28) is well defined on T'r. Moreover, it is analytic on T and

olul 1 Hlul
m[(r(f)(z) = W (f()a mKF(Z - )>, ze€Tr, (30)

Sor each non-negative multi-index v = (uq, ..., Uyp).

Proof. Fix any y € I and set

Eyu(§) =€ ginem 00, 31)

& € I'*. Since I' is open, then it is easy to see that there exists 6 = d(y) > 0 such that
(y,€) = 0||&]|2 for all £ € I'™* (see also [18, p. 104]). Then

n

|Eyu(©)] < [&0]" - 1 el < TT (16k[ e 18+])
k=1

for £ € I'*. Let x~ denote the indicator function of I'*. Then we see that
Eyu(€)xr-(€) € L*(R") forall1 < s < oo. (32)

Clearly, x~ € S’(R™). Hence, if we take in (28) F' = x , then have for any ¢t € R™
that

Ly(xr)(x —t) = Fe[xr- (e W9 (z — t) = Fe[xr- () Ey ()] (z — t)
- / X (€)Ey (€)@ e = / ¢ g = Kp(z— 1), (33)
J

R™

where z = z + iy € Tr. Now (32), together with the Plancherel theorem in L? (R™),
implies that for any 2 € T, the function t — K (2 — t) belongs to L?(R™). Using (31)
and (32) with a general non-negative multi-index «v = (u1, ..., u,), we find in a similar
way that

DKz =)= ()" [ xr- (O, de,
R’IL
z = x +1iy € Tr. Hence, again by (32), we obtain that t — D} K (z — t)) belongs to
L?(R™) for all non-negative multi-indexes u, e.g., t — Kr(z — t) belongs to D2 (R™).
Thus, (13) is well defined on D, ,(R™) for all z € 1. Finally, using (29) and properties

(given above) of the Laplace transform (28), we have that K (f)(z) is analytic on T
and (30) is fulfilled. This finishes the proof of Lemma 3. O]

We are now in a position to prove the main theorem. For the sake of clarity, we divide
the proof into two parts.
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Distributional boundary values of analytic functions 219

Proof of Theorem 2 (Necessity). Let f € D’ ,(R™) and suppose that I is an arbitrary
regular cone in R™. By Lemma 3, the Cauchy transform (13) is well defined and (30)
holds for z € Tr. In particular, if z = iy with y € I, then

Ju Jul
O Kr(f)iy) = <f(-) 0 unKpay—.)) (34)

oyt ... Oyn™ (2m)» POyt .. Oyn
for each multi-index u. Combining (29) and (33), we get
olul
K . — ~2|u‘ / Uy, cUn 7(y, E) d . 35
8y71“ . ay%n F(ly) 1 (51 €n )e 5 ( )

I*

In particular, for the directional derivative D, K r(iy —t) with v € I', we have

DyKr(iy — Z% r(iy —t) = (v, Dy)Kr(iy — t)
- / (7, €)e” e B0 gg. (36)
F*

Iterating (36), we obtain

D.,D,,...D, Kr(iy—t) = (- /H ~W:0 =it q¢ (37)

j=1
for any choice vq,...,vx € .
For fixed y and v in I, set

H(E) := (7,€)e” @I xp (6),

& € I'*. Obviously, H coincides on I'™* with a finite linear combination of functions (31)
with appropriate quotients. This, conjugate with (42), implies that H is integrable on R".
Moreover, (7, £) is nonnegative for £ € I'*. Thus, applying the Bochner theorem (see [5,
p- 293] and [12, p. 125]) to the right-hand side of (37), we see that for any fixed y € I
and all v1,...,vx € I,

(-1)*D.,D., ... D, Kr(iy —t) (38)

is positive definite as a function of ¢t € R™.
Suppose, in addition, that f € D7, (R™) is positive definite. Then by Lemmas 1 and 2,
we have

(=1)*(Dy Dy, - Dy, Kp(iy =), £())) 2 0
for y € I'. Combining this with (34), we see that
(_1)kDW1DW2 ce D'YkKF(f)(ly) =0

for all y € I' and each 71,...,v € I'. Finally, this shows that y — Kp(f)(iy) is
a completely monotonic function on I'. Necessity of Theorem 2 is proved. O

Nonlinear Anal. Model. Control, 20(2):210-225
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m

Lemma 4. Suppose that {I',}* is a family of regular cones such that {I}}{" covers

exactly R™. Lety,, € I'y, k=1,...,m. Ifw € D(R™), then

max ||yk|2—0

lim " Kp (w)(z +iy) = w(z) (39)
k=1

in the topology of D' ,(R™).
Proof. Obviously, each w € D(R™) defines by

(w.0) = [wl)p(o)de,
R’IL
¢ € D2(R™), a distribution in D’ ,(R™). Therefore, if I" is a regular cone in R", then
1

Kr()(2) = G (Kr(e =).00)) = o [ Krlz = cjule)da, )
RTL

where the integral converges absolutely for z € T. Since

Kr(s—a) = / i (28 o= (0.1) g—i(ant) gy
I
and this integral converges also absolutely for « € R™ and z € TT, it follows by the
Fubini theorem that

Kr(w)(z) = (271)” / [ / ei(o"t)w(a)da}ei(m’t)e(y’t) ar

2o Lgn
_ /aj(t)ei(m,t)e*(y,t) dt = /w(t)ei(x,t)ef|(y,t)|dt

I e
:/@(t)eiu,weﬂ(y,tn”*(t) dt. 4

R™

Fory, € [, k=1,....,m, Y ={y1,...,ym}, set

m

Dy (t) = xrp (eI, 42)
k=1

t € R™. If v is a non-negative integer multi-index, then using (41), we get

D;(ZKQ () + iye) — w<x>> - D;:( / (92 (t) — (e dt)
k=1

Rn

:i‘“'/[(zy(t)—l]t’fl St (t)el @) dt
RTI,
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Distributional boundary values of analytic functions 221

for x € R™. Here using the Parseval equality for Fourier transform, we have

HDz(ZKm (@)@ + iy) - w(sc))
k=1

= (2m)"[[(2y (&) = )87 -ty D (1) o gy -

2

L2 (Rn)
(43)

Since {I}}]" covers exactly R™, it follows easily from (42) that
Oy () =140t) + > (em WD — 1)xre (1),
k=1
where 6(t) = 0 almost everywhere on R™ and
1- Ze*‘(y""t)l — 0, as max llykll2 — 0,

uniformly on compact subsets of R™. On the other hand, w(t) as well as t{* - - - t%n ()
belong to S(R™). Thus, the norm in the right-hand side of (43) tends to zero as
maxy, ||yx|l2 — 0. This proves (39) and the lemma. O

Proof of Theorem 2 (Sufficiency). Suppose that I' is any regular cone such that y —
Kr(f)(iy) is completely monotonic on I". Fix v € I'. Since I" is convex, it follows
that I" is also an additive semigroup. Because v + ' C I', the function

FEy(y) = Kr(f)(i(v+v)) (44)

is well defined for all y € T'. Moreover, F., is continuous and completely monotonic
on I'. Then (see [6, p. 172] and [2, p. 89]) there exists a non-negative measure j, on (I")*
such that

F,Y(y) — / e~ .0 dp,, ©)
()~
forall y € T. Clearly, (7)* = I'*. Since F, is continuous on T, we see that [4~ 1s a finite

measure on I™*. Therefore, F’, can be continued analytically on the tube domain T as
the Laplace transform of p., i.e., for z = x +iy € T,

F,(2) = / !9 dpuy (©)- (45)

I*

By (44), F,(z) coincides with K(f)(iy + 2) for z = iy, y € I". We claim that this
is true on the whole tube domain 7. To this end, we use the following identity theorem
(see e.g., [16, p. 21]): if h is an analytic function on an open domain D on C™ such that
h vanishes on a real neighborhood of a point zy = x¢ + iyg € D, i.e., h vanishes on

{z:x+iy€D: | — o] < 7, y:yo},
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then h = 0 on D. Of course, this statement is valid also in the case if we replace this
real neighborhood by an imaginary neighborhood of z, i.e., on the set {z = = + iy €
D: x = xo, |y —yo| < r}. Take any zg = iyp € Tr. By (45), analytic functions
F,(z) and Kp(f)(iy + z) coincide on any image neighborhood I, = {z =  + iy €
C™: |y —yo| <7, © =10} of 29 such that I, C Tr. This yields the claim that

Kr(f)iy+2) = B (o) = [0 = [0 Oauc)  do

r* r+

forz=x+iy € Tr.

Using the representation (46) and having the Bochner theorem, we see that for any
y € I, the function x — F,(x + iy) is continuous and positive definite on R™. This
is also true for all v € I'. Thus, since I" is an open cone and F,(z) = Kpr(f)(ivy + 2)
on T, we obtain that for any fixed y € I, the function

x— Kr(f)(z+1iy) 47)

is continuous and positive definite for x € R™.

Suppose now that {7, }7" is a family of regular cones such that {I}}{* covers R"
exactly. Next, take any collection y, € I, fork =1,...,m. Letw € D(R™). Since f is
a linear functional on D2 (R"™), we get

/ (ZKFk(f)(x + iyk)>w($) da
=1

R»
@)K, (z + iy, — -)) da
= 1Rn
) Kp, (x4 iy, —t)) dz
= 1Rn
1 m
- nz /ft( (2) K, (x + iy — 1)) da. (48)
(2m) =
We claim that
Z/ft Krk(x+lyk*t))d th(/ (2)Kp, (x +iye —1t)d ) (49)
k=1 — 2

To verify the claim, let us recall from the proof of Lemma 3 that for fixed x € R™ and
yi € I, the map

t—)ka(:E—Fiyk —t) (50)
is an element of D2 (R™). Therefore, the map defined by
Wk,t(x) = w(:L')ka(SC+lyk 7t)v (51)
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x € supp(w), is a vector-valued function
W2 supp(w) — Dp2(R™).

Therefore, (49) is equivalent to the condition that these functions ¥j, ; are Pettis inte-
grable over supp(w) (see, e.g., [11, p. 164]). Since D2 (R"™) is a Frechet space, supp(w)
is a compact subset of R", and the dual space D’ .(R™) separates D2 (R™) elements
(indeed, it is easy to see that already regular distributions from L?(IR™) separate points of
D2 (R™)), it follows (see, e.g., [14, pp. 77-78]) that if ¥, ; is continuous, then

[ sttt —yar= [ o yar=s( [miio)

]Rn
= f( / w(@) K, (x + iy — 1) dx) (52)
R’n,

forall f € D’ ,(R™). Now, by comparing (49) and (52), we see that it remains to show
that ¥y, 4, k = 1,...,m, are continuous. This means that for each € supp(w) and any
non-negative multi-index w, it should be true that

lim || D (% ¢ (z + &) = Wi 1(2)) || 2 oy

1/2
= ;1_% ( / |Dif [w(z + ) Kr, (x + &+ iyp — t) — w() K, (z + iye — t)] |2 dt>

=0. (33)
Obviously,

| D (Pre(@ + €) = V() HL?(Rn)

1/2
<rré%)§|w +s)—w(x)‘</‘D;‘ka(x—kiyk—t)fdt) +rré%>5|w(x+5)]

1/2
X ( /’D#ka(x—i—ig—l—iyk —t) — D¢ Kr, (z + iy —t)‘th> . (54)
R”L

Since all functions (50) and their derivatives in ¢ are in L?(IR™), it follows that they are
L?-continuous. This means that if a function g belongs to L?(R™), then

hm/|g v+e) (v)|2dv:0.
Then (53) is an immediate consequence of (54). Thus, our claim (49) is proved.
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By (50), we have
1 <« _ i .
G 2 [ Ko tin = ) dr = Y Kn@)(—t+im). 69
k=1g k=1

t € R™. This, together with (48) and (49), gives that

/ (Z K (f)(—z+ i%))w(m) dx
k=1

R™ -

- (271r)”ft< Z/w(m)ka(—eriyk —t) dx)

k=lgn

= fi (Z K, (w)(—t + iyk)> (56)
k=1

Clearly, a function ¢ : R™ — C is positive definite if and only if {(_y(x) := ((—x),
x € R, is positive definite. Since (47) is continuous and positive definite, it follows that

r = > Kp(f)(—z + iy)
k=1

is also continuous and positive definite for z € R". Suppose now, in addition, that w €
D(R™) is positive definite. Then by Remark 1, we have

/ (ZKrk(f)(—x + iym)w(x) dz > 0.
k=1

R" -

This, conjugate with (56), implies that

i (Z Kr, (@)(~t + m)) >0,
k=1

Thus, by Lemma 4, we have

(f ) LO(,)) = 0.
Since w was an arbitrary positive definite function in D(R™), it follows from Remark 1
that f is a positive definite distribution. This completes the proof. O
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