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Abstract. A predator—prey system with nonmonotonic functional response and prey refuge is
considered. We mainly obtain that the system has the bifurcations of cusp-type codimension two
and three, these illustrate that the dynamic behaviors of the model with prey refuge will become
more complicated than the system with no refuge.
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1 Introduction

The predator—prey systems with group defense due to the increased ability of the prey
to better defend or disguise themselves when their numbers are large enough have been
researched by several papers, see [4,7, 15] and the references therein.

Particularly, when the prey exhibits group defense, Freedman and Ruan [4] pro-
posed a nonmonotonic functional response p(x) = axe 5%, where o and 3 are positive
constants. Xiao and Ruan [15] have studied a predator—prey system with the functional

response p(z) of the form
x
P = 1— =)= —Bz
by m‘( K> axye 7T,

Y= y(,uoz:ce_ﬁx — D).

ey

They have shown that system (1) undergoes a series of bifurcations including a super-
critical Hopf bifurcation, a saddle-node bifurcation and a homoclinic bifurcation. In gen-
eral, the system has codimension two bifurcation but no codimension three bifurcation.
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In the real environment, there always exists refuge for prey to protect them from the
capture of the predator, which also can avoid the extinction of the prey and maintain
the permanence of the species to some extent. The dynamics of some predator—prey
systems with constant prey refuge have attracted some authors’ attention, one can refer
to [2,5,8,10,12,13,14] and the references therein, the effect of prey refuge on the stability
and the existence of limit cycle of the corresponding systems has been discussed.

Hence, when considering the prey refuge in system (1), we can obtain the following
model:

T=rx (1 - ;) — afz —m)ye PE=m)

i =y(~D+ pole - m)ePEm),

(@)

where x and y denote the prey and predator populations, respectively, r, K, «, 8, m, D
and p are positive constants. Here r denotes the intrinsic growth rate and K the carrying
capacity of the prey; m is a constant number of prey using refuges, which protects m
of prey from predation; D is the death rate of the predator; p is the conversion factor of
newly born predators for each captured prey. The term auze ™ represents the functional
response of the predator.

For simplicity, let 7 = rt, X = 2, Y = ay/r (still denote 7, X and Y as ¢, = and y),
then system (2) is transformed to

i m(l - Iﬁ) —yle —m)e P = P(z,y),

g=y(—d+c(z—m)eP™™) = Q(a,y),

where ¢ = pa/r,d = D/r.

For ecological meaning, we only study (3) in the first quadrant.

The organization of this paper is as follows. In Section 2, we mainly discuss the
existence and the properties of the equilibria of system (3). In Section 3, we analyze all
possible bifurcations according to the parameters of system (3). Especially, by choosing
two parameters as bifurcation parameters, the versal unfolding of the Bogdanov—Takens
singularity is given.

3

2 The existence and properties of positive equilibria

System (3) has a boundary equilibrium Ey = (K, 0), and about the properties of Fy we
have the following lemma.

Lemma 1. Let 0 < m < K. Then system (3) has equilibrium Ey = (K, 0) and:
e Ey is a hyperbolic saddle if d < c(K — m)e PE=m);
e [y is a hyperbolic stable node if d > ¢(K—m)e™?5~™) and d # —1 + c¢(K—m) x
e—B(K—m);
e FEy is a degenerate node if d = —1 + ¢(K — m)e #U=m);
o FEy is a saddle-node if d = ¢(K — m)e=PE=m),
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Proof. The Jacobian matrix of system (3) at E takes the form

(-1 —(K —m)e AE=m)
o0 = ( 0 —d+c(K —m)e PE=—m) )> @

then the characteristic equation is
N+ (14+d—c(K - m)e_’B(K_m)))\ +d - ¢(K —m)e PE-™ =
by above equation we can obtain the results of the lemma. O

It is a more interesting topic to discuss the dynamical behaviors of system (3) at
the interior positive equilibria. About the existence conditions and properties of interior
positive equilibria, see the following lemma.

Lemma 2. Assume 0 < m < K — 1/0, then system (3) has at least one positive
equilibrium if ¢/d > ef. More precisely:
(i) when c/d = e, system (3) has a unique positive equilibrium E, = (m+1/5, (m+
1/8)(8 — (mB + 1)/ K)e), which is a degenerate singularity;
(ii) whenef < c¢/d < ®E=m) /(KX —m), system (3) has two distinct positive equilibria
Ef = (214,y1+) and E5 = (24, Y2«), where E3 is a hyperbolic saddle; when
c/d > ePE=m) )(K —m), only has E;; Ef is always stable if K[m(1 + z1.3) —
22, 8] > x1.[m — (215 — m)(1 + 21.8)] and e < c/d.

Proof. To obtain the interior equilibria of system (3) we need solve the equation
d—clx—m)e P =0, e, fi(z)= fo(x) Q)

in the interval (m, K), where f1(z) = 2@, fo(z) = ¢/d(x — m).
By fi(z) = fa(z) and f{(x) = f4(z), Eq. (5) has a unique solution z, = m + 1/
ifc/d = ef. z, € (m, K) if and only if
1

0<m<K—E. (6)

Comparing the slopes and values of the curves f; and f5 at z, and K, respectively, one
can obtain that Eq. (5) in the interval (m, K') has two positive solutions x1. € (m, m +
1/B) and 29, € (m+1/8,K)ifes < ¢/d < e® K= /(K —m)and 0 < m < K—1/3;
one positive solution z1, if ¢/d > K=" /(K —m)and 0 < m < K — 1/B. The
relation of the functions f;(z) and f>(z) also can be seen in Fig. 1.

Let E = (x,y) be any positive equilibrium, then the Jacobian matrix of system (3) at
Eis

(1 20/K —ye P (1= Bl ) —(x — m)e Pl
JE - ( ycefﬂ(mfm)(]_ _ ﬁ(l’ _ m)) 0 ) s (7)
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Fig. 1. The possible cases about the solutions of Eq. (5).
where y = (1 — 2/K)e®®*=") /(x — m). Then we have

- 25 (1))

m(1+ 28) — 22B]K + z[(x — m)(1 + z8) — m)]
K(z —m) '

tI‘(JE) = —

One can see that det(Jg,) = 0, thus, E, is a degenerate singularity. Together with
det(Jg;) > 0 and det(Jg;) < 0, we obtain the results of the lemma. O

2.1 Properties of FE,
To discuss the properties of E, of system (3) in detail, we need the following proposition.
Proposition 1. (See [11].) By changes of coordinates and a rescaling of time, system
T =y,
g = 2% + c02> + caort + y(021x2 + 031x3) + 32 (022302 + clgx) + O(|(x7 y)|5)
is equivalently transformed to the system
X=Y,
Y = X2 4 (e31 — e30001) X2V + O(|(X, V)[).

About the properties of the degenerate equilibrium E,, we have the following theo-
rem.

Theorem 1. Ler 0 < m < K — 1/8 and ¢/d = ef. Then E, is a unique degenerate
equilibrium. More precisely:

o whenm # K/2 — 1/, E, is a saddle-node;
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76 X. Liu, J. Wang

o whenm = K/2 —1/f and 8 # 22/ K, E. is a cusp singularity of codimension 2;

e whenm = K/2 —1/f and 8 = 2v/2/K, E, is a cusp singularity of codimension 3.
Proof. By the transformation X = z—m—1/fandY = y—(m+1/8)(8—(mpB+1/K)e,
we translate F, to the origin, then system (3) can be rewritten as (still denote X, Y as
T, y)

_ 2 _ B
(1 oy s,
_ (mB+1)(mB+1—BK)epd

2K 22+ 0(|(x,y)[).

Since F, is multiplicity 2, then F is a saddle node when m # K/2 — 1/.
When m = K /2 — 1/, system (8) can be written as

2 4 2
+0(|(z,9)]"), o
eK@Bd , Plekd 5 df> , Kfed , df? ,
y=ms " 12 Tt Ty gy
—I—O(‘(m,y)‘s).

In a small neighborhood of (0, 0), we perform the first change of coordinates X = z,
Y = —y/(eB) + ((KB)? — 8)/(8K)x?, then (9) becomes (rewrite X, Y as z, y)

3 2 2 2 92 3
i=y-— %f’ - %96211 - Wﬁ + %ﬁy +0(/@ ),
J— ngdIQ N KQf;{ 8 oy — Kgddx3 B d752x2y +waor + wayay (10)
+0(/@ ),
where
w4o=BZ<B—K253—i-BKBZd_d)7 w31=@+ﬁ—Kﬁ4-
2\ 3 24 16 K 3 K 8

Notice that the coefficients of the terms z? and zy in system (10) are not zero if
B # Qﬁ/K, hence, the equilibrium (0, 0) of system (10) is a cusp of codimension 2, as
used in [1, 15].

On the other hand, if 5 = 2v/2 /K, then (10) becomes

16v2 4

4v2 4 4 5 2 4 ajy+0(|($ay)|5)’

sk2” TRt YT Rt T 3R
d o 42 5 4d 5 2d . 16vV2d 4

) 5
y:?x 3K2 T KTT Y KBJ: + 3K3 T y-i—O(‘(:E,y)’ )
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Performing the second change of coordinates X = x + 4/(3K?)z3, Y = y — 4v/2/
(3K?%)x3 (rewrite X, Y as z, y), we have

2 162
2 4, 16V2

. 5
i =y+ gm0t + oty + 0| y)]),
Cod 5 4V2d 5 Ad+V2) 2d , 16v2d 4 an
VERY Taret T T gz YV st t s T
5
+O(’(Jc,y)| )

Taking the third change of coordinates X = x — 4v/2/(3K%)2*, Y = y + 2/K32* +
O(|(x,y)|°) (rewrite X, Y as z, y), we obtain that

T =y,

L d 5, 42 5 4d+V2) 2d ,  8(2V2d+3) ,

y’?z*:ﬂ(sx* e A <
+0(|(@.y)]").

Let X = (d/K)z,Y = (d/K)y, then above system can be transformed to (still denote
X, Yasz, y)

T =1y,
y:x2—4\/§x3—4(d+\/§)m2y—lm4 8(2\/§d+3)$3y (12)
3d . d? 3d? 3d3
+ O(|(m,y)| )
It follows from the Proposition 1 that system (12) is equivalent to the system
X =Y,
. 8 . (13)
_ 2 3 5
Y = X2 = o5 XY+ 0(|(@)])-
By [3], we know that the equilibrium (0, 0) of system (13) is a cusp singularity of codi-
mension 3 due to —8/3d> < 0. This completes the proof. O

Remark. When system (3) has a cusp singularity (v/2/3, v/2e/2) of codimension 3, if
there exists an unfolding, then the unfolding of system (3) is equivalent to

T =y,
§ = i+ poy + psry + 2% — 22y + O(|(z,9)[).

The bifurcation diagram of this form has been studied in [3].

3 Bifurcation analysis

In this section, we study all possible bifurcations of system (3) at its equilibria, which are
not hyperbolic.
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3.1 Saddle-node bifurcation

From Lemma 2 and Theorem 1 we see that the unique positive equilibrium E, of sys-
tem (3) is a saddle-node when ¢/d = e, 0 < m < K —1/Band m # K/2 —1/p.
Notice that

lim  D(#)
z—m+1/8

= M%/B (tr(Jp)* —4det(J)) = tr(Jp.)* — 4det(Jg,) > 0,

when m # K /2 — 1/8, together with the continuity and the differentiability of function
D(%), which lead to D(x1.) > 0 when x4, is sufficiently near m + 1//. Also notice that
det(Jgz) > 0 and det(Jg;) < 0. Thus, when c/d passes ef3 to the right-hand side, F.
splits into a hyperbolic node E7 and a hyperbolic saddle E3. Therefore, there is a saddle-
node bifurcation surface

Ul O

SN{(c,b,d,m): eﬂ,0<m<K1,m7éK1}.

5 2 p
3.2 Bogdanov-Takens bifurcation

By Theorem 1, we know that system (3) has a cusp (K/2, Ke$/4) of codimension 2
when ¢/d = e, m = K/2 — 1/B and B # 2v/2/K, in this section, we will choose
K and d as bifurcation parameters and show that system (3) exists the Bogdanov—Takens
bifurcation. Consider the system

1
T = J;[l —x(K +/\1>] —y(z — m)e PlE—m),

y=y(—d— A+ c(z - m)e~Pl=m)),

(14)

where \; and )\ are very small parameters.
Let X =2 — K/2andY = y — Kef/4. Then system (14) becomes (rewrite X, Y
as r, y)

K2>\1 Yy 8+8)\1 —K262 2 3
E=— -MKe—-—= - ———— O(|(=, ,
v T se @ ol s
KeBA KpB3de
=By - B2 0(w))
4 8
Performing the transformations X = z and Y = —K2)\/4 — M\ K2 — y/(ef8) —

(8 + 8\ — K2832)/(8K)x? + O(|(w,y)|?) and rewriting X, Y as z, y, system (15)
becomes

T =y,

) s (16)
Y =mno +nix + ngy + nzx +n4my+0(|($ay»)\)| )7
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where O(|(z,y, \)|?) is a smooth function of &, y and A = ()1, \2) at least of order three,
and

A K
ng = — 24 (AlK — 1), ny = 7)\2)\1[(7 Nno = )\2 — )\1K,
2 1 K?B% -8
n3ﬂ8()\2+d)K)\2<)\1+K), n4:72)\1+57,

clearly, ng > 0 and ny > 0 (ng < 0) for K > 2v/2 (K8 < 2v/2),
Take X = z+no/ny, Y = yand substitute X, Y into system (16) and writing (X, Y")

as (x,y), we get that

T =y,
. 2 3 a7
Yy =mo +mix + n3x” + ngxy + O(‘(Ly,)\ﬂ ),

where mg = ng — ning/ng + ngn3/ni, mi = ny — 2nanz/ny and O(|(z,y, \)|?) is
a smooth function of z, y and A = (A1, A2) at least of order three.
Let X = (n3/n3)z, Y = (n3/nd)y, t = (n3/n4)T and write (X,Y,7) as (z,y,t).
Then system (17) becomes
=y,
. , ; (18)
y=1+mnr+zy+az®+0(|(z,yN|),

where O(|(z,y, \)|?) is a smooth function of &, y and A = ()1, \2) at least of order three,
and

monﬁ mlni
1 = 3 T2 = 2
n3 n3

Hence, for system (18), the following bifurcation curves exists in a small neighborhood
of the origin, see [6,9].

Theorem 2. Assume c/d = ef8, m = K/2 — 1/B and K # 2+/2, then system (18)
admits the following bifurcations:
e the saddle-node bifurcation curve SN = {(\1,)\2): 1 = 75/4}, i.e, SN =
{(A\1,A2): 4nzmg = m3};
o the Hopf bifurcation curve H = {(A1,A2): 71 = 0, 0 < 0}, i.e., H = {(A1, \2):
mo =0, my <0}
e the homoclinic bifurcation curve HL = {(\1,\2): 71 = —6/2573, 79 < 0}, i.e.,
HL = {(A\1, A\2): 25mon3z + 6m3 =0, m1 < 0}.
Moreover, if BK > 2\/2, then there exists a repelling B-T bifurcation; if 0 < K <
2V/2, then there exists an attracting B-T bifurcation.

Take 3 =1, K = 3and d = 2, then BK > 2v/2. The repelling bifurcation diagram
is shown in Fig. 2.

Take 8 = 0.5, K = 3and d = 2, then SK < 2+/2. The attracting bifurcation diagram
is shown in Fig. 3.

Nonlinear Anal. Model. Control, 20(1):72-81
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Fig. 2. The repelling bifurcation curve of Theorem 2.  Fig. 3. The attracting bifurcation curve of Theorem 2.
m1 < 0 lies in the left-hand side of m; = 0.
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