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On the mean square of the periodic zeta-function. I1
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Abstract. In the paper, the error term in the Atkinson type formula for the periodic zeta-function
in the critical strip is considered, and an asymptotic formula for its mean square is obtained. This
formula generalizes that proved for the Riemann zeta-function.

Keywords: periodic zeta-function, Riemann zeta-function, the Atkinson formula.

1 Introduction

Let s = o + it be a complex variable, and A € R be a fixed parameter. The periodic
zeta-function (), (s) is defined for o > 1 by the series

> eQﬂ'i)\m
NOR
m=1

For \ € Z, the function () (s) reduces to the Riemann zeta-function ((s), thus, can be
analytically continued to the whole complex plane, except for a simple pole at the point
s = 1 with residue 1. For A ¢ Z, {,(s) is analytically continued to an entire function.

In view of the periodicity of the coefficients e>™*™, we may assume that 0 < A < 1.

The moment problem for zeta-functions plays an important role in analytic number
theory. It consists of finding the asymptotics or estimates for the mean values of powers
of the modulus of zeta-functions.

Since () (s) = e2™AL(\, 1, ), where for 0 < A < 1, L(\, v, s) denotes the Lerch
zeta-function defined for o > 1 by

e27ri)\m

M8

L\ a,s) = —,
= (m A a)

and by analytic continuation elsewhere, we have that

T T
/|C,\(a+it)|2kdt:/|L(/\,1,a+it)|2kdt.
0 0
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Therefore, the moment problem for ¢ (s) reduces to that for the Lerch zeta-function. Let
(s, @) denote the Hurwitz zeta-function,

C(S,Oé) = Z (miia)s’ o> 1.

m=0
Then, for example, if o is fixed, 1/2 < o < 1, by Theorem 4.2.1 of [11], we have that
T

/ (o +it)|* dt = ¢(20)T +

1

(27r)20—1

2_9 TQ—QG
(220

+O0(T"71ogT) + O(T°/?).

Suppose that A is a rational number, A = a/q with a,q € N, 1 < a < ¢. In [8,9]
and [3], the mean square

a=1

T
I,(q,T) < Z/ |Cayqlo +it)| dt
0

with 1/2 < o < 1 has been studied, and the Atkinson-type formula for the error term of
the mean square formula has been obtained. Let

T
E(q,T) = I,/2(q,T) — qT<log %T — 2y — 1>7

where 7q is the Euler constant. Then in [2], the formula for
T
/ FE?(q,T)dt
2

has been obtained. Let 1/2 < o < 3/4 be fixed. The aim of this note is to obtain a formula
for the mean square of

¢(20 — 1)T'(20 — 1) sin(7o)
1—-0o

Eq(q,T) =1,(q,T) — q((20)T — (¢T)>~*7,

where, as usual, I'(s) denotes the Euler gamma-function. Let

az(m):Zdz, z e C.

d|m

Theorem 1. Let 0, 1/2 < 0 < 3/4, be fixed. Then, for T — oo and q < T'~4/3,

T

)

2 _ . —1 20—3/2,3/2—2075/2—20 07_9,(m)

/E(T(q7 t)dt =2(5 —4o)” " (2) q T E 1 oy
2 m=

+ O(q11/472aT7/470 IOg T) )
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For ¢ = 1, we have the Matsumoto result [12], Theorem 3.
The case 3/4 < o < 1 will be presented in a subsequent paper.

2 The Atkinson formula

In [1], Atkinson proved a formula for the function

5 - e} o)

This formula is a sum of two finite sums involving some elementary functions and of the
error term O(log® T'). The proof of the Atkinson formula is also given in [5]. Matsumoto
and Meurman [12, 13] gave the Atkinson-type formula for the error term in the mean
square formula of the Riemann-zeta function in the critical strip. Modified versions of the
Atkinson formula were obtained in [6,7, 15, 16].

The Atkinson formula is a powerful tool for the investigation of the error term in the
mean square formula, and for various allied applications. For example, Heath-Brown [4]
applied the Atkinson formula for estimation of the twelfth moment

JI<G

The Atkinson-type formula is also known for Dirichlet L-functions (see [16]) and for
the function (, /q(s) (see [3,8,9]). In the latter case, the dependence on ¢ is important.
For the proof of the main theorem of this paper, we will use a formula obtained in [3]. For
its statement, we need some notation. Let c;T < N < cT with some positive constants

c1 < Cg,
T gN gN\>  gNT\/?
N1:N1(q,T,N):q<27T+2 - ((2 ) + 5

2 T
dt — T'log — — (2o — DT
08 5 (270 — 1)

12
dt.

and
arsinh(z) = log(z + /1 + 22).

Define the sums

qm

T\'/*7° (=1)T 05y (m)

o—1 1—0 1-20

Sem=rg (D) S R
m<N

-1 —1/4
X | arsinh Tam T + 1
2T 2rqm 4
X COS (2T arsinh(@) +\/2mgmT + T2¢*m? — Z)
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and

S = (2] 5 e ()

mgNl

qT s
T1 — | =T+ .
X cos( og(27m> + 4)

Then we have the following result [3].

Lemma 1. Suppose that 1/2 < o < 3/4. Then, for ¢ < T,

Es(¢,T)=)_ (¢.T)+_ (a.T) + R(¢,T),

where R(q,T) = O(q"/*=7 log T) with the O — constant depending only on o.

3 Some estimates
In this section, we present some known estimates that will be applied in the proof of
Theorem 1.

Lemma 2. Let g;(t), j = 1,...,k, and f(t) be real-valued continuous monotonic
functions on [a,b], and let f(t) have a continuous monotonic derivative on [a,bl. If
lg; ()| < Mj, 5 =1,....k and |f'(t)| = My " on [a,b], then

/Hg 271'1f(t dt

a J=1

7=0

The lemma is Lemma 15.3 of [5].

Lemma 3. The estimates

Z 01 95 (M )<< 2277V and Z 1-20( < 201

m2 20 m2 20’
m<x m<x

are true.

Proof. Since 1 — 20 < 0, the series over primes

Z |0%—20(P) — 1|logp

p

is convergent. Therefore, from general mean values theorems for multiplicative functions
(see, for example, [10]) we obtain that

201 20 (M) < T

m<x

This and summing by parts give the estimate of the lemma.
The second estimate of the lemma is obtained similarly. O
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Lemma 4. For every e > 0,

01-2 01 2 (n) _ _
> X jnn N N R
m<x N

m#n

Proof. We have that

O1-20(M)o1-25(n) _1
2 X T Gmyrie Wm =Vl

m<e n<x
m;én

S TR D VD O

n<m<z n<m/2 n>m/2

We observe that, for n < m/2, we have that m —n > m/2, thus, (m —n)~! < m~! for
n < m/2. Therefore, using Lemma 3 and partial summation, we find

S ey Al s Ty n )

n<m/2 m<x ném/Q
T1-20( 01-20(n) 1
< Z 3/4 o Z nd/4—o (m _n)
m<x ném/?
o1-2( 01-25(n)
R
m<z n<m/2
01-24( 1/4 _ T1-20(m) 20-1
<<Z 7/40 m? _Z m2—20 <a™,
m<ax m<x

and, for every € > 0,
T1-20( o1-24(n) 20—14e
< — <Lz .
Z Z m2 20’ Z m—-n O
n>m/2 m<x m/2<n<m

Lemma 5. We have

-1

Z Zo’l 20 ( 01 20( ) log@ < 2% log .
(mn) n
m<z n<T
m;én
Proof. In view of Lemma 3 and the estimate [5],
-1
m
Z logz <L x+nloge,

m<x
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we find that the considered sum is estimated as

2
< Z Z ‘71 20 ‘71—20(71)
m2 20’ n2—20
m<z n<T

m#n

07 _a4 7 _a,(m) -
< Z Z m2—20 log— << Z m2—20 Z log —
m<er N m<x n<T
m;ﬁn
227 4 logx Z ol f”zo < 2% log . O
m<x

4 Proof of Theorem 1

By Lemma 1, we have that

2T 2T 2T
/Eg(q,t) at = /Zj(q,T) dt+2/zl(q,T)(ZQ(q,T) + R(g.0)) di
2T

+/<Z2(q,T)+R(q,t)>2dt. (1)

T

For brevity, we write

’ ) i Tgm - (t ) t n 1\ "4

= i m) = —
g1(t,gm arsi o ) 92(1,q omqm | 4
ft,qm) =2t arsinh(, / 7'(2(]:!1) + +/2mgmt + t2¢*m? — —

Then, taking N = T in Lemma 1, we have that

/2-o o
>, @)= 2"161”(;)1 Ty e oo

m<N

x g1(t, qm)ga(t, gm) Cos(f(t, qm)) .

and

Hence,

1—-20
ZQ 2 995t Z Z (=1)Im* "o (m)o1_9,(n)
(q,t) — 220’ 2q2 20 (>
! m<T n<T

T (mn)t—o

X g1(t, qm)g1 (t, qn)ga(t, gm)ga(t, gn) cos (f(t, qm)) (:os(f(t7 qn))
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IMTIN Gy 9y (M)o1—20(n)

s ()7 gy I

™
m<T nT

x g1(t, qm)gi(t, qn)ga(t, gm)ga(t, qn)
x (cos(f(t,qm) + f(t,qn)) + cos(f(t,qm) — f(t,qn))). )

Let S1 (g, t) be the part of Zf (g,t) in (2) with m = n. Then

2T

/SI(Qat) de
T ) ( ) 2T
o— —20 o— 01— o m —20 i m
—zesgrtonie iRe Yo T [ e, g g, qm)et S )
m<T T
2 ) 2T
07 _og(m oy
2203 N R / 17201 (t, qm) g3 (t, qm) dt. 3)
m<T m T
It is not difficult to see that, for ¢t € [T, 277,
T/(mq) ifm <T/(4q),
g1(t,qm) < . “4)
1 ifm > T/(4q)
and
(mq/T)"* if m < T/(4q),
g2(t,qgm) < . (5)
if m > T/(4q).

Moreover, for t € [T, 277,

|£/(t,.qm)| >

{\/W if m < T/(4q), 6)
1

if m > T/(4q).

In view of estimates (4)—(6), using Lemmas 2 and 3, we find that

2T
2
O] _9s(mMm .
22073q272a7T2071Re Z 1m§iga ) /tlf%gf(t,qm)g%(t,qm)emﬂt’qm) dt
m<T T

2 2
1—202—2 07 _o,(m) 2-201—2 07 _o,(m)
<g T Z 20 T4 T Z m2—20

m<T/4q T/4q<m<T

g q1720'T2720' + q2720. (7)
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For the second term in the right-hand side of (3), we use more precise estimates for
the functions ¢ (¢, gm) and g2(t, gm), namely, for ¢ € [T, 2T (see [2]),

ﬁ@mm{%MWm+Oﬂ)ﬁm < T/(4q),
0(1) it m > T/(49),
and
P {<2wqm/t>1/2 +O((qm/)*) it m < T/(40)
O(1) ifm > T/(4q).
Hence, for ¢ € [T, 277,

t"27g1(t, qm) g2 (t, qm)

22/3t3/272a(7‘.mq>71/2 +O(t1/2720(qm)1/2) ifm < T/( )
o) if m > T/(4q).
Therefore, by application of Lemma 3,

2T
of_s -
220 3 2—20 20 1 Z m202g /tl Q‘Tgf(t,qm)gg(t,qm) dt
m<T T

2T

2

_ 920—-3/2_20-3/2 3/2—20 01_os(m) 3/2—20

=2 T 4 Z mbp/2—2c t dt
m<T/(4q) T

2T

0?2 o5 (m B
+O<q5/2—20 Z %3?27(20) /tl/z 2 dt)

m<T/(4q) T

2T
2
2-20 07 _o(m) 1-20
T/(49)<m<T T

220’73/271.20'73/2(13/2720'

5/2 — 20

2
07_9,(m) 5/2—20 5/2—20
T Z mb/2—20 ((QT) / -1 )
m<T/( 4q)

o2 o, (m)
+ O<q5/2—20T3/2—20 Z 132;720 )
m<tTag ™
o) 2720’T2720’ 0%—20(m)
+ q Z m2—2o‘
T/(4q)<m<T

22073/27{.2073/2(]3/2720

o 07 _o,(m) 5/2—20 _ m5/2—20
- 5/2 — 9% + Z mb/2—20 2T) T )

+0(¢*2°T). (8)
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Denote by S2(g, t) the part ofz (g,t) in (2) with m # n. In this case, for ¢t € [T, 271,
we use the estimate

f'(t,qm) £ f'(t,qn)
Va/TlVm+/n| ifm <T/(4g), n < T/(4g),

> < |log(m/n)] ifm > T/(4q), n > T/ (4q),
1 ifm <T/(4q), n > T/(4q) or m > T/(4q), n < T/(4q).

This, Lemmas 2-5 and estimates (4), (5) give the estimate

2T

/52((1,t) dt < ¢' 7277272 Z Z 01_25(Mm)01_25(m) NN

5/4—0c
T m<T/(4q)¢ﬂ<T/(4q (mn) /

+ 2220 Z Z O1-20(M)o1-25(n)

1—0
T/ amst T/(dgyeng (M7 log(m/n)]

m¥#n
01— m)oq— n
+ q7/4—2<TT5/4—2<T Z Z 1 20( ) 117020( )
m<T n<T (mn)
m#n

< q2—4(TT1+6 +q2—20TlogT+q7/4—20T1/4 < q2_20T1+E.

This, (3), (7) and (8) show that

2T 5 1
2 .

/Zl(q’t) dt = 920-3/2 <2 _ 20) 720-3/243/2=20

T

« Z Ul 20‘ 2T)5/2 20 T5/2720’)+O(q2720T1+E)' (9)

m5/2 20
Now we will estimate
2T
? t)dt
[ S
T

By the definition of ), (¢, t), we have that

Shan=a(L) Y ¥ At

m<N1 n<N;

x (log<27qrjn>)_1 (1og<2q7fn) >_1 cos(g(t, qm)) cos(g(t, qn))
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=2¢>7% (2;)120 Z Z 012?7(2:3)011020(”)

m<N1 n< Ny

on(5)) (i)

x (cos(g(t, qm) + g(t, qn)) + cos(g(t,qm) — g(t,qn))), (10)
where
t
g(t,gm) = tlog<2im> —t+ %,
and

2 1/2
t qT qT qT't
Nl_Nl(q’t’T)_q<27r+2_ <(2> +<2ﬁ> )

It is not difficult to see, that

t2
N; < .
VS YgmrT
Therefore, for m < Ny and t € [T, 2T,
t
L > mq > 3.
2mm
This implies the estimate
-1
t
<10g 4 ) <1 (11
2mm

Moreover, by the definition of g(¢, gm), we find that

(9(t.qm) £ g(t,qn))" >

log ’Z’ (12)

Denote by Z; (g, t) the part of E?(q, t) in (10) with m # n, and let Ty > T be such that
Ni(q,t,T) > max(m,n) for ¢ > T;. Then we deduce from Lemmas 2 and 5 and from
estimates (10)—(12) that

2T
/ Zi(g t)dt = 24" (2m)* 1 Y 3 01-25(m)71-20(n)
T

(mn)1720'
m<N1(q,t,T) n<N1(q,t,T)

o (o)) Cenlere))

x (cos(g(t, gm) + g(t, qn)) + cos(g(t, gm) — g(t,qn))) dt

http://www.mii.lt/NA
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_ 2q272"(2ﬂ')2071 Z Z 01-25(M)01-25(n)

(mn)l—Qa
m<N1(q,2T,T) n<N1(q,2T,T)

Jer ) ()

1

x (cos(g(t,qm) + g(t,qn)) + cos(g(t,qm) — g(t,qn))) dt

2-20m1—20 O1-26(M)o1-25(n)
< 3y el

m<T n<T

ml
log —

< ¢ *TlogT. (13)

Now let Z5(q, t) be the part of Zg (g,t) in (10) with m = n. Then by Lemma 3, we
find that

27
/ Zo(q,t)dt < ¢*720T' 27 Y 701‘5{&”) < ¢
T m<T
This, (10) and (3) show that
2T
/Zj(q,t) dt < ¢* 2°TlogT. (14)
T
Clearly, in virtue of the estimate R(q,t) = O(¢"/*~? logT),
2T
/Rz(q, t)dt < Tq"/?727 10g? T.
T

This, together with (14), gives

2T 2T 2T
2 2 9
/<Z2(q,t)+R(q7t)) dt <</Z2(q,t)dt+/R (q,t)dt
T T T
< 7?2102 T. (15)

Moreover, the Cauchy—Schwarz inequality and (9), (15) imply the estimate

2T
/Zl(qvt)(ZQ(w) + R(q,t)) dt
T

o1 12 , T . \?
< (/Z?(q,t) dt) </ (Zg(q,t)—i-R(q,t)) dt)

< q11/4720'T7/470 log T.

Nonlinear Anal. Model. Control, 20(1):99-111
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This estimate together with (1), (9) and (15) gives

2T s 1
/E?,(q,t) dt — 920-3/2 (2 - 20) r20-3/243/2-20

01 20 ( 5/2—2¢ 5/2—2¢
XZ b/ —20 (QT)/ — T5/27%)

+ O(q7/2—20T10g T) + O(q11/4—20T7/4—a' lOgT)

Now, taking 7'/2, T/ 22 ... in place of T" and summing, we obtain the theorem.
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