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Abstract. Under certain conditions, solutions of the boundary value problem, y™ = f (z,y,9,

..,y<"_1)), a<zx<b, y(i_l)(ﬂcl) =y, i=1,...,n—1, y(@a)—> " 7 fgf y(z)dz = yn,
a<x1 <& <Mm<E&E<m< <& <nm < z2 <b, are differentiated with respect to the
boundary conditions.
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1 Introduction

In this paper, we will be concerned with differentiating solutions of boundary value
problems with respect to boundary data for the nth order ordinary differential equation,

y™ = f(z,y,y,...,.y"Y), a<z<bd, (1)
satisfying the Dirichlet and multi-strip integral boundary conditions,

m i

y (@) =y, i=1,...m—1,  ylz2) =Y /y(x) dz =yn, (2
i=1
&

wherea <21 <& <M <& << <En<np<z2<by,eRi=1...,m,
and y1,...,yn € R, and where we assume:

1) f(x,s1,82,...,8,) : (a,b) x R™ — R is continuous,

(i) Of/0si(x,s1,82,...,8n): (a,b) x R™ — R is continuous, i = 1,2,...,n, and
(iii) Solutions of initial value problems for (1) extend to (a, b).
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Condition (iii) is not necessary for the results of this paper, yet, by assuming (iii), we
avoid continually making statements in terms of solutions’ maximal intervals of exis-
tence.

Under uniqueness assumptions on solutions of (1), (2), we will establish analogues of
a result that Hartman [1] attributes to Peano concerning differentiation of solutions of (1)
with respect to initial conditions. For our differentiation with respect to boundary condi-
tions results, given a solution y(x) of (1), we will give much attention to the variational
equation for (1) along y(x), which is defined by

2 =3 2 g/ (@) oy ). 3)
i=1

Interest in nonlocal boundary value problems for differential equations involving in-
tegral boundary conditions has been ongoing for several years. To see only few of these
papers, we refer the reader to the papers [2-9]. And very recently, Ahmad and Ntouyas
[10] initiated research regarding multipoint nonlocal integral boundary conditions such
as seen in (2). In describing such boundary conditions, they coined the term “multi-
strip integral boundary conditions.” Such boundary conditions can be interpreted in the
sense that a controller at the right end of the interval under consideration is influenced by
a discrete distribution of finite many sensors (or strips) of arbitrary length expressed in
terms of integral boundary conditions. Subsequent to that paper, Ahmad and Ntouyas
have put forth a couple of additional papers devoted to solutions of boundary value
problems involving multi-strip integral boundary conditions for both fractional differ-
ential equations and fractional differential inclusions; see [11, 12]. It can also be pointed
out that, under suitable measures, the boundary conditions can be considered in
the form of Stieltjes integrals; readers can find of interest the papers, [13-15] and
[16-18].

In the same way, there have been many papers devoted to smoothness of solutions
of boundary value problems in regard to smoothness of the differential equation’s non-
linearity, as well as in regard to the smoothness of the boundary conditions. For a view
of how this work has evolved, involving not only boundary value problems for ordinary
differential equations, but also discrete versions, we suggest the manifold results in the
classical papers [19-28] and [8, 9,29-34], as well as the more current papers [35, 36]
and [37-39].

The theorem for which we seek an analogue and attributed to Peano by Hartman can
be stated in the context of (1) as follows:

Theorem 1 (Peano). Assume that with respect of (1), conditions (1)—(iii) are satisfied.

Let zy € (a,b) and y(z) := y(x,x0,¢1,. .., Cn) denote the solution of (1) satisfying the
initial conditions y '~V (zo) = ¢;, i = 1,...,n. Then,
(@) Forj = 1,...,n, a; := 0y/0c; exists on (a,b), is the solution of the variational

equation (3) along y(x), and satisfies the initial conditions,

A D) =65, i=1,...,n.
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(b) Oy/0xq exists on (a,b), and 3 := Oy/dxy is the solution of the variational equa-
tion (3) along y(x) satisfying the initial conditions,

5(i71)(‘r0) — _y(l)(xo)’ 7 = ]_, ceey N

(©) By/0o(x) = — Y, y D (20)dy/0c; (x).

In addition, our analogue of Theorem 1 depends on uniqueness of solutions of (1), (2),
a condition we list as an assumption:

(iV)Giyena<x1<§1 < m <§2<772<~'<fm<77m<x2<bif
y = (z) = z“‘”( s =1,...,n—Landy(z) — 300, v [ y(x)de =
2(@2) =Y i Vi fg x)dz, where y( ) and z(x) are solutions of (1), then y( )=

We will also make extensive use of a similar uniqueness condition on (3) along solutions
y(z) of (1).
(v) Givena < z1 < & <1 <& <1ny < -+ <&yn <Ny < 22 < band a solution

y(x) of (1), if ul=V(21)=0,i=1,...,n—1,and u(z2)—> 1" Vi g" u(z)dz=0,
where u(z) is a solution of (3) along y(z), then u(z) = 0.

Remark 1. We observe that, if (v) is assumed, then for «, (x) in Theorem 1,

m i

an(z2) — Z%/an(m) dz # 0. %)

2 An analogue of Peano’s theorem for (1), (2)

In this section, we state and prove our analogue of Theorem 1 for boundary value
problem (1), (2). Continuous dependence of solutions on boundary conditions plays a fun-
damental role for such a differentiation result. Proof of continuous dependence usually
makes application of the Brouwer theorem on invariance of domain. The spirit of such
arguments can be found in [36] or [38]; we state the continuity result here, but we omit
the details.

Theorem 2. Assume (1)—(iv) are satisfied with respect to (1). Let u(x) be a solution of (1)

on (a,b), andleta < ¢ <11 <& <M <& <M <+ <&y < Ny < T2 <
d < b be given. Then, there exists a § > 0 such that, for |x; — t;| < 6, j = 1,2,
& — pi| < dand |n; — UZ| <6 i=1,...,m [u¥ N (zy) -y, <§ j=1,...,n—1,
lu(z2) — 0 1%f£ r)de — y,| < (5 and |y, — Cx| < 9, k = 1,...,m, there
exists a umque solution U5( ) of (1) such that u( )(tl) yi, j = 1,...,n—1,
us(te) — > G f us(z) dz = yp, and {ug (w)} converges uniformly to u¥) (x), as

§d — 0, onlcd], forj—O,l,...,n—l.

We now present the result of this paper.
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Theorem 3. Assume conditions (1)—(v) are satisfied. Let u(x) be a solution of (1) on
(a,b). Let a < w1 < & < m < & < Mo < -+ < &n < N < T2 < b be
given, so that u(x) = w(x, 1,22, &1, M5« Ems My ULy« -« s Uns V1, - - - Ym ), Where
wI D (zy) =y, j=1,....,n— 1, and u(zs) — 31", Vi Je, u(z) dz = up. Then,
(@ Forj=1,...,n—1,1r; == 0u/Ou; exists on (a,b), is the solution of the variational
equation (3) along u(x), and satisfies the boundary conditions,

m i
r](.ifl)(xl) =0, i=1,...,n—1, ri(x2) — Z’yi/rj(x) dz = 0.
i=1
&1

(b) 7, = Ou/Ou,, exists on (a,b), is the solution of (3) along u(x), and satisfies the
boundary conditions,

m i
r8 V() =0, i=1,...,n—1, rn(xa)fZ%/rn(SC)dl'zl-
=1
&

(c) z1 := Ou/0x1 and z3 = Ou/0x exist on (a,b), are solutions of (3) along u(z),
and satisfy the respective boundary conditions,

AV (@) = —uD(zy), i=1,....,n—1,  z(z2) - Z%/zl(x) dz =0,
=g
m i
Zéz_l)(xl) :O; Z: 17...777/71, 22(1'2) 7271/22(1') dx: *Ul(xQ)-
=1
&

(d) Foreachj =1,...,m, w; := Ou/0¢; exists on (a,b), is the solution of (3) along
u(x), and satisfies the boundary conditions,

m i
w§-i71)(x1) =0, i=1,...,n—1, ’LUj(.TQ)—Z 'yi/wj(x) dz = —yu(§;).
i=1
&i

(e) Foreachj =1,...,m, q; := Ou/On; exists on (a,b), is the solution of (3) along
u(x), and satisfies the boundary conditions,

m ni

i—1 ,
q§ )(xl) =0, i=1,...,n—1, gj(x2) — Z%—/qj(m) da = y;u(n;).
=g

(f) Foreachj =1,...,m, p; :== Ou/0v; exists on (a,b), is the solution of (3) along

u(x), and satisfies the boundary conditions,

m i nj
pgi_l)(xl) =0, i=1,...,n—1, pj(xg)—Z%/pj(m) dz = /u(x) dx.
i=1
EL 5]’
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(g) The partial derivatives satisfy,

%(w) = _guu)(x”&i“)’ %(J;) _ —U’(wz)a%(:c),
ggj(x) = _’yju(gj)%(l')a ;Z(m) = vju(nj)%(@’
n;
20 = [ ute) e 2 0,
Proof. With u(z) = u(x], D1, 02, &0, M1y« + s Emy My Uls - -y Uny Y15 - - -, Ym ), @S given in

the statement of the theorem, many of the results will be established by considering u(x)
as a solution of an initial value problem for (1). In particular, from the boundary value
notation, u(ifl)(ml) =wu;,i=1,...,n — 1, and we will let

B = u" "V (zy). Q)

Then, using the notation of Theorem 1 for solutions of initial value problems for (1) and
viewing u(x) as a solution of an initial value problem, we will frequently interchange
notation by using,

U((E) = u(xvxlvx%glanla v 7£m777m7u17 ceeyUny Y1y e 7’Ym)
= y(x7x17u15 e 7un—176n)~
For part (a), we fix j = 1,...,n — 1, and for notational shorthand purposes, we denote

u(z) by u(z, -,u;). Let 6 > 0 be as in Theorem 2. Let 0 < |h| < 6 be given and define
1
’I"jh(m) = E [u(a@ ) uj + h) - ’LL((E, y uj)] .
Then, for every h # 0,

— 1
P V(@) = Sy +h =] = 1,

i 1 , ‘
@) = Sl —ul =0, i e{L..n—1}\ {5},
and
m i
rin(a) = > [ ronle) do
1=1
&

[u(@g, - uj + h) — u(xa, -, uy)]

SRS

m i
1
=g

= E[un —u,] =0.

—_
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Smoothness of solutions with respect to multi-strip integral BC 401

With ,, as defined in (5), let
€En = €n<h) = u(nil)(xla U+ h) - ﬁn

By Theorem 2, ¢, = €,,(h) — 0, as h — 0. Using the notation of Theorem 1 for solutions
of initial value problems for (1) and viewing the solutions u as solutions of initial value
problems, we have

1
rin(z) = 5 [y(x,ml,u17u27 ot U1, B+ €n)

7y(xaxhulyu%'"3“]'7"'7“77,—17677.)]'

Then, by utilizing a telescoping sum, we have

1
Tjh(x) = E [{y(xazlaulvu27 e 7uj + h7 s 7un—1aﬁn + ETL)

_y<x7xl7ulau2a"'auj7'"7un—176n +€n)}
+ {y(xaxhulqu)"' y Ujy s '7u’n—1a/8n +6n)
_y(xvxhul»uQa"'aujw"?un—lvﬂn)}}'

By Theorem 1 and the Mean Value theorem, we obtain

1 _
rin(z) = 7% (x,y(x,xl,ul, cesui U, By + en))(uj +h—uy)
1 _
+ Ea7l(x7y(x7xl7ul7 e 7u7l—17/87l + En))(@n + €n — ﬂn)v

where a;(z, y(-)) is the solution of the variational equation (3) along y(-) and satisfies
Ot;iil)(ail) :(Sji, 1= 17...,77,,

and «, (z, y(+)) is the solution of the variational equation (3) along y(-) and satisfies
agf_l)(xl)zém, i:l,...,n.

Furthermore, u; + h is between u; and u; + h, and 3, + &, is between 3, and 3, + €.
Now simplifying,
'I"jh(l‘) = Qj (Jc,y(x,xl,ul, cee, Uy + 71’7 cee 7u7L—1aﬂn + en))
6 —
+ ﬁnan(xa y(xvxla Uty -y Un—1, Bn + En))

Thus, to show limj,_,q rj; () exists, it suffices to show limy,_,¢ €, /h exists.
Now, by Remark 1,

an(o2, () = Yo [ anleu() do 20,
=g
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However, we derived above that 7, (¢2) — 3272, % [{" rjn(z) dz = 0, from which we
obtain '

€n *Oéj(x2,y(l’,l’1,',u]'+}_l,-,ﬂn+en))
h an($2,y<$,$1,ul7 7Bn+€n))_zzr;l Yi fgl an(z,y(x,xl,ul, ° B?L"’gn)) dx
Zﬁl Vi ffril aj(x7y(x,1'1a 5 Uy + Ev '7ﬂn + En)) dz

an($27y(9€,$17ul7 '76n+gn))_27;1 Vi fgl an(xa y(‘r?xla U1, -, Bn+€n)) dl‘

+

As a consequence of continuous dependence, we can let h — 0, so that
i €n 7O‘j(x27y(xaxl7ul7'7ﬂn))+Z?;1 Yi fg:h ozj(:r,y(a:,xl,ul,~,ﬂn))dx
1 —= = m i
h—0 h an(m27y(x7m17u17 Yy Bn)) - Zi:l Vi fgj an(xvy(x7x17u17 Yy Bn)) dz
(s, u(@) + S [ oy u(@) de
an (w2, u(@)) — Sy 71 2 an(w, ul@)) da

Let r;(x) = limp_,o rj(x), and note by construction of 7 (z),

ou

ri(x) = 8u‘(x,x1,x2,§1,771,...,fm,nm,ul,...,un,fyl,...,'ym).
J

Furthermore,
T](‘CE) = }lblif(l) rjh(fﬂ) - aj (3379(33’55177«017 7ﬁn)) + AO[Q (x7y(xa T1,U, aﬁn))
= (x, u(x)) + Aay (x, u(x)),

which is a solution of the variational equation (3) along u(x). In addition because of the
boundary conditions satisfied by rjh(ac), we also have,

m i
r§i_1)(x1) =05, i=1,...,n—1, and rj(zs)— Z% /rj(x) dz = 0.
i=1
&i

This completes the argument for du/du;.

For part (b), there are similarities with the previous argument, yet there are signifi-
cant enough differences for us to include the details concerning the characterization of
Ou/Ouy,. For this consideration, we denote u(z) by u(x, -, u,). Again, let § > 0 be as in
Theorem 2. Let 0 < |h| < § be given and define

ron(x) = = [u(@, - up + h) — u(®, -, uy)].

S

This time, for h # 0,

o> =

’I“;:;l)(q;ﬂ:f[ui—ui}:O’ i=1,....,n—1,

www.mii.Jt/NA



Smoothness of solutions with respect to multi-strip integral BC 403

and
m ni

Tnh(T2) — Z%/Tnh(w) dx

i=1 &

[u(@2,, un + h) — u(zs,-,up))

S

S| =

m Ni
Z’yi/[u(x, SUun +h) —u(z, ,un)] dzx
i=1
&i
= l[u +h—u,)=1
= lun n = 1.
Again with (3,, defined in (5), let

€n = €n(h) = u(n_l)(xla 5 Un + h’) - ﬁ”

As before, €, = €,(h) — 0, as h — 0. Employing the notation of Theorem 1 for
solutions of initial value problems for (1) and viewing the solutions u as solutions of
initial value problems, we have

1
Tnh(l') = 7[y(x7x1aulv sy Up—1, Bn + Gn) - y(xaxlaula cee 7un7135n)]

h

By Theorem 1 and the Mean Value theorem, we obtain

1
Tﬂh(x) = Ean(x7y(x,1'1,ul, s 7un71a5n + gn))(ﬁn + € — ﬁn)

€ _
- jan(xvy(xaxlvulv e ,u’nflvﬁ’n + En))v

h

where 3,, + €, is between 3,, and 3,, + €, and «,, (z, y(+)) is the solution of the variational
equation (3) along y(-) and satisfies,

agf_l)(xl)=5m<, i:l,...,n.

Thus, to show limyp, o 7, () exists, it suffices to show limy,_,q €, /h exists.
By Remark 1,

o (22,9(+)) — Z%/an(ﬂs,y(-)) dz # 0,
=g

and we also have above that 7., (z2) — > i |, gi Tnp(7) dz = 1, from which we obtain
€n 1
h an(x% y(ﬂf, T1,Ul, "y ﬁn+€n)) _Z;ll Yi ‘/27 Oén(l', y(xa T1,U1, ", Bn'i_gn)) dz '
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By continuous dependence, we can let h — 0, so that

€n 1

g
|
I

m

h—0 h O‘n(l'%y(xvl'l»ula s 671)) - Zi:l Yi fgil an(x,y(:uxl,ul, ) 62)) dz

1
o u@) — S [ an(mu@) dr

Let r, () = limp_,0 7 (), and then by construction of 7, (z),

ou

Tn(.’L') = 87(1]7551’172751’7717~--»fmﬂ?myula-- '7un7’717"'a7m)-
n

Moreover,

Tn((E) = }llg%rnh(x) = Ban(xvy(xvxlvula 'aunflvﬂn)) = Ban(x7u(x))a

which is a solution of the variational equation (3) along u(z). Because of the boundary
conditions satisfied by 7,5, (x), we also have,

m ni

P () =0, i=1,....,n—1, and 7,(2s) — Z%/rn(w) do = 1.
i=1
i
And this completes the argument for du/0u,,.

For part (c) of the theorem, we will produce the details for Ou/dxo, with the arguments
for Ju/0x; being somewhat along the same lines. For this case, we denote u(z) by
u(z, zo,-). With § > 0 as in Theorem 2, let 0 < |h| < § be given, and define

zop(x) = %[u(m, zy + h,-) — u(z, z2,-)].

First, we consider boundary conditions. We have

i 1 .
Zéh 1)(5”1) = E[ul_uz] =0, 1=1,...,n—1.

Next, by employing the Mean Value theorem,

i
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m i
1
= E U(Z‘Q +h7l‘2 —‘rhj,) — Z’yi/u(w7x2 +h7)dx]
=1 &
1 m i
-5 |:U,(£E2,I2, = ;%‘ /U(%Im ) dz]
1= 51

1
-y [u(zg + h,xo + h, ) —u(ze, 2 + h, )}

1 1
= E[un - un] - Eu/(yha‘rQ + h7 )h = 7ul(yhax2 + h? ')7

where v, is between x5 and x5 + h. In passing to the limit, we have

i

Jim, {Z%(xz) - Z%‘/z%(ﬂf) dl‘} = —u' (22, w2,") = —u/(22).

=g

Next, we deal with the existence of limp_,¢ 225 (2). With 3, as defined in (5), this
time we let
€En = en(h) = U(nil)(xlaxQ + h7 ) - ﬂrm
and by Theorem 2, €,, = €,,(h) — 0, as h — 0. Asin parts (a) and (b), we use the notation
of Theorem 1 for solutions of initial value problems for (1) and viewing the solutions
as solutions of initial value problems, we have

zop(x) = [u(x,xg +h,-) —ulz, zo, )}

I:y(xvxhulw"aun—hﬁn +6n) _y(xaxhulw'wun—hﬁn):l

i el

== Ean (xvy(xvxlvuh .. 7un—17ﬂn + En)) c€n

€ _
= ﬁnan('ray(z7xlaula s 7un—155n + en))a

where «,, (z,y(+)) is the solution of (3) along y(+) and satisfies
oV (x)) =0, i=1,...,n,

and f3,, + €, lies between (,, and 3,, + €,. As before, to show limy, ¢ zop, () exists, it

suffices to show limy,_,q €, /h exists.
Now, recalling from above that zop(x2) — > iv ) Vi ffm zon(z)dz = —u'(vp, z2 +

h, ), it follows from Remark 1 that,
—u'(vp, xa+h, )
an(x% y(ﬂf, T1,Ul, "y ﬁn""én))_z;ﬂ;] Yi ‘/27 Oén(l', y(xa T1,U1, ", Bn'i_gn)) dz '

n
h
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And passing to the limit due to continuous dependence, we have,

€n —u/(z2)

: =C.
h=0 h ay(ze,u(x)) — Yt v f; an(r,u(r)) dz

From above,

€ _
lan(xay(x7xlaul7 s 7571 + 671))7

zon(z) = Y

from which we can evaluate the limit as h — 0, and if we let 25(z) = limy, g 225 (), we
have z3(x) = Ou/Jz5. That is, we obtain

ou
ZQ(.Z‘) = 871.2(‘1‘71:1"1‘2751’7717'"7£m7nm7u1a"'7“1’7,7717"%71’71)

= }1111)1%) ZQh(x) = Can (1’711,(93)),

which is a solution of (3) along u(z). In addition, from above computations, z2(x) satis-
fies the boundary conditions,

) = iy e =0, =1
Z2<x2) _ Z,%/Zz(x) dx = }]Lli)r%) [z%(mg) — Z’Vi/ZQh(zT) da:] = —u/($2).
i=1 =1
¢ &

This completes the proof of part (c).
For part (d), fix j € {1,...,m}, and define
Ji={1,...m}\ {j}.

In dealing with characterization of Ju/0¢;, we denote u(x) by u(z,-,&;). Let 6 > 0 as
in Theorem 2 and let 0 < |h| < § be given. Define

winla) = 7 [ula, &+ h) — (e, &),

We first look at boundary conditions satisfied by w;;(«). To begin with,

71— 1 i— i—
wli (@) = 2 [0 (@ +h) = ()

1 )
:E[ui—ui]zo, i=1,...,n—1.

www.mii.Jt/NA



Smoothness of solutions with respect to multi-strip integral BC 407

Next, by employing the Mean Value theorem for integrals,

m Ni
wjin(z2) — Z%—/wjh(x) dzx
=g
) §i+h n;i
== / u(mfvgj—’_h) d(E—f— U($277£]+h)—2’yz/u(l',,fj-l-h) dx
" &j ed g
nj m un
- / u(z,-, &+ h) dw} - {U(xz, &) — Z%‘/U(% wfj)dl“H
g+h =g

Ei+h

1

= E [7] / U(QZ, '7§j + h) dz + Up — un‘|
&

1
= _Evju(chn afj + h) ~h= —")/ju(C}“ 76] + h)7

for some c, inclusively between &; and £; + h. By Theorem 2, we can compute the limit,

i

lim [wjh(m) —Z;%/wjh(x) dw] = —yu(&;)-
= &

Now, we deal with the existence of limy,_o w;(z). Let 5,, be as in (5), and set
€n = u(nil)(xlv '7£j + h) - Bn

By Theorem 2, €,, — 0, as h — 0, and upon employing initial value solutions notation,

1
w]h(x) = E[y(l‘wxl)uh e aunflaﬁn + 6n) - y(xwxlaula e aunflaﬁn)]
€ _
= ﬁnan(xay(x7xlaul7' .. 7’U,n,1,ﬁn + 6’n>)7

where (3, + €, lies between (3, and 5, + €,, and a,,(z, y(-)) is as in the cases above.
From Remark 1, we can solve for

€n win(w2) = 30 i Jo win(z) de

h an(@2,y(-)) = 227, i fg an(z,y(-)) dz’

from which, using the above limit, we can calculate,

en _ —5u(&5) —D
h=0 b ay(ze,u(z)) = Y v f; (2, u(z)) dz - .
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As as consequence, lim,_,o w;(x) exists, and we define w;(x) := limp,_,o wjn(z). In
particular,
ou
w](x) = 7(33,%17332’5177]1’ R 7§ma77m7u1) ceeyUny V1 - 57777,)

0¢;

= ’1112% wjn(x) = Day, (x,u(x)),

which is a solution of (3) along u(z). In addition, w, (x) satisfies the boundary conditions,

i—1
w§- )(

m i m i
w;(x2) —Z%/wj(x) dz = lim [wjh(lé) —Z%/wjh(l") dw] = —yu(§;)-
=1 &i =1 &i

The proof of part (d) is complete.

1) = %%wﬁjl)(azl) =0, i=1,....,n—1,

For part (e), the arguments are completely analogous to those just given for part (d).

For part (f), fix j € {1,...,m}, and let J be as defined in the proof of part (d). In
characterizing Ou/0-y;, we will designate u(z) by u(z, -,7;). Withd > 0and 0 < |h| < §
given as usual, define

[u(:c, v+ h) —u(z, ~,'yj)].

S =

pin(z) =

As in the previous cases, we first consider boundary conditions satisfied by p;x(z). To
begin with,

i Tr i i
P @) = 3 [ (@ 1) = uC D @, 9y)]

1 .
:E[ui_ui] =0, 2=1,...,n—1,
and
m i
pjn(x2) — Z%/pjh(ﬂf) dz
=g
1 1j nj
&5 &
i m i
ieJ & =1 &

nj nj
= [h/u(x777j+h)dx+un_un‘| :/U(ZL’,',’}/j+h)d1’7
& &j
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from which we can take the limit,

i 13
%Hn |}%h x2) Z’yz/pjh ] = /u(aj) dz.
&

Finally, in considering the existence of limy_,q p;5(z), let 5,, be as in (5), and again,

define
€En = u(nil)(xla Y5 + h) - Bna

for which by continuous dependence ¢, — 0, as h — 0. Using initial value solutions
notation, we have

1
pjh(x) = E I:y(w7mlaul7 e 7’U/n713ﬁn + 67’7,) - y(%xlaUh R 7un71aﬁn)]
€

= %QQ(‘r7y<x7$1>u17' "aunfbﬁn +€n))7

with 3,, + &, between (3,, and 3,, + €,, and ., (x,y(-)) as usual. In view of Remark 1,
we can solve for

en _ Panl@2) = 300, 7 Jg pan(e) de
M @) - S fam,y(-)) d

Using the last above limit, we can calculate,

. €n 5 ( )dl’
lim — = .
W0 b o (g, u(@) = 3L i [ o u(2)) da
It follows that p; () := limy, .0 pjn(x) exists, and

ou
p?(x) = 07/_%(1‘71‘1?1'255177717"'a§m777m7u17"'7un7717"'7’7m)
J

= Eay(z,u(z)),

= F.

is a solution of (3) along u(z). And p;(z) satisfies the boundary conditions,

m ni

My
pgi_l)(xl) =0, i=1,...,n—1, and p;(z2)— Z%/pj(x) dz = /u(x) dax.
&

i=1

This completes the proof of part (f).

Part (g) of the theorem is immediate by verifying that each side of the respective equa-
tions are solutions of (3) along u(x) and satisfy the same boundary conditions, and then
assumption (v) establishes the equalities.

The proof is complete. O
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