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Abstract. We consider the stability of a weighted finite difference scheme for a linear hyperbolic
equation with nonlocal integral boundary condition. By studying the spectrum of the transition
matrix of the three-layered difference scheme we obtain a sufficient stability condition in a special
matrix norm.

Keywords: integral conditions, hyperbolic equation, weighted difference scheme, spectrum
analysis.

1 Introduction

Nonlocal problems is a major research area in many branches of modern physics, biotech-
nology, chemistry and engineering, which arises when it is impossible to determine the
boundary values of unknown function and its derivatives. Increasingly often, there arise
problems with nonlocal integral boundary conditions, especially in particle diffusion [1]
and heat conduction [2, 3]. Partial differential equations of the hyperbolic type with in-
tegral conditions often occur in problems related to fluid mechanics [4] (dynamics and
elasticity), linear thermoelasticity [5], vibrations [6] etc.

Hyperbolic problems with nonlocal conditions have not been studied so broadly as,
say, parabolic or elliptic problems. The paper [7] dealt with the new technique (Adomian
Decomposition Method) for solving wave equation with integral boundary conditions.

Author consider the one-dimensional wave equation

Pu Pu
ot Ox?

= f(z,t), O<z<1,0<t<T,
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subject to initial condition
u(xvo) = r(m), ut(:v,O) = S(x)’ O0<z<l,

and the nonlocal boundary conditions

1
w(0,4) = p(t), Ju(m,t) dz — q(t), 0<t<T,
0

where r, s, p and g are known functions, f is sufficiently smooth to produce a smooth
classical solution.

The author applied the Adomian decomposition method for the solution of the wave
equation. This algorithm is simple and easy to implement. The obtained results confirmed
a good accuracy of the method and the calculations are simpler and faster than traditional
techniques.

The stability of difference schemes for the nonlocal hyperbolic problems was studied
in [8]. Multidimensional hyperbolic equation with Dirichlet condition is considered

%ul(t -
$ — (ar(x)ug;,,,)x = f(t,x), x=(z1,...,2m) €N, 0<t <1,
r=1
1‘) = Z O‘ju()‘jaz) + ¢(I)7 Ut(o,llf) = Z Bkut()‘kaz) + 1/’(55)7 T € §7
i=1 k=1
u(t,x) =0, x€S8,
here 2 := {z = (x1,...,2m): 0 < z; <1, 1 < j < m} is the open unit cube in the

m-dimensional Euclidean space R™ with boundary S, 2 = 2 U S. Stability conditions
in a special norm || - | 1,, were obtained and numerical analysis was made.

The spectrum and characteristic functions for eigenvalues of Sturm—Liouville problem
are widely investigated in [9—12]. For example, the following problems

—u" = Xu, te(0,1),
with one classical boundary condition %(0) = 0 and other nonlocal boundary condition
3 1
u(1) = yu(€) 7 [ua or u) = [uwe,
0 3

where v € R, 0 < ¢ < 1, were investigated. There were found eigenvalues of two
types: the first type eigenvalues do not depending on -, and the second type eigenvalues
which do not depend on ~ and exist only for some rational £. The authors introduced
a method of generalized characteristic functions [13]. The complex eigenvalues exist
for these problems. Complex eigenvalues of these Sturm—Liouvile problems (in the case
integral boundary condition) were investigated in [14, 15].
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In the present paper, we give a sufficient condition for the stability of a weighted dif-
ference scheme for a hyperbolic equation with nonlocal integral boundary conditions. By
using a method applied earlier to explicit difference scheme for hyperbolic equations with
nonlocal boundary conditions [16], we rewrite a three-layer difference scheme in the form
of an equivalent two-layer scheme. By analyzing the spectrum of the transition matrix of
the two-layer scheme, we obtain sufficient conditions for the stability of the three-layer
scheme depending on the parameters occurring in the integral boundary conditions and
not depending on the weight parameter used in scheme. We have generalized and clarified
the results presented in [16]. We note that for the investigated problem all eigenvalues are
real.

To obtain the stability estimates of a difference nonlocal hyperbolic problem, we use
a weighted three-layer difference scheme and approximate the nonlocal integral condi-
tions by the trapezoid quadrature formula. By representing this scheme in the form of
a second-order operator-difference equation and by using some transformations, one can
obtain a two-layer scheme equivalent to this three-layer scheme [17, p. 364]. To study
the spectrum of the transition matrix of the two-layer scheme, we define special norms
of matrices and vectors. The analysis of the structure of the spectrum of the transition
matrix [18] and the use of a generalized nonlinear eigenvalue problem permit one to state
the main result of the present paper, a sufficient condition for the stability of a weighted
difference scheme for hyperbolic equations with integral boundary conditions.

2 A weighted finite difference scheme for nonlocal hyperbolic
problem
2.1 Differential problem with integral conditions
Consider the hyperbolic equation
Pu_ 0
oz~ a2

where {2 = (0, L), with the classical initial conditions

= f(x,t), (x,t)e 2x(0,T], (D

uly—o = ¢(x), xe2:=[0,L], )
ou _
Et:():w(x% LL’EQ, (3)

and the additional nonlocal integral boundary conditions

w(0,t) = vo | w(z,t)dz + vi(t), te[0,T], 4)

u(1,t)

7 | u(z,t)de +v.(t), te€][0,T], 5)

[ ) SE— ~ O%h
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where f(x,t), ¢(x), ¥(zx), vi(t), and v,.(t) are given functions, and vy and ~y; are given
real parameters. We are interested in sufficiently smooth solutions of the nonlocal prob-
lem (1)—(5). Later we use notation v := 7y + 1.

2.2 Notations

We introduce grids

ol = {x;: x; = ih, i = 0,N}; h=%,
w?/z = {%—1/2 = xi%w» i=1,M, x_ 15 =To, Tpry1/2 = 9UM};
hivi2 = Tit172 — Tio1)2, 0
*T:z{tj:tjzjr,j:(),iM}; 7’227
W= {ar, . anoa ), @7 =M W= (M

where NV +1 and M + 1 are the numbers of grid points for x and ¢ directions, accordingly,
and N, M > 2. 4

We use the notation U} := U (x;,t7) for the function defined on the grid (or parts of
the grid) @" x @". Instead of writing indices, we denote U7 := U7~ and U := U+! on
grids @™ and w” U {to}, respectlvely Later in this paper, we use the following notations:
U@ =oU + (1-20)U + O'U o € R. We define a space grid operator

Ui-1 —2U; + Ui

62w — wh, (5920U)¢ =

h2
and the time grid operators
_ - U-U
at IwT—)wT, &tU:: 5
p
- - U—20+0U
0?0 W, 02U := —
T

Let H and H be a spaces of grid functions on @" and w”, respectively.
We define the inner products

[U,V]:= Z UVihis1a, U,V eH,

ZH

—1
U, V):= N UiVih, UV eH.
1

<.
Il

We can investigate problem (1)—(5) in the interval [0, 1] instead of [0, L] using trans-
formation z = La’. Then new ¢’ = ¢/L. Further we consider ¢’ = 1 for simplicity.
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We use inner products for functions et i ;e C,x e

[17 eilzx] = [1, eilz(l_z)] = hsin g tan~! ﬂ eT?/2,

As a result, we obtain formulas

sin?(z/2) cos(zh/2)
sin(zh/2) ’

[1,sin(z(1 —2))] = [1,sin(zz)] = h (6)

and, using the fact that trapezoid formula is exact for linear polynomials, we also have
1
[17 1] =1, [L‘T] = 9" (7N
Later we also use some inner products with discrete functions U; = (—1) and U; =
(—1)i$i1
, A 1
[1,(-1)'] =0, [1,(-1)'z] = Zh2((—1)N -1). (8)

We use the following vector notation: U = (Uy,Us,...,Un—1)T. Let P be a non-
singular matrix (det P # 0); we define the norm of any m x m matrix M as follows:
IM|y = [P~ MP||5, where [M|z = (max;<ij<m A\i(M*M))'/? is the classical matrix
norm and M* is the adjoint matrix. We define the associated vector norm by the formula

m 1/2
Vi = [PVl = (R 19) ©
i=1
where the \N/,- are the coordinates of the vector P~1V.

If all eigenvectors V1, Vo, ..., V,, of any nonsymmetric mxm matrix S are linearly
independent, then we form the nonsingular matrix T = (V1,...,V,,). We have the
relation

|Sl« = |T7'ST, =[] = max ()| = oS), (10)

where J = diag(u1,..., tm), ti, ¢ = 1,m, are the eigenvalues of S and o(S) is its
spectral radius.

The vector norm associated with the matrix norm (10) is defined by identity (9) with
i = 1,m. We use the theorems proved in [19, p. 168] and define the norms of matrices
and vectors to be used in the stability analysis of the difference scheme.

2.3 Three-layer finite difference scheme

Now we state a difference analogue of the differential problem (1)—(5). We define a weight-
ed finite difference scheme (FDS) approximating the original differential equation (1):

TU—2U = F, (21,t;) ew x w, (11)
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where o is a weight parameter. The initial conditions are approximated as follows:

U=, z,ew”, (12)
U =w, z; ewh. (13)
We rewrite the boundary conditions using the defined inner product:
Uo =[L,Ul+ Vi, #eam\{t'}, (14)
Uy =7l U]+ V., t/eam\{t'} (15)

In problem (11)—(15), we approximate functions f, ¢, 1, v;, and v,. by grid functions F,
S, ¥, V;,and V.

Remark 1. Properly choosing right hand-side functions in (11)—(15), one can obtain re-
quired approximation accuracy. For example, if U = 1) +0.57(52U° + f©), the differential
problem (1)—(5) is approximated by (11)—(15) with accuracy (9(7'2 + h2).

2.4 Equivalence of the three-layer scheme to a two-layer scheme

Equations (14)—(15) is a system of two linear equations for unknowns Uy and Uy. We
express these unknowns via inner points U;, ¢ = 1, N — 1, and obtain

Uo =% (1,U) + V}, (16)
Un =%5(1,U) +V,, (17)

where 79 = vod ', 31 = md L, d = 1 — hy/2 > 0 ‘N/l = (V; + he)d™1,
V. = (V. —he)d™L, ¢ = (70V, — 71 V;)/2. By substituting expressions (16) and (17) into
Eq. (11) for¢ = 1 and i = N — 1, we rewrite it in the form
AU +BU + CU = 77F, (18)
A =C=1+7%A, B = 2T + 7%(1 — 20)A, (19)

where A, B, C, and

2—%%h —-1-%h —Yh ... —Foh  —Foh —Yoh
-1 2 -1 0 0 0
) 0 -1 2 0 0 0
A= : oo : : (20)
0 0 0 2 -1 0
0 0 0 oo =1 2 -1
M —Wh Ak ... =AWk —1—Fh 2—Fh

are (N — 1) x (N — 1) matrices, I is the identity matrix, 0 is a zero matrix. Finally,

~

F=(Fy,...,Fx_1)T, where F;=F,i=2, N — 2,and F; = F;(F,, V},V,.),i = 1, N—1.
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Remark 2. We suppose that all eigenvalues of matrix A are real. In this case, det A > 0
if the following condition is satisfied:

1 1
_— <<,
T2 maX(O, )\max) 7 T2 Hlil’l(O, >\min)

Matrix A ! exists for such o.

We represent the three-layer scheme (18) as an equivalent two-layer scheme (e.g.,
see [17]) R
W = SW + G, (2D

using notations

U —-A"'B -1 2 A7F
wo(g)os- (NP Y) e (AT @

According to [20,21], one can study the stability conditions for the two-layer difference
scheme (21) by analyzing the spectrum of the matrix S. Note that the matrices S and
A are nonsymmetric (matrix A is nonsymmetric except the classical case v; = 0 and
Y2 = 0).

3 The structure of the spectrum of the matrix A

Eigenvalue problem
AU =)U

for (N — 1) x (N — 1) matrix A is in general equivalent to the eigenvalue problem for
the difference operator with nonlocal boundary conditions

—82U = \U, Ueuwh, (23)
UO :70[17U]a Un =’)’1[1,U]. (24)
Lemma 1. (See [22].) For arbitrary values of the parameters vo,v1 € R, all eigen-
values )\ of the matrix A are real and simple, moreover, the following assertions hold:
) ify =y + 71 < 2, then all eigenvalues are positive;
2) if v = 2, then there exists one zero eigenvalue, other eigenvalues are positive;
3) if 2 < v < 2/h, then there exists one negative eigenvalue, all other are positive.
Remark 3. Let us specify the additional properties of eigenvalues A, which are not
stated in Lemma 1. First, we enumerate all the eigenvalues \; < --- < Ay_; of prob-

lem (23)—(24) in the ascending order using the classical case 7y = 0, y; = 0 (in this case,
~v = 0). Now we formulate some additional properties of the eigenvalues:

1) all eigenvalues are simple and real;
2) if v < 2, then \ € (0,4/h?];

www.mii.Jt/NA
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3) ify  2/h, then \y — —o0;

4) if v = 2/h, then boundary conditions (14)—(15) are not equivalent to conditions
(16)-(17);

5) if v\ 2/h, then \; — +o0;

6) if v > 2/h, then all the eigenvalues ) are positive.

We further clarify above mentioned properties in brief. Instead of investigating eigen-
values A € Cy := C, we use a bijection A = A(g) from complex plane C, to Cj:

4 h
A:ﬁsmﬂ? qi=a+1B, (25)
where C; = {¢g =a: 0 <a<n/hlu{g=18:=20}u{g=n/h+15: 8 >0}
The points ¢ = 0 and ¢ = 7/h are the branch points of the map (25). Therefore, every
eigenvalue \; = A(g;) conforms to ¢g;, ¢ = 1, N — 1, and vice versa. A numeration of
{q1,-..,qn—1} coincides with the numeration of {\1,..., Any_1} ({Ao,...,An_1} and

{a2, ..., qn-1} for vy = 2/h).
Now we investigate the spectrum of matrix A in detail.

Case (i): ¢ # 0, ¢ # w/h. The general solution of (23) is

U = Cycos(qx) + Cy sin(qzx), xew™
By substituting it into (24), we have

(70[1,cos(gz)] — 1)Co + 01, sin(gz)|C1 = 0,

('yl [1, cos(qx)] — cos q) Co + (’yl [1, sin(qx)] — sin q) C; =0. (26)
A nontrivial solutions of system (26) exist if its determinant is equal to zero:
Y [1, sin(qx) cos ¢ — cos(gx) sin q] -m [1, sin(qx)] +sing = 0,
or simplifying this formula, we have
—0[1,sin(g(1 — 2))] — 71 [1,sin(gz)] + sing = 0.
Using expression (6), we get an equation for ¢:
hsin(q/.2) cos(qh/2) _sing. 27
sin(gh,2)

In this formula, functions sin (¢h/2) and cos(gh/2) are never equal to zero in C,\{0, 7/h}
(since a sine function has only real zero points in a complex plane and function sin(gh/2)
has no zero points in the interval (0, 7/h)). We rewrite Eq. (27) in the form

h
sin%(’yhsing — QCOSgtan q2> = 0. (28)

Nonlinear Anal. Model. Control, 2014, Vol. 19, No. 3, 460475
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The roots of Eq. (28) can be found from two equations:

sing ~0, (292)
h
~h sing — 2cos g tan % — 0. (29b)

The roots of the first type satisfy Eq. (29a). They are called constant points (see [13])
because they don’t depend on ~:

N1
Qo = 2km, k=0,Ny, Np:= {J (30)

2

If sin (¢/2) = 0, then cos (g/2) = *1. So, the roots of Eq. (29b) depend on 5. Such
type of roots is called second type roots. Now we divide this equation by sin (¢/2) and
get expression for ~:

h
v =2h " tan? %tan % 31

A function v = ~y(q) is called complex-real characteristic function [13]. The roots of the
second type qax+1, k = 0, N1, Ny := | N /2] can be found as y-values of the characteristic
function (31).

Case (ii): A = ¢ = 0. In this case, the general solution of (23) is
U; = Cy + Cqih.
By substituting it into (24), we have

1
(70 —1)Co + 57001 =0,

(32)
1
(1 —1)Co + (2’Y1 — 1) C, =0.

So, we have zero eigenvalue when v = 2.
Case (iii): ¢ = w/h (A = 4/h?). Now the general solution of (23) is
U, = (—1)i(00 + Cl’Lh)

By substituting it into Eq. (24), for the case when [V is odd (when N is even, there are
no nonzero solutions), we obtain:

h2
Co + 70301 =0,

h2
Co+ (1 — 271)01 =0.

Solving this system using formulas (8), we obtain:
4
21+ ) = FoR (33)
The solution of Eq. (33) is defined only if N is odd: vy = 2/h2.

www.mii.Jt/NA
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fyl\ A f}/ A
3 60 60
AN

40

VT I

(a) The case of odd number of grid points, N = 5 (b) The case of even number of grid points, N = 6
(h = 1/5). (h = 1/6).

) 4

Fig. 1. Generalized characteristic function y(7gq).

Remark 4. The generalized characteristic function [13], is plotted on Fig. 1. All the
N — 1 roots of Eq. (28) belong to a union of three intervals {¢ = « € [0,7/h]} U {q =
18: B =0} u{q=mn/h+18: B =0} Gf v = 2/h, then we have N — 2 roots). So, all
the eigenvalues A are real. We plot a graph of function (31) in each interval: v = y(«),
a € [0,7/h]; v = v-(B) = v(B), B = 0; v := v4+(B) = v(7/h +18), B = 0. We
combine them on one graph of real characteristic function [13]. Finally, we add vertical
lines ¢ = o = 2wk, k = 0, N7, which are the roots of the first type, and get generalized
characteristic function. As one can see real characteristic function asymptotes coincide
with the roots of the first type. We plot characteristic function y(w«) graph in Fig. 1
(instead of y(«)). So, in the classical case (yg = 0, 73 = 0), graph intersects « axis
in the integer values (the index of eigenvalues). We note that characteristic functions are
continuous at the points ¢ = 0 and g = 7/h.

In general (except the case of v = 2/h), the eigenvectors are real and form the com-
plete eigenvector system { V1, ..., V_1} (we have N—2 eigenvectors {Vs,..., Vy_1}
when v = 2/h). We call two eigenvectors equal if they are linearly dependent. These
eigenvectors can be expressed by general formula:

Viei = sin(qgx;) — 70[1,sin(qk(xi — x))], kel N —1. (34)
Note that g, = gx (7). So, Vi; also depends on . Eq. (34) can be rewritten as
Vii = sin(qk(l — xz)) - [I,Sin(qk(xi — x))], kel N —1.

Remark 5. For the different values of g, we can rewrite Eq. (34) in such forms:
(a) if ¢t = ay € (0, 7/h), then

Vi = sin(agz;) — Yo [17 sin(ak(osi — x))], (35)

Nonlinear Anal. Model. Control, 2014, Vol. 19, No. 3, 460475
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(b) if g1 =158 (v € (2,2/h)), then

Vii = sinh(Bx;) — vo [l,sinh(,ﬁ(:ci — x))], (36)
(c) if 1 = 7/h + 18 (v € (2/h,2/h?)if N is odd; v € (2/h, o) if N is even), then
Vii = (=1)(sinh(Bz;) — o[ 1, sinh(B(z; — 2))]); 37

(d) if g1 = 0 (y = 2), then

1
Vii =z —yo[l, 2 — 2] =$i—’)’0<$i—2>; (38)

(e) if g1 = 7/h (y = 2/h?), then

Vir = (<1 (=20l +22,). 69)

Expressions (38)—(39) are the limit versions of formula (34) at the points ¢ = 0 and
q = w/h (as well as Egs. (35)-(37)).

4 The stability of finite difference scheme

4.1 The structure of the spectrum of the matrix S

First, we note one important property of the three-layer scheme (18) with (N —1)x (N —1)
matrices A, B, and C defined by Egs. (19)-(20). We use notation Ay (A), A\x(B), Ax(C)
for the kth eigenvalue of matrix A, B or C accordingly. We investigate the case of the
complete N — 1 eigenvector system {V1,..., Vy_1} (in the case v # 2/h).

Lemma 2. The matrices A, B, and C have a common system of eigenvectors. More

precisely, the eigenvectors of the matrix A are the eigenvectors of the matrices A, B,
and C.

Proof. The eigenvectors of the matrix A are also the eigenvectors of the unit matrix I.
So, since A, B, and C are the linear combination of matrices I and A, the formulated
lemma is valid. O

Let 1 be the eigenvalue of the 2(IN — 1) x 2(N — 1) matrix S (see Eq. (22)). We
consider the eigenvalue problem

A'B—pul I

det(S — uI) = det ( I 1

) =det(Ap* +Bu+C) =0.  (40)

We simplify determinant in Eq. (40) and get a characteristic equation for the eigenvalues
of the generalized nonlinear eigenvalue problem

($’A+pB+C)U=0, U=o0. (41)

www.mii.Jt/NA
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Problem (41) is rather well studied for the case of symmetric matrices A, B, and C
(e.g., see [23, p. 23]). We note that the eigenvalues p of the matrix S coincide with
the eigenvalues of the generalized nonlinear eigenvalue problem (41). The number of
eigenvalues of problem (41) is 2(IN — 1). Let us clarify the relationship between the
eigenvalues p of the matrix S and the eigenvalues \ of the matrix A.

By substituting an eigenvector V, of matrix A (see Eq. (34)) into Eq. (41), we obtain

(PA + B+ C)Vy = (1*Me(A) + pAe(B) + Ax(C)) Vi = 0. (42)
So, eigenvalues of the matrix S satisfy the quadratic equation
PAL(A) + pAe(B) + A\ (C) =0, k=1,N—1. (43)

Lemma 3. Each eigenvalue A (A) k = 1,N —1 corresponds to two eigenvalues p},
and 3 of the matrix S:
_ —1472(1/2—0) Mg

pp = —bp /02 —1, m=1,2, b= P vt E=T,N —1. (44)

Proof. Using relations (19), we calculate \x(A) = A\i(C) = 1 + 720\, \(B) =
—2 + 72(1 — 20)\.. By substituting these values into (43) and solving the resulting
equation, we obtain relations (44) for eigenvalues of matrix S. O

Remark 6. Equation (44) determines the relation between eigenvalues ;" and A. The
value of p;' can be complex as well as real, depending on the parameters o, 7 and
eigenvalues \.

Lemma 4. Let A, and Vi, be an eigenvalue and an eigenvector of the matrix A, respec-
tively. Let ui and pi be the eigenvalues of matrix S corresponding to N\, uy # ps.
Then

Vi
W = A — , m=1,2 k=1,N—1, 45

¢ <<uk ) 1vk) @
are linearly independent eigenvectors of the matrix S.

Proof. Consider the eigenvalue problem SW = "W, m = 1 or m = 2. Using
definition of matrix S (see Eq. (22)), we have

—-A"'B I W, m [ W1 o I v
( : 0)<W2>_”k <W2 C om=1,2k=1T,N—1, (46

where W = (W1 , WQ) Tisan eigenvector. So, two equalities are valid:
~AT'BW, - Wy = u"Wy, 47)
Wi = p'Wo. (48)
Substituting Eq. (48) into Eq. (47) and multiplying it by p;' A, we get an analogue of
formula (42): ((u)?A + u"B + A)W; = 0. Every Vi, k = 1, N — 1, satisfies

Eq. (42) with p = pj*. So, we can take W1 = V, k = 1, N — 1. Then from Eq. (48) it
follows that Wy = (ui™) =1V, O

Nonlinear Anal. Model. Control, 2014, Vol. 19, No. 3, 460475
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Remark 7. If u} # p?, k = 1, N — 1, then we have 2(N — 1) linear independent

eigenvectors W', m = 1,2, k = 1, N — 1, which form a complete eigenvector system.
If eigenvalues 11}, m = 1,2 are complex, then eigenvectors W} are also complex.

4.2 The main result

A polynomial satisfies the root condition if all the roots of this polynomial are in the closed
unit disc of complex plane and roots of magnitude 1 are simple [24,25]. For polynomial
of the second order

Ap? +Bu+C, A#0, B,CeC, (49)

the following theorem is valid.

Theorem 1. (See [26].) The roots of the second order polynomial are in the closed unit
disc of complex plane and those roots of magnitude 1 are simple if

|C|? +|AB — BC| < |A]?, (502)
|B| < 2|A|. (50b)

We rewrite the quadratic equation (43) in a form

p(p) := ap® = 2(a —n)p +a =0, 1)

where a = 1+720) € R,p = 72)/2 € R. For this real polynomial p(y), inequality (50a)
is trivial, and p(p) has two complex roots of magnitude 1. The strong inequality (50b)
ensures that these roots are simple [26]. So, polynomial p(u) satisfies the root condition
if and only if

la—n| <al (52)

(see (50b)).
Remark 8. If polynomial (43) satisfies the root condition, then p(S) = 1.
Now we formulate the main result of this article.

Theorem 2. Ifvy < 2 and

1 1
L 53
7> T2 A max (53)

then the weighted FDS (11)—(15) is stable.

Proof. Let us analyze condition (52). If a < 0, then ¢ < a — n < —a. In this case,
we have n < 0 or A < 0, which contradicts the assumption v < 2. If a > 0, then

—a<a—n<a Ify<2then A\, >0,k =1, N — 1, and inequality /2 > 0 is valid.
So, we have a > 1/2 > 0. We rewrite the inequality a > 7/2 as

1 1
If 0 > 1/4 — 1/(7*Amax), then (54) is valid for all A\, k = 1, N — 1. O
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Remark 9. The obtained inequality (53) is an analogue of the stability inequality for
three-layered difference schemes with classical Dirichlet boundary conditions (see [17]).

Remark 10. While v < 2, the eigenvalues \i, k = 1, N — 1, are in the interval (0, 4/h?).
So, we can use inequality

Si_m
O 4T 4
instead of the condition (53). If ¢ > 1/4, then the weighted FDS in unconditionally
stable. If o = 0, then the FDS is stable under the condition 7 < h.

Conclusions and final remarks

e The sufficient stability condition (y < 2 and o > 1/4 — 1/(7?\yax)) for the three-
layered weighted finite difference scheme is obtained.

e The weighted FDS in unconditionally stable under the condition o > 1/4 (y < 2).

e The (stability) condition for the weight o is the same as in the classical case 7y =
7 = 0.

e The spectrum of the matrix A is investigated. Eigenvalues are real, and eigenvectors
form a complete system (except the case of v = 2/h).

e The spectrum of A is qualitatively different (in some sence) for the cases of odd and
even number of grid points N.

e If v > 2/h? and the number of grid points N is odd, then the spectrum of matrix A is
in the interval (0,4/h?) (as well as in the case of v < 2).

e If v > 2/h, then all the eigenvalues \g, k = 1, N — 1, are positive, but eigenvalue
Amax could be greater than 4/ h?2. This affects the condition on o.
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