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Abstract. This paper considers the problem of global output feedback control for a class of
nonlinear systems with inverse dynamics. The main contribution of paper is that: For the inverse
dynamics with uncertain ISS/ISS supply rates, and the systems being disturbed by L? noises,
we construct a reduced-order observer-based output feedback controller, which drives the output
of system to zero and maintain other closed-loop signals bounded. Finally, a simulation example
shows the effectiveness of the control scheme.
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1 Introduction

Since the notion of input-to-state stability (ISS) was first introduced in [1], it has been
recognized as a central concept in nonlinear control systems. [2-5] and the references
therein investigated many kinds of properties of ISS. [6-9] and the references therein
considered controller design and stability analysis for various classes of nonlinear systems
with ISS (or ISpS) inverse dynamics. Subsequently, another important concept, integral
input-to-state stability (iISS), was firstly presented in [10], and several characterizations
on iISS were investigated in [11], in which iISS is proved to be strictly weaker than ISS.
In [12], the authors analyzed nonlinear cascades in which the driven subsystem is ilSS,
and characterized the admissible iISS-gains for stability. Recently, [13—16] gave several
Lyapunov-based small-gain theorems covering iISS systems.

So far, in addition to the above literatures, there are many other results on the design
and analysis of controller for nonlinear systems with ISS/AISS inverse dynamics. For

*This work was supported by the National Natural Science Foundation of China (61304073, 61273154,
51077066, 61203054), Natural Science Foundation of Jiangsu Province (BK20130533, BK20130536), China
Postdoctoral Science Foundation (2013M540421, 2013M541615), Specialized Research Fund for the Doctoral
Program of Higher Education of China (20133227120012), Research Foundation for Advanced Talents of
Jiangsu University (13JDG012).

(© Vilnius University, 2014



Output feedback control of nonlinear systems 287

example, Arcak et al. in [12] applied the admissible iISS-gains for stability of cascade
systems to develop a new observer-based backstepping design. Jiang et al. in [17] firstly
presented a unifying framework for the robust global regulation via output feedback
for nonlinear systems with iISS inverse dynamics. Recently, [18] further studied output
feedback regulation for a class of nonlinear systems with iISS inverse dynamics, in which
the observer gain is governed by a Riccati differential equation, and Xu and Huang
in [19] considered the output regulation problem for output feedback systems with relative
degree one and ilISS inverse dynamics. In [20], the authors considered reduced-order
observer-based output feedback regulation for a class of nonlinear systems with iISS
inverse dynamics. Recently, Yu et al. in [21,22] extended the notion and some properties
of iISS to stochastic nonlinear systems.

However, almost of the above papers only consider the ISS/iISS inverse dynamics
with known ISS/iISS supply rates. When the inverse dynamics with uncertain ISS/ISS
supply rates, how to design a feedback controller for nonlinear systems seems to be an
interesting work.

The main contribution of paper is that: For the inverse dynamics with uncertain
ISS/ISS supply rates, and the systems being disturbed by L? noises, we construct a re-
duced-order observer-based output feedback controller, which drives the output of system
to zero and maintain other closed-loop signals bounded.

The remainder of paper is organized as follows. Section 2 is problem statements.
Section 3 gives the design of output feedback controller. Section 4 is the main results.
A simulation example is given in Section 5. Section 6 concludes the paper.

Notations

R stands for the set of all nonnegative real numbers, R" is the n-dimensional Euclidean
space, |z| is the usual Euclidean norm of a vector 2. K denotes the set of all functions
v : Ry — R, which are continuous, strictly increasing and v(0) = 0; K is the set
of all functions which are of class K and unbounded, KL denotes the set of all functions
B(s,t) : Ry x Ry — Ry, which are of class K for each fixed ¢, and decrease to zero as
t — oo for each fixed s. o1(s) = O(o2(s)) as s — 0+ means that 01 (s) < c102(s) for
some constant ¢; > 0 and all s in a small neighborhood of zero, and o1 (s) = O(o2(s))
as s — oo means that o1 (s) < cao2(s) for some constant ¢o > 0 and all large enough s.
L?(Ry; R) is the family of all functions [ : Ry — R such that [~ 12(t) dt < co.

2 Problem statements
In this paper, we consider a class of nonlinear systems with the detailed form described as

n=q(t,ny),
&y =xip1 + filt, ) + it y) + di(t), i=1,...,n—1,

Yy =x,

ey
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where © = (z1,...,2,) € R", u € R, y € R are the state, the control input, and the
measurable output, respectively, n € R? denotes the inverse dynamics, (x2, ..., %,) and
n are unmeasurable signals, 7; = (z1,...,2;) € R', i = 1,...,n. It is assumed that
the modeled (or known) dynamics f;, ¢ = 1,...,n, are smooth, and the unmodeled (or
uncertain) dynamics ¢ and g;, i = 1, ..., n, are locally Lipschitz. d;(t),i = 1,...,n, are
uncertain external noise.

The control objective is to design an output feedback controller for system (1) based
on a reduced-order observer. Such controller drives the output of systems to zero asymp-
totically and maintains other closed-loop signals bounded.

The main results of paper are based on the following assumptions.

Assumption 1. For n-system of (1), there is a positive definite function V; € C* such
that

15A%,
ao(Inl) < Vo(n) <ao(lnl), T;Q(U,y) < —mo([nl) + povo(lyl), 2

where a), &, Yo are class Ko, functions, 7 is a positive-definite continuous function,
and pg is an uncertain positive constant.

Remark 1. From [11], one knows that n-subsystem satisfying (2) is iISS, and the
functions pairs (7, poyo) are supply rates. Specially, if m( is class Ko, function, the
n-subsystem is ISS.

Since pg in (2) is unknown, the inverse dynamics have uncertain ISS/iISS supply rates.

Assumption 2. The modeled dynamics f;(¢,y) < fi (y) with fi (y) being smooth func-
tion and f1(0) =0, f;(¢,Z;), i = 2,...,n, satisfy that

| fi(t, Zi) = fult, &3)| < pi] Ti — 2

where 7; = (x1,...,2;), & = (v1,22,...,%;) € R, and p; are known positive
constants with pg = (327, p?)*/2 such that the linear matrix inequality

PA+ AP+ SB+ BTST + p26,1+2Q P <0
P —61)

, 1 =2,...,m,

3)
hods, where A = (8 I(n—2)0x<n—2> ) B = (-1,0,...,0)1x(n-1), P, Q are positive definite
matrices and 4 is a positive constant.

Remark 2. Assumption 3 shows that f; includes not only the output, but also the un-
measured state variables. Moreover, f;(Z;) can be any smooth function with respect
to measurable variable x;, and be Lipschitz function with respect to the unmeasurable
variables s, . . ., ¢; with the Lipschitz constant satisfying LMI (3).

Assumption 3. For each 1 < ¢ < n, there exist unknown positive constants p;1, p;2, and
known positive-definite smooth functions ¢;1, ¢;2 such that

‘9i<t7 n,y)’ < pindir ([yl) + pizdiz (In])-
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Assumption 4. The external noise d;(t) satisfies d;(¢t) € L*(R4; R),i=1,...,n

Remark 3. Assumption 3 is an usual condition in output feedback control of nonlinear
systems (e.g., see [17,18,20,23]). Assumption 4 shows that system (1) is disturbed by L?
noises.

3 Output feedback controller design

This section gives the design procedure of global output feedback controller by using the
method of adaptive backstepping.

3.1 Reduced-order observer design

Firstly, we define a new variable v = x2 + ¢1(¢,7,y) + di(¢), which will play an
important role in the following design. We construct the following (n — 1)-dimensional
state estimation:

_@H+ﬁ€§)l( #2), i=2,...,n—1, "
Zn =t fult,@n) + ln(v — &2),
where observer gain | = (lo,...,1,)" is chosen such that
ATP + PA+ 67 PP + p2o 1 < —2Q, (5)

in which A = ( —l {J" 2 ) P, @ are positive definite matrices and §; > 0. Noting that the
signal v in (4) is unmeasurable we introduce the new observation variables

fliilflly, Z:2,,77,, (6)
which, together with (4), leads to

éi = i'H’l + fl(t7§.1) - ll(fl(tvy) +i'2)7 1= 27° e, = ]-7
En = u+ fult ) — ln(fi(t,y) + @2).

From (6), one obtains f;(t, ;) = fi(t,y, &a,...,25) = fi(t,y,& +loy, ..., &+ Ly) =
f; (t,y,&), where & = (&,...,&;). Substituting (6) into (7), one obtains the reduced-
order observer
Gi=C&m+liny+ fittb,y,&) - LAty +&+by), i=2....n—1,
én =u+ fn(ta ya{n) - ln(fl(tay) + 52 + le)'

Defining the error variables e¢; = z; — Z;, 2 < 72 < n, by (1) and (4), one has

éi = —liex + eip1 + fi(t,Ti) — filt, ) — Liga(t,m, y)
—Lidy(t) + gi(t,m,y) +di(t), i=2,...,n—1,
€, = —lpes + fn(t7 fn) - fn(ta-%n> —lag1 (t7777y)
= lndi(t) + gn(t,1,y) + dn(t),

(7
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which, in compact notation, is rewritten as
¢ =Ae+ F(t,x) — F(t,2) + G(t,n,y) + D(t), ©)

where e = (627 e ,€n)T, F(t,z) = (fg(t,fg), ey fn(t7§7n)>T, F(t,@) = (fg(t, %2),

o faE)E Gl y) = (92— 291, - gn — lngr) T, D(t) = (do(t) — lady (), . . .,
dn(t) — lndi(t))T. Setting € = 1/p*e, p* = maxi<i<n{l, pi1, Pia, P32}, then (9) be-
comes

€= Ae+ I%(F(t, z)— F(t,2)) + ]%G(t, n,y) + Z%D(t), (10)

which together with (1) and (8) consist of the following controlled system for feedback
design:

1= q(t,n,y),
. 1 . 1 1
e=Ae+ E(F(t, x) — F(t,2)) + EG(tm, y) + Z?D(t)7

y=E& +pex+ly+ filt,y) +91(t,n,y) +di(t),

) _ _ (11)
& =&+ lsy + fo(t,y, &) — L (fi(t,y) + & + lay),

én =u+ fn(tayagn) - ln(fl(tay) +& + l2y)

Remark 4. By Schur compliment lemma in [24], (5) can be solved by the linear matrix
inequality (3). P, S and d; in (3) can be solved by using LMI toolbox in MATLAB and
the observer gain | = P18,

Remark 5. In [20], there is a mistake in the choice of observer gain. Here we correct it

and give a LMI algorithm of it.

3.2 Adaptive controller design
Now, we give the adaptive controller design procedure by using the backstepping method.

Step 1. Begin with the y-subsystem of (11) and consider &2 as the virtual dynamic control
input. We define the 1st dynamic virtual control input

o = —ckp1(y)y, k= ITY1(y)y?, (12)

where I', ¢ are two positive parameters and ¢ is a smooth positive design function,
introduce a new intermediate variable vo = &3+ I3y + fa(y, &2) — la(f1(y) + &2 + lay) —
o /0K (y)y?, and set 21 = & — aq (K, y), obviously,

. 0 e
zlzvz—%(£2+lgy+p &+ f1+ g1+ di(t)). (13)
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Step 2. Denoting Vi = (1/2)y?, viewing &, as the virtual control input, and considering
the Lyapunov function Vz = (1/2)y? + (1/2)2%, with the use of (11)~(13), one has

. Oda
Vo=2 <v2+y— aiyl(fz +hy+pe+fita +d1))

—ckhry” +y(p e + by + f1 + g1 + dv). (14)
By Young’s inequality, one leads to
1 1
21y < 523 + §y2, (15)
0oy _ 2e0p* + p*? [ Doy ? 2 5 9 d3
- * d < - ,
ay Z1 (p €2 +gl + 1) 262 ay 2] + €269 + 2p* + 2p*

where €5 is a small design parameter to be determined in Appendix. We define an un-
known constant @ such that § > (2eap* 4 p*?)/(2¢2), and set D1 (¢, &, 7,y) = y(p*ez +
loy + f1+ g1 +d1) + (1/2)y* + €283 + g2 /2p* + d2 /2p*, by (14) and (15), some simple
manipulations lead to

60&1

2
(€ + oy + f1) + e() ) — enthr (9)y” + 1.

. 1 Oa
Vs <z1<v2+z1—
Jy

1

27 oy
Letting 0 be the estimate of the unknown parameter 6, choosing Va = Vi + 1/(2I) X
(é — 0)2, where I'y > 0 is a parameter, and setting 2o = &3 — ag(/@,y,fg,é), T =
Iy(9a1/0y)?2t, and oz = —c121 — (1/2)21 —lsy — fo+ 2 (fi + &2 +12y) + (O /Ok) X
Tip1y? + (a1 /0y) (&2 + Loy + f1) — 0(day /0y)? 21, in which ¢; > 0 is a constant, one
can verify that

- 1 ~
Vy < —cm/;l(y)yQ + P+ 2129 — clzf + Fg(@ —0)(0 —m), (16)

and the variable z, satisfies

) Jdag » Oa .
22=U3—87;9—87;(§2+P e +ly+ fi + g1 +dy),

where vz = & + Loy + f3 — I3(f1 + & + loy) — Doz /Ok)Try? — (Daa/06s) (&5 +
I3y + f2 — la(f1 + &2 + l2y)).

Step 1 (3 < 7 < n). Atstep ¢, one can obtain the similar property to (16). Such a result is
presented by the following lemma, for notational coherence, denote © = &£, 1.

Lemma 1. For each i = 3,...,n, there exist smooth functions «;, 7;_1, ®;_1, variable
z; = &i11 — , and positive constant ¢;_y such that V; = V;_1 + (1/2)2?_, satisfies

‘L/i < —erh (Y)Y + i1 + zioa12

i—1 1—1
1 /. Oovs X
— E CjZJ2+1_10<0—9— E F92j85>(9—7'i_1). (17)
j=1 =1
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Proof. See Appendix. O

Hence at step n, by Lemma 1, there is a smooth dynamic output feedback controller

u:an(‘%7y7§2a"'7§n’é)a K:le(y)y27 é:TH—la (18)

such that V,, = (1/2)y? + (1/2) 3207) 22 + (1/2) (0 — 0)? satisfies

Vi < —crtn (y)y? + Py — Zc] 2. (19)

4 Main result

Before giving the main result of paper, we need the following lemmas.

Lemma 2. Consider the n-subsystem satisfying Assumption 1.

(i) If iminfs_, o mo(8) = oo, then, for any positive-definite continuous function ¢ with
¢(s) = O(mo(s)) ass— 0+,

there always exist a positive-definite function o and a class K, function p such that

j¢(!n(7)!) a(|mol) + o/tw

where Py is unknown positive constant. Moreover, if o is such that vo(s) = O(s?)
as s = 04, so is .

(i) If liminf,_, o mo(s) < 00, then, for any positive-definite continuous function ¢ with
¢(s) = O(mo(s)) ass— 0+ and s — oo,
the same conclusion of (i) also holds.
Proof. The proof of Lemma 2 is similar to the proof of Proposition 2 in [20]. O

Lemma 3. There are unknown positive constant 6y, which is dependent on €3, p*, p;1,
pi2 (1 < i < n), ly and relative degree n, and uncertain L?(R.; R) functions D1 (t),
Dy(t), D3(t) such that

|B1| < meaed + 00 (v + F2(y) + 021 (ly]) + o2 (Inl)) + Di(),

\Gl2 2412 Syl + oA (yD) + Y 4@t (1nl) + 6% (1nl)) + D3 (®),

=2

1
p!DW < D3(1).
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Proof. With the aid of the completion of squares, it follows directly from the definitions
of @,,_1, G and D(t). O

Theorem 1. Suppose that Assumptions 1-4 hold with the following properties:

2 (s) = {O(ﬂ'o(s)) as s — 0+ if liminf,_, o mo(s) = oo, 20)
00

& O(mo(s))as s = 04, s = oo if liminfs_, o mo(s) <

foralli =1,...,n,andyy(s) = O(s*) as s — 0+. Then by choosing the design function
1, one has:

(i) The solutions of (1), (8) and (18) are well-defined and bounded over [0, ).
(i) lims—oo(y(t)| + [n(2)[) = 0.

Proof. (i) Choosing the Lyapunov function V, = &* Pe, where P = PT > 0 is defined
in (5), and V. = V, + V,,, by (10) and Lemma 3, one has

. 2 2 2
Ve=e"(A"P+PA)e+ —e"P(F(t,z) — F(t,2)) + —¢ PG+ —¢&' PD
p p P

<e' (AP + PA)e+ 6 e PPe + ;*12|F(t, x) — F(t, :i)|2

5 P)
+ 265" PPe + pTQQ|G|2 + ])722|D|2

<e"(ATP+ PA+67'PP + 61p31 + 20, ' PP)e

n

+402 ) (1Bt (1yl) + 0 (1v1))
1=2

+465 Y (Feta(Inl) + 6% (Inl)) + 02(D5(t) + D3(1)). @

=2

From (19), (21) and Lemma 3, it follows that

Ve < —crth(y)y” + 00 (y” + fi(y) + 11 (1y]) + 612 (Inl))
+Di(t) + 02 (D3(t) + D3(1))
+&" (ATP+ PA+ 67 PP + 61p51 + 205 ' PP + neyI)é

n n

+462 Y (263, (lyl) + 07 (1])) + 462 Y (123, (1nl) + o (nl))- (22

=2 =2

One can choose sufficiently large d» and sufficiently small e such that 205 lpp +
nexl < @, which together with (5) imply that

ATP+ PA+ (67" +265 )PP + (pio1 + ne2) I < —Q, (23)

Nonlinear Anal. Model. Control, 2014, Vol. 19, No. 2, 286-299
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where @ is defined in (5). By Assumption 1, Lemma 2 and (20), one has

t

/ 6% (|n(s)]) ds < os ([1(0)]) + o / oin (Ju(s)]) ds, (24)
0

0

where o; are positive definite functions, p;; € Koo with ;1 (s) = O(s?) as s — 0+, and
Dio are unknown positive constants.
Choose a smooth design function ¢/; to satisfy

¥1(y)y? = max{y® + f2(y) + o3, (1)), 2% (Jyl) + ¢4 (1y]).
ea(lyl), v (lyl), 1 <i<n}. (25)

Such a function 17 always exists due to the fact that f1, ¢;; are smooth near zero with
f1(0) = ¢:1(0) = 0, and ;1 (s) = O(s?) as s — 0+. Then it follows from (22) and (25)
that

Ve < —crry® + (00 + 4(n — 1)82)1y® + o35 (In))
+405 3" (1263, (Inl) + 0% (1nl)) + D3(t) + 62(D3(8) + D3(t).  (26)
=2

Integrating on both sides of (26) from 0 to ¢, and noting & = 'Y (y)y? in (18), by (24)
and (25), one gets

t

Ve(t) = Ve(0) < —ﬁpﬁ(t) + dik(t) +do + /Di(s) ds, (27)
0

where d; = (1/F)(290p~10 + 8(7’L — 1)52 + 464 Z?:2 l?ﬁio), do = —dlﬁl(O) + C/(QF) X

622(?))?9001(I77(0)\)+452 Yiza(oi([n(0)))+ a1 (In(0)])). DE(t) = DI (t)+02(D3(t)+

D3 (t)).

Assume that the solutions of the closed-loop system are defined on a right-maximal
interval [0,T) with 0 < T < oco. Next, we will prove that () is bounded on [0,7")
by contradiction. Suppose that #(t) is unbounded, since & = I')1(y)y? > 0, so x(t) is
increasing and tends to oo as ¢ — T'. Dividing both sides of (27) by «(t) for sufficiently
large t (where ¢ < T'), one gets

—V.(0) —dy — [T D2(s)d
V..(0) Z(t)fo i(s) Sg_%/@(t)-kdl. (28)

Since D1, Do, D3 € L*(Ry; R), so Dy € L?>(R4; R). Ast — T, the right side of (28)
converges to —oo, while the left side of (28) converges to zero, which is a contradiction.
Consequently, «(t) is bounded on [0, T').

By (12), (25) and the boundedness of k(t), we obtain that fot ~Yo(|ly(s)]) ds is bounded
on [0, T"), which together with (2) imply that V5 (n(t)) and () remain bounded on [0, T').
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Using (27) and the boundedness of k(t), one also concludes that V(¢) is bounded
over [0, 7). By definition of V.(¢) in (21) above, it holds that the closed-loop signals y(t),
z1(t), ..., zn_1(t), O(t) and &(t) are all bounded over [0, T"). From the definition of z; (t)
and «;(t), it is not hard to prove that &;(t), ;(t), u(t) are bounded over [0, T'). Therefore,
T = o0, and conclusion (i) holds.

(ii) By the boundedness of y(t) and y(¢), then ~vo(|y(t)|) is uniformly continu-
ous in [0,00). Using fooo Yo(Jy(t)|) dt < oo and Barbalat’s lemma in [23], one has
limy o0 Yo (|y(¢)]) = 0 and limy 0 y(t) = 0. By Assumption 1, [~ ~0(|y(t)]) dt < oo
and Proposition 6 in [10], one has lim;_,~, n(t) = 0. By (21), (23) and (24), one can
obtain that fooo elQe(t)dt < oo, so by Barbalat’s lemma, lim; ,., &(t) = 0. This
concludes the proof. O

5 A simulation example

Consider the following nonlinear system with inverse dynamics and noises:

N = —arctann + doy?,

=xo + fi(z1) + + + e
1= T ,
1 2 1(T1 P11y 17121 | | 141
772 29)
=u-+ + + 5 + d
To=1u fz(ffz) P21y p221 7 2e" ,
Yy =,

where fl(xl) = LL‘%, fg(ifg) = x1 + cosxs, and p11, P12, P21, P22, do, d1 anq do are
unknown constants. Choosing V() = narctann, it is easy to verify that V() <
— arctan? |n| + 3doy?.

With the notations of Assumptions 1-4, one can take 7y (|n|) = arctan (ly]) =
3y2, oui(lyl) = (Inl) = Inl/( ) d21(lyl) = 2 da2(lnl) = n*/(1 +n?).
Then ¢%,(s) = O(mo(s)) as s — 0+ and s — oo, i = 1,2, the conditions of Theorem 1
are satisfied.

By (8), the reduced-order observer is given by

S =u+ fa(y, & +ly) — (fi(y) + & + 2y). (30)

According to Section 3, the dynamic output feedback control law can be designed as

2
=Dy, 6=, (8‘“> 2

dy
1
u= -1z - A - f2(y, & + lay) + L2 (f1(y) + & + lay) €2
8&1 8 3051
—1TI l -0
+ 20 s+ 20 e ot 1)~ (%2
where a1 = —ck)1(y)y, 21 = & — a1, and I, Iy, ¢, ¢; are positive parameters.
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Fig. 1. The responses of closed-loop system (29)—(31).

By the proof of Proposition 2 in [20], one can take 11 (|y|) = @a1(Jy|) = 3y? in (24).
So 91 (y) in (25) can be chosen as 11 (y) = 2y + 13 + 3.

In simulation, we choose the parameters ¢ = 0.1, ¢; = 0.1, 1y = 1, I} = 0.8,
I' =0.6,p11 =1,p12 =1,pa1 =0.5,p0 =0.5,dy =1, dy = 3, dy = 5, the initial
values 7(0) = —2, 21(0) = —0.8, 22(0) = —0.5, £&(0) = 0.1, £(0) = 0, H(0) = 0.5.
Fig. 1 gives the responses of closed-loop system (29)—(31).

6 Conclusions
This paper considers global output feedback control for a class of nonlinear systems with
inverse dynamics and L? noise. For the inverse dynamics with uncertain supply rates, the

reduced-order observer based output feedback controller is constructed, which drives the
output of system to zero asymptotically and maintains other closed-loop signals bounded.

Appendix. The proof of Lemma 1

Assuming that V;_ satisfies the similar properties to (17), noticing that

. Jda;_q1+  Oay_q B
Zio1 = v — —0 — +preés +ly + f1 + g1 +dy),
1 Y, dy (52 p e2 2+ fi+ o 1)
z Oa;_q 2
vi =& Fliy + fi — Li(fi + &+ lay) — B Iy
L Aoy _
=3 T E iy = LU & b)), (32)
j=2 J
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there holds
i—2
Vi < —crthi (V)Y + Bio + 2221 — Y 2]
j=1

1 =z Oa;i \ -
+—10-0-S TIyz;—L | (0 —7i_
Fe( 32::1 HJ[)H)( Tiz2)

Oa;—1;  Ooyq _ )
4+ ziiq1 | v — —0 — +p*es+ly+ f1+qg1+dy) |- 33
1 ( PY; ay (2 +p e +ly+ fi+g1+di) (33)

Using Young’s inequality, it follows that

Oay;
- (;y 12’1‘—1(17*52 +g1+di)
2e0p* 4 p*? [ i1\ 2 d?
22 2P p i—1 2 91 1
: . 34
Sect T, ( dy ) o T o G
Define
Oy ? 2 2 9% d%
i—1 = Ti—2 + I 1, b, 1=D;_ e ,
Ti—1 Ti—o + 9( ay )le 1 2+62€2+2p*+2p*
o = —cCi12i1 — Zi—a — lip1y + Li(fi + &+ loy) — fi + (52 + Loy + f1)
1—1
Jday; 8%,
+Z 3 (G iy + fi — LA+ &+ ly) + 3 '
= % "

8051'_1 8041 1 =z 8043 6041 1
i —0 i I i1
e (&u)zﬁz%aee Toy )

where [,, 1 = 0, which together with (32)-(34) and z; = £;+1 — «; imply that

i—1
Vi < e )y + Pior + zicizioa — )¢z
=1
1 i—2 80&' . ’ 30{ 2
—0-0-S " Ipz; =L | (6 —7i_ | =0 =5 ) =i
+[‘9< z:: bz 69>( Ti—2) + 2 1(( )( oy )z 1
1—2
aa aaz 1 86”71 5
+Zz§ jF9< 2y >Zi—1 2 (971'—1)>
i—1
:—Cﬁﬂpl( )y +¢z 1+Z’L 125 — ZCJ J
j=1
) i—1 oo\
= (0-0-S"Ipz;—L |(6—7ii0). 35
r9< ; )2, ae)( D (35)
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