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Abstract. We establish some common fixed point theorems for mappings satisfying an a---
contractive condition in generalized metric spaces. Presented theorems extend and generalize many
existing results in the literature.
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1 Introduction and preliminaries

Fixed point theory is an important and actual topic of nonlinear analysis. Moreover,
it’s well known that the contraction mapping principle, formulated and proved in the
PhD dissertation of Banach in 1920 which was published in 1922 is one of the most
important theorems in classical functional analysis.

During the last four decades, this theorem has undergone various generalizations
either by relaxing the condition on contractivity or withdrawing the requirement of com-
pleteness or sometimes even both. Recently, a very interesting generalization was ob-
tained in [1] by changing the structure of the space itself. In fact, Branciari [1] introduced
a concept of generalized metric space by replacing the triangle inequality by a more gen-
eral inequality. As such, any metric space is a generalized metric space but the converse
is not true [1]. He proved the Banach’s fixed point theorem in such a space. For more, the
reader can refer to [2-11].

It is also known that common fixed point theorems are generalizations of fixed point
theorems. Thus, over the past few decades, there have been many researchers who have in-
terested in generalizing fixed point theorems to coincidence point theorems and common
fixed point theorems.

In this paper, we prove some common fixed point theorems for a larger class of a-1)-
(-contractions in generalized metric spaces and improve the results obtained by Lakzian
and Samet [12] and Di Bari and Vetro [13].
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2 Definitions and known theorems

Let R denote the set of all positive real numbers and N denote the set of all positive
integers.

Definition 1. Let X be a non-empty set and d : X x X — [0, 400 be a mapping such
that, for all ,y € X and for all distinct points u,v € X each of them different from x
and y, one has

(1) d(x,y) = 0if and only if x = y,

(i) d(z,y) = d(y, z),
(iii) d(z,y) < d(z,u) + d(u,v) + d(v,y) (rectangular inequality).

Then (X, d) is called a generalized metric space (or shortly GMS).

We note that (iii) of Definition 1 does not ensure that d is continuous in each variable,
see [10]. Also, in a GMS the notions of convergent sequence and Cauchy sequence are
the same as in a standard metric space.

Definition 2. Let (X, d) be a GMS, {z,,} be a sequence in X and z € X. Then
(i) We say that {x,,} is GMS convergent to z if and only if d(x,,,z) — 0 as n — +o0.
We denote this by z,, — .
(ii) We say that {z,,} is a GMS Cauchy sequence if and only if, for each ¢ > 0, there
exists a natural number n(e) such that d(x,,, z,,,) < ¢ forall n. > m > n(e).
(iii) (X, d) is called GMS complete if every GMS Cauchy sequence is GMS convergent
in X.
We note that a convergent sequence in a GMS is not necessarily a Cauchy sequence,
see again [10].
We denote by ¥ the set of functions ¢ : [0, +00[— [0, +00[ satisfying the following
hypotheses:
(¥1) 1 is continuous and nondecreasing,
(12) ¥(t) = 0if and only if ¢t = 0.
We denote by & the set of functions ¢ : [0, +00[— [0, +-00] satisfying the following
hypotheses:
(¢1) @ is lower semi-continuous,
(¢2) ¢(t) =0ifand onlyif t = 0.
In [12], Lakzian and Samet established the following fixed point theorem involving
a pair of altering distance functions in a generalized complete metric space.

Theorem 1. Let (X,d) be a Hausdorff and complete GMS and let T : X — X be
a self-mapping satisfying

¥ (d(Tz, Ty)) < ¢ (d(z,y)) — ¢(d(z,y))

forall x,y € X, where ) € ¥ and ¢ : [0, +00[— [0, +00] is continuous and p(t) = 0 if
and only ift = 0. Then T has a unique fixed point.
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Let X be a non-empty set and 7', f : X — X. The mappings 7T, f are said to
be weakly compatible if they commute at their coincidence points (i.e. Tfx = fTx
whenever Tx = fx). A point y € X is called point of coincidence of 1" and f if there
exists a point z € X such that y = Tz = fz. In [13], Di Bari and Vetro established the
following fixed point theorem.

Theorem 2. Let (X,d) be a Hausdorff GMS and let T and f be self-mappings on X
such that TX C fX. Assume that (fX,d) is a complete GMS and that the following
condition holds:

¢(d(Tx, Ty)) < ¢(d(fz, fy)) — e(d(fz, fy))

forall x;y € X, where ¢ € W and ¢ € ®. Then T and f have a unique point of
coincidence in X. Moreover, if T and f are weakly compatible, then T and f have
a unique common fixed point.

3 Main results

In this section, we prove some common fixed point results for two self-mappings satisfy-
ing an a-1p-@-contractive condition. For the notion of c-ip-contractive type mappings, see
Samet et al. [14]. Following [14], we introduce the notion of f-«-admissible mapping.

Definition 3. Let7,f : X — X and @ : X x X — [0, +oo[. The mapping T is f-a-
admissible if, for all x,y € X such that o(fz, fy) > 1, we have a(Tz, Ty) > 1. If f is
the identity mapping, then 7" is called a-admissible.

Definition 4. Let (X,d) be a GMS and @ : X x X — [0,+o00[. X is a-regular if, for
every sequence {x,,} C X such that o(x,,,z,41) > 1 foralln € Nand z,, — z, then
there exists a subsequence {x,,, } of {x,,} such that a(x,,, ,x) > 1 forall k € N.

Theorem 3. Ler (X, d) be a GMS and let T and f be self-mappings on X such that
TX C fXanda : X x X — [0,+00[. Assume that (fX,d) is a complete GMS and
that the following condition holds:

d(alfr, fy)d(Ta,Ty)) < P(M(z,y)) — ¢(M(z,y)) (1)
forall x,y € X, where ) € ¥, ¢ € & and

M (z,y) = max{d(fz, fy),d(fz,Tx),d(fy, Ty)}.

Assume also that the following conditions hold:
(1) T is f-a-admissible;
(ii) there exists xo € X such that o(fxo, Txo) = 1;
(i) X is a-regular and, for every sequence {x,,} C X such that a2y, xpy1) > 1, we
have oy, xy) = 1 for allm,n € N withm < n;
(iv) either afu, fv) = 1 or a(fv, fu) > 1 whenever fu = Tu and fv = Tw.
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Then T and f have a unique point of coincidence in X. Moreover, if T and f are
weakly compatible, then T and f have a unique common fixed point.

Proof. Let zp € X such that o(fzo,Txg) > 1. Define the sequences {z,,} and {y,}
in X by
Yn = fCny1 =Tx,, neNU{0}.

Moreover, we assume that if y,, = Tz, = T'Tp4p = Yn1p, then we choose T, pi1 =
Zp+41- This can be done, since TX C fX. In particular, if y,, = Y41, then y, 11 is a
point of coincidence of 7" and f. Consequently, we can suppose that y,, # 4,41 for all
n € N.

By condition (ii), we have a(fxo,Txo) = a(fxo, fz1) = 1. Since, by hypothesis,
T is f-a-admissible, we obtain

Oé(T.’I?O,T.ﬁ1> = O[(fﬂ?l, fx2) 2 1a a(TthxQ) = a(fx2a fl'g) 2 1.
By induction, we get
a(fan, frpy1) 21 foralln € NU{0}.

Now, by (1), we have

@[J(d(Tﬂ:n,Tan)) (a(fxn, fxn+1)d(T;vn,Txn+1))

<Y
SY(M(2n, ny1)) — (M (20, 2ny1)),
where
M (2, Tny1) = max{d(fzn, fTpi1), d(frn, Toy), d(fEni1, TTpi1)}
= max{d(Yn—1,Yn), dYn, ynt+1) }-
This implies
(AT 2, Tni1)) <YM (@0, 2011)) — (M (20, Tn41)) 2)

for all n € N. Now, if M (2, Znt1) = d(Yn, Yn+1), from (2) we deduce

w(d(ynv ynJrl)) < ¢(d(yna yn+1)) - @(d(ynv ynJrl)) (3)

and, hence, d(yn,yn+1) = 0, which is a contradiction. Thus M (x,,xnr11) =
d(Yn—1,Yn) > 0, then from (2) we get

w(d(ymyn+1)) < ¢(d(yn71a yn)) - ‘p(d(ynfhyn)) < w(d(ynflayn))'

Since v is nondecreasing, then d(y,, yn+1) < d(Yn—1,yn) for all n € N, that is, the
sequence of nonnegative numbers {d(y,, yn+1)} is decreasing. Hence, it converges to
a nonnegative number, say s > 0. If s > 0, then letting n — +o0 in (3), we obtain
P(s) < P(s) — p(s) which implies s = 0, that is

lim d(y’ru yn-‘rl) =0. (4)

n——+oo
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Suppose that y,, # Y, for all m # n and prove that {y,, } is a GMS Cauchy sequence.
First, we show that the sequence {d(Yn, yn+2)} is bounded. Since d(yn,yn+1) — 0,
there exists L > 0 such that d(y,,Yn+1) < L forall n € N. If d(yn, ynt2) > L for all
n € N, from

M(’l}n, In+2) = max{d(fxna fxn+2)7 d(fll‘n, T‘Tn)a d(fxn—l-Q’ T$n+2)}
= d(yn—la Zln+1)

and (iii) follows

Y(d(WYns Ynt2)) = (d(Txy, Tap2))
< ¢(a(fxm frnio)d(Txy, Txn—ﬂ))
< 1/J(M(xn, xn+2)) - go(M(zn, xn+2))
< (d(Yn—1,Yn+1))-

Thus the sequence {d(yn,yn+2)} is decreasing and, hence, is bounded. If, for some
n € N, we have d(yn—1, Yn+1) < L and d(yn, Yn+2) > L, then from

¢(d(yn, Yn+2 ) (d Ty, TanrQ))
V(o fn, frpp2)d(Tan, Txnis))
’(/}(M(mnaxn+2 ) @(M(xnyxn+2))

< (M (zn, Tri2)) < (L),

<
<

we get d(Yn, Ynt2) < L, a contradiction. Then d(yn, Yn+2) > L or d(yn, Ynto) < L for
all n € N and in both cases the sequence {d(yy, Yn+2)} is bounded. Now, if

Um d(yn,yn+2) =0 Q)

n—-4o0o

does not hold, then there exists a subsequence {y,, } of {y,} such that d(yn, , Yn, +2) —
5 > 0. From

d(ynk 15 ynk+1) d(ynk 1, Z/nk) + d(ynk ) ynk+2) =+ d(ynk"rl? ynk+2)
and

d(ynk ) ynk+2) d(ynk 1, ynk) + d(ynk 1, yﬂk-‘rl) + d(ynk"rl? ynk-‘rQ)

we deduce that

kgr_f_l d(ynk 17ynk+1) S.

Now, by (1) with x = z,,, and y = x,, 2, we have

w (d(Txnk 5 T-rnk—&-Q)) ¢(a(f33nk y fxnk—&-Q)d(Txnk ) Txnk-&-Q))

<
g ¢(M($n,k7xnk+2)) - (,O(M(Ink,xnk+2)), (6)
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where
M(xnk s xnk+2) = Inax{d(fxnk 5 fxnk+2)v d(fmnk y T:an), d(fxnk+27 Txnk+2)}
= max{d(ynk717 y’ﬂk+1)7 d(y’nk/717 y’nk)7 d(ynk+17 y’nkJrQ)}'
This implies

lm M(zp,,Tn,+2) = S.
k—+oco

From (6) as k — 400, we get 1(s) < 9(s) — ¢(s) which implies s = 0.
Now, if possible, let {y,} be not a Cauchy sequence. Then there exists ¢ > 0 for
which we can find subsequences {y,,, } and {yn, } of {y,} with ny > my > k such that

d(yMk7y7lk) 2 €. @)

Further, corresponding to my, we can choose ny in such a way that it is the smallest
integer with n — my > 3 and satisfying (7). Then

d(ymkaynkfl) <e. (8)
Now, using (7), (8) and the rectangular inequality, we get
& < d(Ymyr Yni)

g d(ynkvynk72) + d(ynkf% ynkfl) + d(ynkfla ymk)
< d(ynkvynk—Q) + d(ynk—Qaynk—l) +e.

Letting k — +oo in the above inequality, using (4) and (5), we obtain

A(Yrmy s Yng) — €T )

From
d(ymk ’ ynk) - d(ymk717 ymk) - d(ynkflu ynk)
< d(ynk—la ymk—l) < d(ynk—la ynk) + d(ymkaynk) + d(ymk—la ymk)a

letting £ — +00, we obtain
d(ymk—lvynk—l) — E. (10)

From (1) with x = z,,, and y = z,,, , we get

w(d(Tmmk ) Txnk)) ¢(a(f$mk7 frn,)d(Tm,, Tmnk))
¢(M(f$mk, fxnk)) - @(M(fmmm f-rnk))’

<
<

where

M(fmnzka fxnk) = maX{d(fxmk ) fxnk)7 d(fx"k ’ T'rnk)’ d(fxmk ’ Txmk)}
= max{d(ynk—la ymk—l); d(ynk—la ynk)v d(ymk—17 ymk)}
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Now, using the continuity of 1) and the lower semi-continuity of ¢ as k — +00, we obtain

which implies that € = 0, a contradiction with ¢ > 0. Hence, {y,} is a GMS Cauchy
sequence. Since (fX,d) is GMS complete, there exists z € fX such that y,, — 2. Let
y € X be such that fy = z. Since X is a-regular there exists a subsequence {yy, } of
{yn} such that a(yn, —1, fy) = 1forall k € N. If fy # Ty, applying inequality (1) with
T = T, , We obtain
¢(d(Txnk ) Ty)) < w(a(fxm ) fy)d(Tl'nk ) Ty))
<YM (fn,, fy) — o(M(frn,, fy),

where

M(fxp,, fy) = max{d(fzn,, fy),d(frn,, T, ),d(fy, Ty)}
= max{d(ynk—l, fy)a d(ynkflv ynk)a d(fyv Ty)}

Now, from
d(ynkfl,fy%d(ynk—l,ynk) _>O aSk_>+OO)

for k great enough, we deduce M (fx,, , fy) = d(fy,Ty). On the other hand,

implies
d(fy, Ty) < lminf d(Ten,, Ty).

Since v is continuous and nondecreasing, for k great enough, we get

V(d(fy,Ty)) < 1ki§+irolof1/)(d(Txm,Ty)) <Y(d(fy, Ty)) — e(d(fy,Ty))

which implies d(fy, Ty) = 0, that is, z = fy = T'y and so z is a point of coincidence
for T and f.

Suppose that there exist n,p € N such that y,, = y,,1,. We prove that p = 1, then
frny1 = Ty = TTpi1 = Ynt1 and so y,41 is a point of coincidence of 7" and f.
Assume p > 1, this implies that d(yn4p—1,Yn+p) > 0. Using (3), we obtain

"/)(d(ym yn-i-l)) = w(d(yn-i-py yn-‘rp-‘rl))
< w(d(ynﬂa—lv yn+p)) - @(d(ny+p—17 yn+p))
< 1/)(d(yn+p—1v yn+p))'

Since the sequence d(yy, yn+1) is decreasing, we deduce

P (d(yru yn+1)) < (d(yn7 yn+1))a
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a contradiction and, hence, p = 1. We deduce that 7" and f have a point of coincidence.
The uniqueness of the point of coincidence is a consequence of the conditions (1) and
(iv), and so we omit the details.

Now, if z is the point of coincidence of 7" and f as T" and f are weakly compatible,
we deduce that fz = Tz and so z = fz = T'z. Consequently, z is the unique common
fixed point of 7" and f. O

From Theorem 3, if we choose f = Ix the identity mapping on X, we deduce the
following corollary.

Corollary 1. Ler (X,d) be a complete GMS, let T be a self-mapping on X and o :
X x X — [0, +o0[. Assume that the following condition holds:

(@, y)d(Tz, Ty)) < ¥(M(z,y)) — ¢(M(z,y)) (11
forallz,y € X, where € ¥, ¢ € Y and
M(z,y) = max{d(z,y), d(z,Tz),d(y,Ty)}.

Assume also that the following conditions hold:
(1) T is a-admissible;
(ii) there exists vo € X such that a(xg, Txo) = 1;
(i) X is a-regular and, for every sequence {x,,} C X such that a2y, Tpy1) > 1, we
have oy, xy) = 1 forallm,n € N withm < n;
(iv) either a(u,v) = 1 or a(v,u) > 1 whenever u = Tu and v = T.

Then T has a unique fixed point.

From Theorem 3, if the function & : X x X — [0, 4o00] is such that a(z,y) = 1 for
all x,y € X, we deduce the following theorem.

Theorem 4. Let (X, d) be a GMS and let T and f be self-mappings on X such that
TX C fX. Assume that (fX,d) is a complete GMS and that the following condition
holds:

Y (d(Tz,Ty)) <»(M(z,y)) - o(M(z,y)) (12)

forall z,y € X, where ) € ¥, p € ¢ and
M(z,y) = max{d(fz, fy),d(fz,Tz),d(fy, Ty)}.

Then T and f have a unique point of coincidence in X. Moreover, if T and f are weakly
compatible, then T and f have a unique common fixed point.

Let X be a non-empty set. If (X, d) is a GMS and (X, <) is a partially ordered set,
then (X, d, <) is called a partially ordered GMS. Then x,y € X are called comparable if
x R yory = z holds. Let (X, <) be a partially ordered set and 7', f : X — X be two
mappings. T is called an f-nondecreasing mapping if Tx < Ty whenever fo =< fy for
allz,y € X.

From Theorem 3, in the setting of partially ordered GMS spaces, we obtain the
following theorem.
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Theorem 5. Ler (X, d, <) be a partially ordered GMS and let T and [ be self-mappings
on X suchthatTX C fX. Assume that (f X, d) is a complete GMS and that the following
condition holds:

Y(d(Tx, Ty)) < »(M(z,y)) - o(M(z,y)) (13)
Sforall x,y € X such that fx < fy, where v € ¥ and ¢ € @ with (t) — p(t) = 0 for
allt > 0, and

M (z,y) = max{d(fz, fy),d(fz,Tx),d(fy, Ty)}.

Assume also that the following conditions hold:
(1) T is f-nondecreasing;
(ii) there exists xo € X such that fxg = Txp;
(i) if {zn} C X is such that ©,, X T, 41 for alln € N and x,, — x, then there exists
a subsequence {x,, } of {xn} such that x,, < x forall k € N;
@iv) forall u,v € X suchthat fu = Tuand fv = Tw, then fu and fv are comparable.

Then T and f have a unique point of coincidence in X. Moreover, if T and f are weakly
compatible, then T and f have a unique common fixed point.

Proof. Define the mapping o : X x X — [0, +oo[ by

1 ifz,ye fXandzx <y,

a(z,y) = .
0 otherwise.

The reader can show easily that T is an f-a-admissible mapping. Now, let {z,} be

a sequence in X such that a(x,,, x,,11) > 1 foralln € Nand z,, — 2 € X asn — +o0.

By the definition of o, we have

Tp,Tnt1 € fX and z, .41 foralln e N.

Since fX is complete, we deduce that x € fX. By (iii), there exists a subsequence {z, }
of {x,} such that x,,, < x forall k¥ € N and so a(xy,,x) > 1forall k € Nand so X
is a-regular. Moreover, &(z,, x,) = 1 for all m,n € N with m < n. Hence, (iii) of
Theorem 3 holds. The same considerations show that (ii) and (iv) of this theorem imply
(i1) and (iv) of Theorem 3. Thus the hypotheses (i)—(iv) of Theorem 3 are satisfied. Also
the contractive condition (1) is satisfied, since a(fz, fy) = 1 for all 2,y € X such
that fo < fy. Otherwise ¥ (a(fx, fy)d(Tz,Ty)) = 0 and so condition (1) holds. By
Theorem 3, 7" and f have a unique common fixed point. O

Now, from Theorem 3, we can derive many interesting fixed point results in general-
ized metric spaces. Denote by A the set of functions v : [0, +00[— [0, +oo[ Lebesgue
integrable on each compact subset of [0, +oo] such that, for every e > 0, we have

€

/7(5) ds > 0.

0
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As the function ¢ : [0, +oo[— [0, +o0[ defined by ¥(t) = fof ~(s) ds belongs to ¥, we
obtain the following theorem.

Theorem 6. Ler (X, d) be a GMS and let T and f be self-mappings on X such that
TX C fXanda : X x X — [0,+00[. Assume that (fX,d) is a complete GMS and
that the following condition holds:

a(fz, fy)d(Tz,Ty) M(z,y) M(z,y)
~v(s)ds < / ~v(s)ds — / o(s)ds
0 0 0

forall x,y € X, where~y,0 € A and
M(z,y) = max{d(fz, fy),d(fz, Tx),d(fy, Ty)}

Assume also that the following conditions hold:
(i) T is f-a-admissible;
(ii) there exists xy € X such that o(fxo, Txo) = 1;

(i) X is a-regular and, for every sequence {x,} C X such that a(z,,xn41) = 1, we
have a(xy,, ) = 1 for all m,n € Nwithm < n;

(iv) either a(fu, fv) = 1 or a(fv, fu) = 1 whenever fu = Tu and fv = Twv.

Then T and f have a unique point of coincidence in X. Moreover, if T and f are weakly
compatible, then T and f have a unique common fixed point.

Taking §(s) = (1—k)~(s) for k € [0, 1[ in Theorem 6, we obtain the following result.

Theorem 7. Let (X, d) be a GMS and let T and f be self-mappings on X such that
TX C fXanda : X x X — [0,+00[. Assume that (fX,d) is a complete GMS and
that the following condition holds:

a(fz,fy)d(Tz,Ty) M(z,y)
v(s)ds < k / ~v(s)ds
0 0

forall x,y € X, where k € [0, 1[. Assume also that the following conditions hold:
() T is f-a-admissible;
(ii) there exists xg € X such that o(fxo, Txo) = 1;

(i) X is a-regular and, for every sequence {x,,} C X such that o2y, Tp41) > 1, we
have oy, xy) = 1 forallm,n € N withm < n;

(iv) either afu, fv) = 1 or a(fv, fu) > 1 whenever fu = Tu and fv = Tw.

Then T and f have a unique point of coincidence in X. Moreover, if T and [ are weakly
compatible, then T and f have a unique common fixed point.
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Example 1. Let X = [0,1] and A = {1/2,1/3,1/4}. Define the generalized metric d
on X as follows:

PTETE0 I T I ST T () B

2°3 4’5 5 25 34 5
11 11 6
d(2’4> _d(5’3) =3

Clearly, (X,d) is a complete GMS. Let T : X — X and ¢, ¢ : [0, +00[— [0, +o0[ be
defined by

, d(xz,y) = |x —y| otherwise.

1 ifre A t
T — 4 ’ t:t d t = —.
. {1—1‘ itz 4, V=T ad el)=7

Finally, consider o : X x X — [0, +o00] given by

(z.7) 1 ifx,yc Aorz =y,
a x) = .
Y 0 otherwise.

Then T" and « satisfy all the conditions of Corollary 1 and, hence, T" has a unique fixed
point on X, that is, z = 1/4.

We note that if X is endowed with the standard metric d(z,y) = |z — y| for all
z,y € X, then there do not exist ¢, ¢ : [0, +oo[— [0, +o0[, where ) € ¥ and ¢ € &,
such that

forallz,y € X.
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