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Abstract. We introduce a new variant of cyclic contractive mapping in a metric space and originate
existence and uniqueness results of fixed points for such mappings. Examples are given to support
the usability of our results. After these results, an application to integro-differential equations is
given.
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1 Introduction and preliminaries

The Banach Contraction Principle (BCP) is a very popular tool which is used to solve
existence problems in many branches of Mathematical Analysis and its applications.
There is a great number of generalizations of this fundamental principle. In particular,
obtaining the existence and uniqueness of fixed points for self-maps on a metric space
by altering distances between the points with the use of a certain control function is an
interesting aspect. In this direction, Khan et al. [1] addressed a new category of fixed point
problems for a single self-map with the help of a control function which they called an
altering distance function.

Definition 1. (See [1].) A function ¢ : [0, +00) — [0, +00) is called an altering distance
function if the following properties are satisfied:

(a) ¢ is continuous and non-decreasing, and

(b) p(t)=0&t=0.

Rhoades [2] extended BCP by introducing weakly contractive mappings in complete
metric spaces.

I'The author is grateful to the Ministry of Education, Science and Technological Development of Serbia.
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Definition 2. (See [2].) Let (X, d) be a metric space. A mapping 7 : X — X is called
weakly contractive if

d(Tx, Ty) < d(z,y) — o(d(z,y))

forall z,y € X, where ¢ is an altering distance function.

Theorem 1. (See [2, Thm. 2].) Let (X, d) be a complete metric space. If T : X — X is
a weakly contractive mapping, then T has a unique fixed point.

Dutta and Choudhury in [3] obtained the following generalization of Theorem 1.

Theorem 2. (See [3, Thm. 2.1].) Let (X, d) be a complete metric space and T : X — X
satisfy that

Y(d(Tz, Ty)) < ¢(d(z,y) — e(d(a,y))

for all x,y € X, where ¢ and p are altering distance functions. Then T has a unique
fixed point.

Weak inequalities of the above type have been used to establish fixed point results
in a number of subsequent works, some of which are noted in [4] and references cited
therein.

On the other hand, cyclic representations and cyclic contractions were introduced by
Kirk et al. [5].

Definition 3. (See [5, 11].) Let (X, d) be a complete metric space. Let p be a positive
integer, A;, As, ..., A, be nonempty subsets of X', ) = Uf:l A;andT : Y — Y. Then
Y is said to be a cyclic representation of )/ with respect to T if

(@ A;,i=1,2,...,p, are nonempty closed sets, and

(b) T(A1) C Ag,..., T(Ap-1) C Ay, T(A,) C A

T is called a cyclic contraction if, moreover, there exists k € (0, 1) such that d(7Tx, Ty) <
kd(xz,y)forallx € A;andy € A;yq1,i=1,...,p.

Notice that although a contraction is continuous, cyclic contractions need not be. This
is one of the important gains of this approach.

Following [5], a number of fixed point theorems on cyclic contractions have appeared
(see, e.g., [6-14]).

In this paper, we introduce a new variant of cyclic contractive mappings, named as
weaker cyclic (i, ¢)-contractive mappings, modifying the conditions used in [9]. Then
we derive the existence and uniqueness of fixed points for such mappings. Our main
result generalizes and improves many existing theorems in the literature. Some exam-
ples are provided to demonstrate the validity of our results. Finally as an application of
the presented theorems, we obtain existence and uniqueness of solutions of an integro-
differential equation.
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Weaker cyclic (¢, ¢)-contractive mappings 429

2 Main results

All the way through this paper, by R™, we designate the set of all nonnegative real
numbers, while N is the set of all natural numbers.
We state the notion of weaker cyclic (i, ¢)-contraction mapping as follows:

Definition 4. Let (X', d) be a metric space. Let p be a positive integer, A;, As, ..., A,
be nonempty subsets of X and Y = J%_; A;. An operator 7 : J — ) is called weaker
cyclic (o, ¢)-contractive (in short WCC), if

(@) Y =L, A, is a cyclic representation of ) with respect to 7T,
(b) forany (x,y) € A; x Aiy1,i=1,2,...,p(with A1 = Ay),

where

O(z,y) = max{d(x, y),d(z, Tx),d(y, Ty), % [d(y, Tz) + d(z, Ty)] }, )

(©) ¢ :[0,400) — [0,+00) is a nondecreasing function with ¢(¢) = 0 if and only if
t=0,

(d) ¢ : [0,400) — [0,+00) is a function with ¢(¢t) = 0 if and only if ¢ = 0, and
liminf, e ¢(ay) > 0if lim,, 500 iy = @ > 0,

(e) ¢(a) > p(a) — p(a—) for any a > 0, where p(a—) is the left limit of ¢ at «.

Note that there exist examples of WCC type mappings which do not satisfy conditions
given in [9, Thm. 2.1] (see further Example 2).
Our main result is the following.

Theorem 3. Let (X, d) be a complete metric space, p € N, Ay, Ag, ..., Ay, be nonempty
closed subsets of X and Y = |Ji_, A;. Suppose T : Y — Y is a WCC mapping. Then
T has a unique fixed point. Moreover, the fixed point of T belongs to (\i_, A;.

Proof. It should be noted that there exists the left limit of ¢ at a by the monotonicity of ¢.
Let z:p € A; (such a point exists since A; # (). Define the sequence {z,,} in X by

Tpp1=TTn, n=01,2,....
First, we will prove that
lim d(zp,zn41) =0. 3)
n—00
If for some k, we have 41 = xi, then (3) follows immediately. So, we can suppose that

O(zp, Tn-1) >0 “4)

for all n > 1. From condition (a), we observe that for all n, there exists i = i(n) €
{1,2,...,p} such that (z,,2,,11) € A; X A;11. Then, from condition (b), we have

@(d(zna$n+1)) < QO(Q(mn—hzn)) 7¢(@(zn—17xn))7 n=12,.... )
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On the other hand, we have

1
@(zn—h xn) = max{d(xn_l, SCn), d(xn-&-l; zn); id(xn—la xn+1)}
< max{d(xn_l,xn), d(xn,xn+1)}.
Now we claim that
d(xn+17 l‘n) < d(xna xn—l) (6)

for all n > 1. Suppose that max{d(xy_1, k), d(zk, Tk+1)} = d(Tk, Txy1) for some
k € N. Then O(zy—1,xr) = d(xk, Tg+1), hence

o(d(zr, 2r41)) < o(d(@h, Thg1)) — H(O(Th—1, 21))-

This implies ¢(O(xk_1,zr)) = 0. By a property of ¢, we have O(zp_1,zr) = 0,
which contradicts to (4). Therefore, (6) is true and so the sequence {d(zy+1,%,)} is
nonincreasing and bounded. Thus there exists p > 0 such that lim,, o d(Zp41,Tn) = p.
Therefore, by (2)

Jim d(Tnt1,Tn-1)

= lim d(T(Jcn),T(mn_l)) < nlLIg@@(xn,xn_l)

n—oo

= lim max{d(mn, xn—l)a d('rnv Txn)a d(xn—la T'rn—l)a

n—r oo

[d(zn—1,Tan) + d(@n, Tp—1)] }

N[ =

n—oo

= lim max{d(T:vn1,7':rn2),d(Txn1,7'xn),;d(7'xn2,7'xn)}.

This implies p < limy, 00 O(Tp, Tn—1) < pand so lim,, o0 O(Ty, Tn—1) = p. Now we
claim that p = 0. By (5), we have

o(d(Tan, Trp-1)) < @(O(@n, 2p-1)) — ¢(O(Tn, T1—1))
and taking limit as n — co, we have
p(p+) < @lpt) = liminf ¢(O(zn, Tnt1))
which is contradictory unless p = 0. Hence
p=0= nh_}rrgo (Tnt1,Tn).

Next, we shall prove that {x,} is a Cauchy sequence in (X,d). Suppose to the
contrary, that {x,,} is not a Cauchy sequence. Then there exists £ > 0 for which we
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Weaker cyclic (¢, ¢)-contractive mappings 431

can find two sequences of positive integers {m(k)} and {n(k)} such that for all positive
integers k,

n(k) > m(k) > k, d(Zm(k)s Tn(k)) = €, ATy, Triy—1) <. (1)
Using (7) and the triangle inequality, we get

€ < ATy, Tmk)) < ATmk) Tnky—1) + ATr)—1, Tn(k))
< e+ d(Tnk)s Tnk)-1)-

Thus we have
€ < d(Tn(k)s Tm(k)) < €+ d(Tn(k), Tn(k)—1)-

Passing to the limit as k¥ — oo in the above inequality and using (3), we obtain

lim d =et. 8

Jm. (Tn(ky> Tmr)) = € 3)
On the other hand, for all &, there exists j(k) € {1,...,p} such thatn(k)—m(k)+j(k) =
L[p]. Then xp,x)—jx) (for k large enough, m(k) > j(k)) and z,,;) lie in different
adjacently labelled sets A; and A, for certain ¢ € {1,...,p}. Using (1), we obtain

AT (k) —j (k) 115 Tr(k)+1) S OTm(k)—j(k)s Tn(k)) )

for all k&, where
O(Trm(k)—j(k)> Tn(k))

= max{d(xm(k)j(k)v Tr(k))s ATm(k)—j(k)+1> Tm(k)— (k) )> AT (k)+15 Tn(k))s

N =

[A(@ ()~ Tay+1) + ATy Tme)—j () +1)] }
for all k. Using the triangle inequality, we get

| (k) —5(8)> Tnr)) = A@n(rys Tm(ry )|
J)—1

L AT (k) —j (k) Tm(k)) < Z (X (k) —j (k)15 Trm(k)—j (k) +14+1)
1=0

|
—

p
<D d@m(k)—j(k)+1 Tm(k)—j(k)+1+1) — 0 as k — oo (from (3)),
!

I
=)

which, by (8), implies that

lim d(@p,(k)—ji(k)> Tn(k)) = €- (10)

k—o0
Using (3), we have

0 AT k)~ (k) 415 T (k) () = O
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and
lim d(xn )+1v'rn(k:)) =0. (11)

k—o0
Again, using the triangle inequality, we get
| @)= (k) Tr()+1) = A Zim()—5(0)s Tn())| < ATn(i)s Tr(hy+1)-
Passing to the limit as £k — oo in the above inequality, and using (11) and (10), we get
1 (@)= (k) Tugy41) = €-
Similarly, we have
| 4@ty T i)k +1) = W)= k)> T i) | < @)= k) Ty () +1)-

Passing to the limit as £ — oo, and using (3) and (10), we obtain

Jim d(Zn(k)s Trm(k)—j(k)+1) = €- 12)
Similarly, we have
kli)m d(xm(k) ](k)+17xn(k)+1) =¢&. (13)

Passing to the limit as £ — oo in (9), and using (12), (13), we obtain
e < lim O(Tm(k)—j(k)> Tn(k)) < €

and so
klggo Q(xm(k)fj(k)vxn(k” =€

If there exists a subsequence {k(p)} of {k} such that € < d(Zp(k(p)+1)> Zm(k(p)+1)) fOr
any p, then by (b) we get

p(e+) = limsup P (A@n(k)+1, Tm(k)+1))
= hm sup @ (d(T k), T Tm(k)))

< limsup o (d(T@n(r)s Tngy+1) + ATy TEmw)-1))

= limsup @(d(T T () T Tim(r)-1))

< lim sup [90(@ Tn(k)s xT}'L(k)—l)) - ¢(6(xn(k)7 x’m(k)—l))]

k— o0

=p(et+) - hm lnf¢( (Tn(k)s Tmk)—1))

which is a contradiction. We repeat the procedure if there exists a subsequence {k(p)} of

{k} such that & < d(T(k(p)41)s Tm(k(p)+2)) for any p or e < d(Tp(r(p)+2)> Tm(kp)+1))
for any p. Therefore, we can suppose that

A Tn(kp)+1)s Tmkp)+1) =& ATn(k(p)+2)> Tm(k(p)+1)) < €

A Tn(k(p)+1)s Tm(k(p)+2)) S €
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for any k > ki. Then O (2, k), Tm(k)) = € for k > ks = max{ki, k2 }, where k5 is such
that d(2p41,2p42) < € forall k > ky. Substituting x = z,,(4), T = () in (b), we
have

(AT k)12, Tm(ky42)) < 9(€) = d(e)

for any k& > ky. Obviously d(2y(x)+2, Tm(k)+2) < €, otherwise we have ¢(e) = 0.
Letting £ — oo we obtain
ple—) < ple) — ole),

which contradicts hypothesis (d). Thus {x,,} is a Cauchy sequence in (X, d).
Since (X, d) is complete, there exists * € X such that

lim z, = z*. (14)
n—oo
We shall prove that
P
zt e [ Ai (15)
i=1

From condition (a), and since zy € A;, we have {zp}n>0 C Az. Since A, is closed,
from (14), we get that * € A;. Again, from the condition (x), we have {Znpi1}tn>0 C
As. Since A, is closed, from (14), we get that * € A5. Continuing this process, we
obtain (15).

Now, we shall prove that z* is a fixed point of 7. Indeed, from (15), since for all n,
there exists i(n) € {1,2,...,p} such that z, € A, applying (b) with 2 = x* and
Yy = X, We obtain

<p(d(Tx*,z7,+1)) = cp(d(Tz*,Txn)) < cp(@(x*,:cn)) — gb(@(:c*,xn)), (16)

for all n. On the other hand, we have

d(x*7:pn+1) + d(znv TZ*) }

Oz, z,) = rnax{d(z*7 Tn),d(@", Tx"), d(xn, Tni1), 5

Passing to the limit as n — oo in the above inequality and using (14), we obtain that
n—oo

lim O(z*, z,) = max{d(x*, Tx¥), %d(x*, ’T:r*)} 17
Passing to the limit as n — oo in (16), and using (17) and (14), we get
p(d(a*, Tz")~)

< <p<max{d(x*,n*), %d(:c*, Tz*)}) (b(max{d(z*,Tx*), ;d(x*,Tx*)})
Suppose that d(z*, Tx*) > 0. In this case, we have

max{d(x*,Tm*), %d(x*, Tx*)} =d(z*, Tz"),

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 4, 427-443
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which implies that
p(d(z*, Ta")=) < p(d(@®, Ta")) — ¢(d(a", Tz")),

which contradicts hypothesis (d). Thus we have d(z*, Tx*) = 0, that is, z* is a fixed
point of 7.

Finally, we prove that z* is the unique fixed point of 7. Assume that y* is another
fixed point of 7, that is, 7y* = y*. By the condition (a), this implies that y* € N}_, A;.
Then we can apply (b) for x = 2* and y = y*. We obtain

p(d(z",y7)) = o(d(Ta", Ty")) < ¢(O(2",y")) — 6(O(",y")).

Since x* and y* are fixed points of T, we can show easily that ©(z*, y*) = d(z*,y*). If
d(z*,y*) > 0, we get

p(d(z*,y")) = o(d(Ta*, Ty")) < p(6(z*,y")) — ¢(O(z",y"))
= p(d(z*,y")) — o(d(=*,y"))
a contradiction unless d(z*,y*) = 0, that is, * = y*. Thus we have proved the
uniqueness of the fixed point. O

This theorem generalizes, e.g., results from [6—16].
We present here a corollary concerning mappings satisfying a general contractive
condition of integral type in a complete metric space [17].

Corollary 1. Let T as well as ¢, ¢, O(x,y) satisfy the conditions of Theorem 3, except
that condition (b) is replaced by the following: there exists a nonnegative Lebesgue
integrable function v on R such that foa u(t) dt > 0 for each £ > 0 and that

e(d(T=z,Ty)) P(O(z,y)) ¢(O(z,y))
u(t)dt < / u(t)dt — / u(t) dt. (18)
0 0 0

Then T has a unique fixed point. Moreover, the fixed point of T belongs to (Yi_, A;.

Proof. Define A : Rt — RT by A(z) = [ u(t)dt. Then A is continuous and
nondecreasing with A(0) = 0. Condition (18) becomes

Ale(d(Tz, Ty))) < A(p(O(x,9))) — A(6(O(x,1))),

which can be further written as

1 (d(Tz, Ty)) < ¢1(0(x,y)) — ¢1(O(x,y)),

where ¢1 = Ao ¢ and p; = Ao . Clearly, ¢1, 1 are control functions with ¢;(0) =
0 = 1(0). Hence by Theorem 3, T has a fixed point. O
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3 Examples

The following example (which is inspired by [18]) demonstrates the validity of Theo-
rem 3.

Example 1. Let X = (' be endowed with the standard metric

d((mn)’ (yn)) = Z |xn - yn‘-
n=1

Let o € (0,1) be fixed, denote 0 = (0)72; and consider the subsets .A; and A of X
defined by 4; = A’ U {0}, Ay = A" U {0}, where

A5l gy gl =0 n<Avn=2k=LkEN,
n/n=1 " a”, n=2k>2l, Ty
and
A" 3ol = (2))p2, iffal, = 0. m<2=1Vn=32k kel o
nin=l " lan, n=2k—-1>21-1, '
Denote Y = A; U Az (obviously A; N Ay = {0}).
Consider the mapping 7 : ) — ) given by:
7(0) =0,
7((0,...,0,0%,0,0%%2,0,...)) = (0,...,0,a*,0,a*"3,0,...),
—— ——
211 21
7((0,...,0,02%1,0,02%3,0,...)) = (0,...,0,2*2,0,a%%40,...).
—— ——
2l 2041

Obviously, T(A;) C Az and T (As) C Ay, hence Y = A;UA; is a cyclic representation
of ) with respect to 7.

Take ¢(t) = kt, k > 0 and ¢(¢t) = ht for some h > 0, h < k(1 — «). Let us check
the contractive condition (b) of Theorem 3. Take

z=(0,...,0,a%,0,0%72,0,...) € Ay,
N—_——
21—1

y=(0,...,0,a®1.0,a®™%3,0,...) € A,
——
2m
and assume, e.g., that [ < m (the case [ > m is treated similarly, as well as the case when
x or y is equal to 0). Then
2

2m—2 | a”m
1—a’

o2m+1 Q2+t

X

d(z,y) =0+ +a

d(Tx,Ty) — a2l+1 4ot a2m71 +

b

l—«a l—«a

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 4, 427-443
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an a2m+1
d =
o W Ty) =1—

d(z,Ty) = o + a2 ... 4 a®™,
d(y, Tx) = @ 4 o243 ooy o?mt

d(z, Tz) =

Or,y) = 1
Hence,
a2l+1 Oé2l
(AT, Ty)) < ki— = kag— = kaB/(x.y)

< (k= h)O(z,y) = ¢(O(z,y)) — 6(O(z,y)).

Thus, all the conditions of Theorem 3 are satisfied. Obviously, 7 has a unique fixed
point 0.

The following example (inspired from [4]) demonstrates the validity of Theorem 3
when ¢ is nonlinear and discontinuous.

Example 2. Let X = [0,1] be equipped with the standard metric and consider the
following mapping 7 : X — X and functions ¢, ¢ : [0, +00) — [0, +00):

7 1
I, 0<t<i,

i 0<r<], 1
Tw:{g o pt) =L =1 o(t) = —t2.

Taking A; = [0,1/2] and A2 = [1/2, 1] we obtain a cyclic representation X = 4; U Ay
with respect to 7. Conditions (c) and (d) of Definition 4 are obvious. The only point of
discontinuity of o is 1/2 and it is ¢(1/2) = 0.025 > v/2/2 — 0.7 = ¢(1/2) — (1/2—),
hence condition (e) is also satisfied.

Since ¢(t) < ¢(t) for all ¢ € [0, 1], the only nontrivial case when the contractive
condition (b) has to be checked is when « € [0,1/2), y = 1 (or vice versa). Since
Tzx=1/2,Ty=0and O(z,y) = 1, it becomes

p(d(Tz, Ty)) = ¢<;> V29

5 <1p=r)-e)= 0(O(z,y)) — 6(O(z,y)).

Thus, the conditions of Theorem 3 are fulfilled and the mapping 7 has a unique fixed
point (which is 1/2).

Note that this example is not covered by Theorem 2.1 of [9], since the function ¢ is
not right-continuous at the point 1/2.

4 An application to integro-differential equations

In this section we present examples of certain Volterra and Fredholm type integro-differential
equations. The examples are inspired by [19].
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Consider the nonlinear Volterra and Fredholm type integro-differential equations of
the forms

x(t) = g(t) + / F(t.s,2(s),2'(5)) ds, (19)
and ab
z(t) =g(t) + /f(t, S,x(s),x’(s)) ds, (20)

for —oo < a < t < b < oo, where z, g, f are real functions. We shall denote J = [a, b].
The functions g(¢) (t € J) and f(t,s,u,v) (a < s <t < b, u,v € R) are supposed to be
continuous and continuously differentiable with respect to t.

For a real-valued function z(t), ¢ € J, continuous together with its first derivative
2'(t) for ¢t € J, we denote |z(t)|1 = |x(t)| + |2’ (t)]. Denote by £ the space of functions
which fulfill the condition

|x(t)’1 = O(exp(\t)), te€J, 21
where )\ is a positive constant. Define the norm in the space £ as

[ale = max {[2(1)], exp(=At)}. @2

It is easy to see that £ with the norm defined in (22) is a Banach space. We note that the
condition (21) implies that there is a constant N > 0 such that |z(¢)|y < N exp(At),
t € J. Using this fact in (22) we observe that

e < . (23)
Define a mapping 7 : £ — £ by
t
(Tx)(t) = g(t) + / £(t,s,2(s),2(5)) ds 24)

for x € &£. Note that, if u* € & is a fixed point of T, then u* is a solution of the
problem (19). We shall prove the existence of a fixed point of 7 under the following
conditions.

(I) There exist (o, B) € 2, (ap, Bo) € R? such that

ap < at) < B(t) < Bo, ap<a'(t)<B(t) < By, te,

and for all t € J, we have

alt) < glt) + / £(t,5,8(s), 8'(s)) ds,

o/ (8) < g'(8) + f (6,1, B(8), B'(1)) +/%f(t, 5, B(s),8'(s)) ds, tel,

a
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and

+ [ £(tss.ats).0() s,

t

810 > g0+ (66,00, 0) + [ 51 (t.5a(0)(9) ds. 1€

a

dn f:J xJ xR xR — Ris continuous and nonincreasing with respect to the third
and fourth variables, that is, for u,v € &,

u(t) >v(t) and o'(t) >'(t) forteJ
= f(ts,u(s),u/(s) < f(ts,0(s),0'(s)) and

gtf(t s,u(s),u (s )) < gtf(t s,0(8), ’u/(s)), a

(IIT) The function f and its derivative satisfy the conditions

N
w

N
N
o

|f(t,s,u,0) = f(t,8,7,0)] < hi(t,s)[Ju—T| +|v—7]],

af(tsuv)

ot (t,s,ﬂ,@)| g]7’2(ta$)[|u_ﬂ|_|_|’U_@‘]7

0

ot
fora <s<t<buvuvcE, where h; € C(J? RY) fori=1,2.

(IV) There exist nonnegative constants 71,y such that vy + v2 < 1 and

t

/hl(t, s)exp(As) ds < 71 exp(At),

e t

hi(t,t) exp(At) + /hg(t, s) exp(As) ds < v exp(At),

a

fort € J, where A is given in (21).

(V) There exist nonnegative constants 91, 2 such that
| +/|f t,s,0, O ds < 071 exp(At),

|g/(t)|+|f(t800|+/‘ tsOO)‘dsgégexp()\t),

fora < s <t < b, where A is given in (21).

We have the following result for the set

P={ue& alt)<ult) <A1), (t) <u'(t) <), te T}
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Theorem 4. Under the assumptions (I)~(V), the integro-differential problem (19) has
a unique solution in the set P.

Proof. The proof of the theorem is divided into three parts.

(A) First we show that 7" maps £ into itself.
Differentiating both sides of (24) with respect to ¢t we get

(Tx) () =g'(t) + f(t,t,2(t /at f(t,s,2(s),2'(s)) ds.  (25)

Evidently, Tz, (Tx) are continuous on J. We verify that (21) is fulfilled. From (22),
(25) and using conditions (IV), (V) and (23) we have
t
(o] < 90|+ [ 1702525 #/(5)) = F(2:5,0,0) + (.5,0.0) ds

t

t)|+/|f(t,s,0,0)|ds+/hl(t,s)|x(s)|1ds

a

< 61 exp(At) + |z|e / hi(t, s) exp(As) ds

< [01 + Nyi]exp(At), (26)
and

(Tz) ()| < |d@)] + | f(t.t,2(t), 2/ (t) — f(t,£,0,0) + f(t,t,0,0)]
/‘at t s, x( (5)) - %f(t,s,O,O)Jr Qf(t,s,O,O) ds

<g'( |+|ftt00|+/‘ tsOO)’ds+h1tt|x ),

/h2t3|x
t

< 62 exp(M) + [2leha (£, £) exp(At) + |z]e / ha(t, s) exp(As) ds

< [02 + Nyo] exp(At). (27)
Combining (26) and (27) we get

[(T2)(t)|, < [61+ 62 + N(71 +72)] exp(At). (28)
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It follows from (28) that 7z € £. This proves that 7 maps £ into itself.
(B) Define closed subsets of £, A; and A, by

Ay ={ue & u(t) <BR), u'(t) < B(t)fort € J}
and
={ue& ult)>al), ut)>a(t)forte J}.

‘We shall prove that

T(A1) €A and T(A2) C A (29)
Let u € Aj, that is,
u(t) < B(t) and '(t) < B(t) forallt e J.
Using condition (II), we obtain that
F(t s u(s),u'(s) = f(t.s,B(s),5'(s)) (30)
and
9 , 9 /
En (t s,u(s),u (s)) < af(t,s,ﬁ(s),ﬁ (s)) 31
for a < s < t < b. The inequality (30) with condition (I) imply that
t
(Tu)(t / Fltsu(s). 0 (9) ds > 9(0) + [ F(t:5,5(9)8(9) ds > alt)

for all t € J. The inequality (31) with condition (I) imply that

(Tu) () = o' () + £ (1,1, u(t) /attsu o (s)) ds

§0)+ 1(6:4,50) /at (1,5, 8(), () ds > (1)

for all ¢ € J. Hence, we have Tu € As.

Similarly, if u € As, it can be proved that Tu € A; holds. Thus, (29) is fulfilled.

(C) We verify that the operator 7 is a WCC map.
Let (u,v) € Ay X As, thatis, forall ¢t € J,

507 u,(t)

< <
Z ap, v'(t) >
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Using the properties (24) and (25) of 7 and conditions (IIT), (IV) and (V), we conclude
that

[(Tu)(t) — (To)(t)| < / |f(t s, u(s),u/(s) — f(t,5,0(s),0'(s))|ds

< /hl(t,s)|u(s) fv(s)|1ds

a

¢
< |lu—vlg / hi(t, s)exp(As)ds < |u — v]gy1 exp(At), (32)

and

‘(Tu)/(t) - (TU)/(t)’ < ‘f(t’ tvu(t)’ u/(t)) - f(t7t7 U(t),’l}/(t))‘

+/t‘§tf(t,s7u(8)7ul(5)) - aatf(t,s,v(s),u’(s))‘ds

< ha(t,t)|u(t) — v(t)|1 +/h2(t,s)|u(5) — U(5)|1 ds

“ ¢
< |u—v|ghi(t,t) exp(At) + |u — vl / ha(t, s) exp(As) ds
< |u = vlgyz exp(AD), 33)

for t € J. Combining (32) and (33) we get

[(Tu)(t) = (To)(®)], < |u—v|e(v1 + 72) exp(At). (34)
From (34) we obtain (with k = y; + v < 1)
| Tu— Tv|g < klu—vle

1
< kmax{|u —vlg, lu—Tulg, |v— Tvle, 3 [lu—Tole + v — Tulg] }

Consider the functions ¢, ¢ : [0, +00) — [0, +00) defined by:
e(t)=t and ¢(t)=(1-k)t.
Then the contractive condition takes the form
o(ITu—Tole) < (O(u,v)) — ¢(O(u,v)).

Using the same technique, we can show that the above inequality also holds if we take
(u,v) € As x A;. All other conditions of Theorem 3 are fulfilled for the complete metric
space (A; U Az, |- |g) and T restricted to A; U Az (with p = 2).
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We conclude that the operator 7 has a unique fixed point * and, hence, the integro-
differential equation (19) has a unique solution in the set P. [

Remark 1. A similar result can be shown for equation (20).

Acknowledgment. The authors are indebted to the referees for careful reading and
suggestions that helped us to improve the text.
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