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Abstract. In this paper, we study the existence and uniqueness of solutions for a singular system of
nonlinear fractional differential equations with integral boundary conditions. We obtain existence
and uniqueness results of solutions by using the properties of the Green’s function, a nonlinear
alternative of Leray—Schauder-type, Guo—Krasnoselskii’s fixed point theorem in a cone and the
Banach fixed point theorem. Some examples are included to show the applicability of our results.
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1 Introduction

Fractional differential equations have been of great interest recently. It is caused both by
the intensive development of the theory of fractional calculus itself and by the applications
of such constructions in various fields of sciences and engineering such as control, porous
media, electromagnetic, and other fields. There are many papers deal with the existence
and multiplicity of solution of nonlinear fractional differential equations (see [1-8] and
the references therein).

The paper [1] considered the existence of positive solutions of singular coupled system

Diu= f(t,v), 0<t<]l,
DPy =g(t,u), 0<t<l1,
where 0 < s,p < 1,and f,g : (0,1] x [0,+00) — [0, +00) are two given continuous

functions, lim;_,o4 f(t,-) = 4o0,limy_ o4 g(¢,-) = +oo and D*, DP are the stan-
dard fractional Riemann-Liouville’s derivatives. The existence results of positive solution
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are obtained by a nonlinear alternative of Leray—Schauder-type and Guo—Krasnoselskii’s
fixed point theorem in a cone.
The paper [3] considered the existence of positive solutions of singular coupled system

D§ u(t) + f(t,v(t)) =0, 0<t<1,
DY v(t) +g(t,ut) =0, 0<t<1,
u(0) = u'(0) = u(1) = v(0) = v'(0) = v(1) =0,
where 2 < «,8 < 3and f,g : (0,1] x [0,400) — [0, +00) are two given continuous
functions, and lim; o4 f(¢,-) = 400, lims—04 g(¢,-) = +o00 and D3+,D§+ are the
standard fractional Riemann-Liouville’s derivatives. The two sufficient conditions for the
existence of solutions are obtained by a nonlinear alternative of Leray—Schauder-type and
Guo—Krasnoselskii’s fixed point theorem in a cone.

Goodrich [5] considered the existence of a positive solution to systems of differential
equations of fractional order

=Dgyi(t) = Mar () f (y1(t), y2(t)),
—Dg2 y2(t) = Aaaz(t)g(y1(t), y2(t)),

subject either to the boundary conditions

1 (0)=0=9"0), 0<i<n-2,
I:‘Dg%»yl(t)} t=1 =0= I:D§+y2(t)] t=1" 1 g « < n— 27
or
@y — () — 4, ; _
y;(0)=0=1y5"(0), 0<i<n—2,
[Dg+y1 (t)} =1 ¢1(y)7 [D]6+y2(t)] =1 ¢2(y)a I<a<n-— 27
where v1,v2 € (n — 1,n| forn > 3 and n € N, the continuous functionals ¢1, ¢2 :
C([0,1]) — R represent nonlocal boundary conditions.

The papers [9-12] considered the existence of positive solutions of so-called
(k,n — k) or (p,n — p) conjugate boundary value problems (BVP). For example, in [9],
the authors discussed the following (p, n —p) conjugate singular boundary value problem:

(D" Py = o(0) f(ty), 0<t<1,

y?(0)=0, 0

yV(1)=0, 0
where n > 2, and the nonlinearity f may be singular at y = 0. The existence results of
positive solution about singular higher order boundary value problems are established.

Inspired by the work of the above papers and many known results, in this paper,
we study the existence of positive solutions of BVP (1). The existence and uniqueness
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Existence and uniqueness of solutions for singular system with integral boundary conditions 495

results of solutions are obtained by a nonlinear alternative of Leray—Schauder-type, Guo—
Krasnoselskii’s fixed point theorem in a cone and the Banach fixed point theorem. We
consider the singular system of nonlinear fractional differential equations with integral
boundary conditions

D§ u(t) + f(t,v() =0, 0<t<l1,

DY v(t) +g(t,ut) =0, 0<t<1,

w(0) =/ (0) = - = u™ D) =0,  u®(1) = )\/u(s) s
0

v(0) =/ (0) = --- =02 (0) =0, v (1) =b [ v(s)ds,
/

wheren —1 < a,0<n,n>=>3,0<nc<1,4,jeN,0<4,j<n—2andi, jare
fixed constants, A; — A\n®/a > 0, Ay — bcP /5 > 0,

17 ’6207
Al{(a_l)(a_z)...(a—i), 1 =1,

a0 j=0,
B-=1)(B=2)---(B=j), j=1.
fyg 1 (0,1] x [0,400) — [0,+00) are two given continuous functions and singular at
t = 0 (that is, limy_,o4 f(t,) = +o0,limy04 g(t,-) = +00), and D§,, Dg+ are the
standard fractional Riemann-Liouville’s derivatives.

The paper is organized as follows. Firstly, we present some necessary definition and
preliminaries, and derive the corresponding Green’s function known as fractional Green’s
function and argue its properties. Secondly, the existence results of positive solutions are
obtained by a nonlinear alternative of Leray—Schauder-type, Guo—Krasnoselskii’s fixed
point theorem in a cone and the Banach fixed point theorem. Finally, we construct some
examples to demonstrate the application of our main results.

2 Background materials and Green’s function

For the convenience of the reader, we present here the necessary definitions, lemmas
and theorems from fractional calculus theory to facilitate analysis of BVP (1). These
definitions, lemmas and theorems can be found in the recent literature, see [1-8].

Definition 1. The Riemann-Liouville fractional integral of order « > 0 of a function
y: (0,00) — Ris given by
t
1 -1
) = g [ (6= u(s)ds

0

provided the right-hand side is pointwise defined on (0, co).
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Definition 2. The Riemann-Liouville fractional derivative of order o > 0 of a continuous
function y : (0, 00) — R is given by

¢
Dgyy(t) = I‘(na( )/tsan+1d8
0

where n = [a] + 1, [«] denotes the integer part of the number «, provided that the right-
hand side is pointwise defined on (0, c0).

From the definition of the Riemann—Liouville derivative, we can obtain the statement.

Lemma 1. (See [7].) Let o > 0. If we assume u € C(0,1) N LY(0, 1), then the fractional
differential equation
Dg,u(t) =0

has u(t) = C1t*~ 1 + Cot®2 + ... + Cnt*™ N, C; € R, i = 1,2,..., N, as unique
solutions, where N is the smallest integer greater than or equal to c.

Lemma 2. (See [7].) Assume that u € C(0,1) N LY(0,1) with a fractional derivative of
order o > 0 that belongs to C(0,1) N L(0, 1). Then

I8, Dg u(t) = u(t) + Crt* ' + Cot* 2 4+ + Oyt N

for some C; € R,i=1,2,..., N, where N is the smallest integer greater than or equal
to .

Remark 1. (See [6].) The following properties are useful for our discussion:
I8 15, f(6) = 1P f (1), DGLIG, (1) = f(1), o> 0.

In the following, we present Green’s function of the fractional differential equation
boundary value problem.

Lemma 3. Given y € C|0, 1], the problem
Dgyu(t) +y(t) =0,

u(0) = ' (0) = --- = "2 (0) = 0,
2

wherea >2,n—1<a<n0<t<lne(0,1,ie N,0<i<n—2andiis
a fixed constant, Ay — (M a)n® > 0,
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Existence and uniqueness of solutions for singular system with integral boundary conditions 497

i € N and 1 is a fixed constant, is equivalent to

1

u(t) = / Gr(t, 5)y(s) ds,

0
G1 (t, 8)

A toc—l 1— a—1—i_ X/ atocfl_A _ Ao t— a—1
S (Z(lnfi)wr(a)( et g<s <<l s <,
Alta—l(lis)a—l—i7(A17%na)(tis)cx—l
(A1—25 7)) (e) ’

= _ 3)

Altafl(l_s)a—lfz_%(n_s)atafl
(A1=5n*)F(a) ’
Aot (1—g)a—1—i 0
(A1=2n*)(er)

o
VA
~+
N
V2]
N
=
N
—_

Here, G1(t, s) is called the Green’s function of BVP (2). Obviously, G1(t, s) is continuous
on [0,1] x [0, 1].

Proof. We may apply Lemma 2 to reduce (2) to an equivalent integral equation

u(t) = —Ig,y(t) + Crt* ' + Cot ™ 2 4 -+ + Cpt* ™"

for some C,Cy, ..., C, € R. Consequently, the general solution of (2) is
t
/ (t — )" ty(s)ds + Crt* 1Ot 2 4 -+ Ot ™,
0
By u(0) = u/(0) = - -- = u("=2)(0) = 0, one gets that C = C3 = --- = C,, = 0. Then
we have
[ (=)™
t—s)*"
t)y=— | ————— ds + Oyt
u(t) = - [ (s s+ Cu?
0
! A ( )a 1—14
(i)t:_ 1t73 d Actaflfi
(1) / F vl da + 4Oy
0
On the other hand, u(Y (1) = X [ u(s) ds combining with

1
A 1 — 1=i
/ 1 S (S) dS+A101,
0
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3

(x —5)* 'y(s)dsdz + Cy /so‘_l ds

(e}

(x — 5)* y(s)dwds + Cy / s Hds
0

m\d O\a

y(s)ds + 1

o «

yields

1 n
— Al(l_—s)a_l_i s)ds — )‘(77 — S)a s)das
Gy = ! (A — %na)l"(a> y(s)d / A - %na)ozl—‘(a)y( )ds.

Therefore, the unique solution of the problem (2) is

t

u(t) = 7/% (s) ds+/A(1(1$)a T y(s)ds
0

I'(a) Ay = n*)F(a)

n )\ (xta 1
—s)
y(s) ds.
0/ Ay — 2n*)al' (@)

For t < n, one has

t

| <///> e

0 t

([] st

_ / Alta—l(l _ S)(x—l—i _ %(,’7 _ S)Qtu—l _ (Al _ %na)(t _ s)(x—l

y(s)ds
, (A - %UO‘)F(Q)
n .
A 12— 1 a 1—i _ A(0 g)apa—1
A1 — 2n*)l()
! A9 1 (x 1—1
+ 1t 1 — S y(s) ds

(A1 = 20°) ()

= / G1(t, s)y(s) ds.
0
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For t > n, one has

[ A sy
O/(Algno‘)ar(a)y(S)ds

Alta 1 a 1—i %(77 o S)ata71 o (Al o %na)(t o 5)0471 O ds
/ (41— 2)T(@) ek
A to‘ 1 S)ozflfi o (Al o %ﬂa)(t . S)afl
+n/ (41— 2)T(a) v

Altafl(l _ S)aflfi
+/ (A= Ty MO

= / G1(t, s)y(s)ds.
0

The proof is complete.
Lemma 4. The function G(t, s) defined by (3) satisfies:

(al) Gi(t,s) > Oforallt,s € (0,1);
@2) (A1 — /)T (a)Gi(t,s) = (An®/a)(1 —n)is(1 — s)*" 1742 forallt,s €

[0,1];
@3) (A1 — \n*/a)T(a)G1(t, s) < n(A; — An®/a+ ML /a)s(1 — 5)*= 1 for all
t,s €[0,1].

Proof. Fors <t,s <,
A
<A1 — ana)I‘(a)Gl(t,s)
A A
— Alta71(1 o S)aflfz o a(n o S)atafl o <A1 o a,r]a> (t o S)ozfl

2 Alta—l(l _ 8)04—1 _ gna(l _ %)ata—l _ (Al _ ina) (t _ S)a—l
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A A
2 Alta71(1 _ S)afl _ ana(l _ S)ata71 _ <A1 _ ana> (t _ S)afl
A A
- [Al - ana(l — s)] (1 —s) 1ot — <A1 — an“> (t—s)>t
_ _ i « _ Ja—lpa—1 _ Na—1 i a _ JNa—1lia—1
= (A1 o )[(1 )47t (t—s) }—1— o s(1—9)""t

— <A1 _ ina> [(1 _ S)a72ta72(1 i S)t . (t . S)aiz(t . S)]

A
Zn%g(1 — a—lta—l
+ 0477 s( s)
> (0= 200 ) (1= 9722 (1= )t — (= )] + 2ps(1 - )0
o o
> <A1 - 277&> (1—8)* 2t 25(1 — t) + 2770‘(1 —n)'s(1 — s)* 17t

n*(1—mn)'s(l—s)* it

<A1 - in“)r(a)ala,s)

< <A1 - 277& [(1—s)o it — (¢ — )]

A ; A
Zpe(] — al—l—ztoz—l A _ ata_l
T (1-s) a(n s)

n® [(1 — S)Ot—l—ita—l _ (t _ S)a—l(l _ S)a—l—i]
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LDl () 00
o= (1)
Prfg) () e ()

(Al - inC‘)F(a)Gl(t,s)

_ Alta—l(l _ S)Q—l—i _ <A1 _ )\na> (t — s)a—l
«

)
o R R e e e e R R
)

<A1 - gna>r(a)G1(t,s)
— A1 — )l <A1 - 3"“) (t — )1

A (e} a—1l—ijo— a— A feY a—1l—ijo—
=<A1—a77)[(1—5) I=igo=l (1 —s) 1]+an (1 — sy tmigert
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A .
] G L e e R AN B
A (e} a—1—iya—1
A s a-l )
= <A1 - 7]a> (1 - S)ail*ltafl [1 (1 — ) :| + fna(l S)aflfzta—l
«Q t
A ) s n A )
< A _ o« 1— a—1l—ija—1 1— 1-2 A al— a—l—ia—1
(4= 20 Y-t (125) |4 2o - i
A .
— (A = Zpe 1— a—1—iza—1
( 1= >( s) t

Ml () o))

X
1
—
|
el N
—_
|
I

A —l—ija—1
Aoar1 o ipa
+ont(1—s)
A o a—l—iga—2 A a—1 a—l—iza—1
<n Al—an s(1—s) ¢ —l—nan s(1—2s) t
A A .
< n<A1 - —n“+ na_1>s(1 )
! a

Ui

<A1 _ 2770‘>F(oz)G1(t,s)

— Altoc—l(l _ S)a—l—i _ 2(77 _ S)ata—l
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— <A1 _ Ana> (1 _ S)aflfitafl
( s)a 1— zta 1 Ana(1_3> tozfl
@ n

(ot
(

N e e

(Al én ) a 1— zta 1 + éna(l _ s)a—l—itoz—l 1— <1 o S) :|
(e} (e} L Ui
<A1 in > a 1— zta 1 =+ iﬁa(l _ S)ozflfitozfl 1— <1 _ S) :|

[0} [0} L n
(Al in ) a 1— 1ta 1 + A’f]a(l _ S)a—l—ita—l 1— (1 _ 3>:|
a a L n
2 s n—1
ol (-
n n n

A ; A ,
< n<A1 _ na>5(1 _ S)ozflfztoz72 4 nfna715(1 _ S)aflfztozfl
(e

na(l _ s)a—l—ita—l

/N
DN
flr
|
| >
3
Q
~_
_
|
@
S—
Q
—
~
Q
—
JF
Q>

A ; A ,
< (Al _ ana>s(1 _ s)a—l—zt(x—Z 4 a770(—1S<1 _ S)a—l—zta—l

A A — a—1—1
n(Al—an”‘—&-ana 1)8(1—8) 1=

From above, (al)—(a3) are complete. The proof is complete. O
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Similarly, the general solution of

Dfo(t) + y(t) =0,
v(0) = ' (0) = --- = v""2(0) = 0,

09 (1) = b/v(s) ds,
0

where 0 <t <1l,n—-1<p8<n,0<c<1,j7€N,0<j7<n—2andjisafixed
constant, Ay — bc® /3 > 0,

)L J=0,
AT_&BDW@~%Bﬁ7j>L

7 € N and j is a fixed constant, is

v(t) = [ Ga(t,s)y(s)ds,
/

where Gs(t, s) can be obtained from G (t, s) by replacing «, A, n, ¢ with 8, b, ¢, j,
correspondingly, and satisfy properties (al)—(a3) with «, A, 7, 7 replaced by 3, b, ¢, j in
case of G(t, s), correspondingly.

Lemma 5. (See [13].) Let E be a Banach space and P € Eke a cone. Assume (2
and Qg be two bounded open subsets in E such that 6 € (21 and 21 C (25. Let operator
A (22\21)NP — P be completely continuous. Suppose that one of the two conditions:

(1) ||Au|| < |lu|| for all w € P N OS2, ||Aul| = |Jul| for all w € P N 0§25 and
2) ||Aul| = ||u|l for all w € P N 082y, ||Au|| < ||ul| for allu € PN of)s
is satisfied. Then A has a fixed point in (23 \ 1) N P.

Lemma 6. (See [14].) Let E be a Banach space and {2 C E be closed “and convex.
Assume U is a relatively open subset of {2 with 6 € U, and let operator A : U — {2 be a
continuous compact map. Then either

(1) A has a fixed point in U or
(2) there exists u € OU and ¢ € (0,1) withu = pAu.

3 Main results and proof
Let £ = C10, 1] be the Banach space with the maximum norm [|u|| = max;c[o,1] |u(t)|.

Thus (E x E, ||-]|) is a Banach space with the norm defined by ||(u, v)|| = max{||u]l, ||v| }
for all (u,v) € E x E. We define the cone P C E x E by

P={(u,v) € EXE |u(t)>0,v(t)>0,0<t<1}.
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Lemma7. Letn —1 < o, 8 < n. Let F : (0,1] x [0, +00) — [0, 400) be continuous
and satisfy lim;_,o1 F(t,-) = +oo. Assume that there exists 0 < o < 1 such that t° F(t)
is continuous on [0, 1). Then u(t) = fol G1(t, 8)F(s) ds is continuous on [0, 1].

Proof. From the continuity of t° F'(t) and u(t) = f01 G1(t, s)t7 7t F(s) ds, we know
that w(0) = 0. If u(t) — wu(tp) when t — to for any ¢ty € [0, 1], then the proof is
complete. In the following we separate the process into three cases.

Case 1 (to = 0,t € (0,1]). Owing to the continuity of t” F(t), there exists an M > 0
such that [t7 F'(t)] < M for all ¢ € [0, 1], then

|u(t) = u(0)]
t
_ o\a—1
= ‘—/ (t F(s)) s77s7F(s)ds
a
v 1
1 Al(l _ S)a—l—ztoe—l B
g UF
+ A %77‘1 / T(a) s7F(s)ds
0
n
1 am—s)rtet
el e L
0
! a—1
< / (t ;(2) s7987F(s)ds
0 1
1 A(1 =)o tmige=l
gl )
0
7
1 aln—s)rte!
(63 —0 O'F
el Ry (#)ds
0
p a—1
< /(t }(s)) s 75 F(s)ds
a
0 1
A+ 2 (1—s)o—t-igat
(07 —0 UF
A %77’1 / o) s 78 F(s)ds
0
p (t _ S)a—l Al + A ! (1 _ S)a—l—ita—l
<M —7d M “ —7d
[ Al—gna/ R
0
a—o A A Mta—l
_ M B(l—a,a)—i—%B(l—o,a—i)
I(a) (A1 = 2n*)I(a)

(A +2)MT(1-0)
S (A=A (1 +a—i—o)

(t* 7+t =0 (t—0).
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B(-) mentioned in the above functions represents the Beta function.
Case 2 (to € (0,1), t € (to,1]).
’u - u(to)’

‘ / F(So): : s 9s°F(s)ds

Al(l _ s)a 1— zta 1 _U "
e / M) Fld
1 A st Fto—9)" _,,
e / o) Fls) ds *0/ T(a) Fls)d
1 A(1—9)® 1—ig o o
Ay — 2 / I(c) e

Ay — A I'(a)
I e e g
‘ / o) F(s)d

Al(l _ S)a—l—i(ta—l _ tgcfl)
(A1 = 2n°)0(e)

s 9s°F(s)ds

e U it S U
(@1 - 2)() P [ S5

s 98 F(s)ds

to

/t—s )to—s) - sT987F(s)ds

)\ 1—i(ta—1 a—1
= (1—s)*" t —1
& / 2) 0 )s_”s”F(s) ds

Al - %770‘ J ()
(t—s)*t
+ / (o) F(s)d
Pt —(ty—s)*t
< MO Ta) s %ds
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1

M(A ta 1_ go- 1 1_ a 1—i (x 1
(A + 2 0 / ) e s +M/7S_Uds
Ay — 2

0
Mgy um+aMw1—@w
T T@ Bl =oe)+ = S @)

= (Alfan )F(lJrozfsz)

B(l—o,a—1)

(0 — g+ a3 ) S0 (¢ to)

Case 3 (to € (0,1], ¢ € [0,tp)). Similarly to the proof of Case 2, so we omit it. The
proof is complete. O

From Lemma 3 we can write the system of BVPs (1) as an equivalent system of
integral equations

u(t)

1
/Gl(t s)f(s,v(s))ds, 0<t<1,
1

/G2 s,u(s))ds, 0<t<1,
0

which can be proved in the same way as Lemma 3.3 in [6]. For convenience, the proof is
omitted.
We define A : £ x E — E x E to be an operator, i.e.,

Au,v)(t) = ( [Grttos s p(s.o0) ds, | G2<t,s>sUzs°2g(s,u<s>>ds>
0

=: (Aqv(t), Azu(t)).

Lemma 8. Letn—1 < «a,8 < n. Let f,g:(0,1] x [0,400) — [0, +00) be continuous
and satisfy lim;_o4 f(t,-) = +oo, limso4 g(t,-) = +o0. Assume that there exists
0 < 01,09 < 1 such that t°* f(t,y),t72g(t,y) are continuous on [0, 1] x [0,00). Then
the operator A : P — P is completely continuous.

Proof. For any (u,v) € P, we have that
uvePr={yecE|ylt)>00<t<1}.

Since

Au(t) = /G1 (t,s)s~ 7157 f(s,v(s)) ds,
0
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we get that A; : P, — P; by Lemma 7 and the nonnegativity of f. Set vy € P; and
[lvol] = ¢o. If v € Py and ||v — vg|| < 1, then ||v]] < 1+ ¢p := c. By the continuity of
to1 f(t,y), we get that t7* f(¢,y) is uniformly continuous on [0, 1] x [0, ¢, namely, for all
e >0, exists § > 0 (5 < 1), when |y; — y2| < &, we have |t f(t,y1) —t7 f(t,y2)| <&,
forall t € [0,1], y1,y2 € [0, ¢]. Obviously, if ||v — vg|| < d, then vy (¢),v(t) € [0,c] and
[v(t) — vo(t)| < & forall t € [0,1]. Hence, we have

[t7 f(t,0(t) —t7 f (tv0(t)| < e “4)
forallt € [0,1], v € P, ||jv — vo|| < 6. It follows from (4), we can get
[A1v — Ajvo|
= A A t
sy 1A ) = Aveolt)
1
< tren[aa’)f]/Gl(t,s)sﬂn|5“1f(5,v(s)) — 57 f(s,v0(s))| ds
1 1
_ A A a—1
<5/G (t,8)s7 7t ds < / 77 o'l )8(1—8)(171715701 ds
) A1 - *77 *)I'(a)
A a— 1 L
:6(1—*7]"‘7] /1751117,10'1(15
(A1 - 577
0
A _ A« A a—1
:5n( L "‘0/7 )B(2—01,a—i)

(A1 = 2n*)T(a)
n(Ay — 2n% + 29" 12 — 1) (a — )
(A; = 2p)T(a) TR+a—i-o1)

Owing to the arbitrariness of vy, we know that A; : P; — Pj is continuous. Similarly,
we can get that As : P, — P is continuous. So, we proved A : P — P is continuous.

Let M C P be bounded. That is to say there exists a constant [ > 0 such that
[l(u,v)|| < I forall (u,v) € M. Since t°* f(t,y), t°2g(¢,y) are continuous on [0, 1] x
[0, +00), let L = max;ec(o,1],(u,0)em {t7 f(t, v(t)),t72g(t,u(t))} + 1. Then, for each
(u,v) € M, we have

|[A1v(t)| < /Gl(t,s)57”1|s"1f(s,v(s))|ds
O [ n(A **77 +a1° Y
e v e A

n(A; — 77 +)‘77a D@2 - o) (a —1)
(Al—aﬂ )F( ) F(2+OZ—Z'—O'1).
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Existence and uniqueness of solutions for singular system with integral boundary conditions 509

Hence, we have

n(A; — 2n% + 2n*" ) (2 — 0y)T(a — i)
(A — %no‘)F(a) r2+a—i—oy1)’

|A1v|| = max |Ajv(t)| < L
t€(0,1]

Similarly, we have

P T
(4 - LATE) T@+B—i—02)

[ Azull = Jnax, [ Agu(t)] < L

Thus,
A 0 = max {[Avel, | Azul}
n(A; — 2n% + 29" (2 — 0))T(a — i)
(Ay = 29p*)(a) T@R+a—i-o1)’
(A = 5¢” + 5" T2 — 0)T(5 — j) }L
(83— 5AT(B)  T@+B—j— o)

< max{

Therefore, A(M) is bounded.
Next, we prove that A is equicontinuous. Let, for all £ > 0,

5 . {5(A1 — 21+ a—i—oy) e(Aq — %cﬁ)l“(l +6—-7— 02)}
= m1i .
(AL + 2)LT(1—01) T 20+ (Ay + 5)LT(1 - 03)

e

Then, for any (u,v) € M, t1,t2 € [0,1] with ¢; < t2 and 0 < t2 — t; < &, we have

/Gl(tZa S)f(S,U(S)) ds — /Gl(tla S)f(sa U(S)) ds
0 0

s~ f(s,v(s)) ds

Ay(1 = s)o g
(A1 = 200 (e)

5”717 f(s,0(s)) ds

A s)otg!
(41— 27T ()

577157 f(s,0(s)) ds

(tl _ S)afl

o) 57157 f(s,v(s)) ds

_|_
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Al - )a i
(Ar = 292)(a)
2 sty

(A — %UQ)F(Q)

I NG S U S)Q_ls_‘”s‘” s,0(s)) ds
_‘ / ! F(5,0(s) d

s g7t f(s7 v(s)) ds

787 f(s,0(s)) ds

Ay(L—s)o g =Y
(A — %WQ)F(OZ)

0
/1
0
/DY afpa—1 a—1
fa gy
0
/tg
t1
ty

57157 f(s,v(s)) ds

57157 f(s,v(s)) ds

(A1 — 29°)(a)

(t2 —s)* "

o) 5 87 (50(s) ds

/ (ty — s)@~ (— gtl —5)*” s_msﬂlf(S;'U(S)) ds
0

(A1 + )1 =9 g — )
+ 0/ (A — %7704)1“(04)

501 Salf(S, U(S)) ds

ta
(ty — 3)a_1 —01 401
+] [ (et ds
t1
tl a—1 1
<L/(t27$) — U Z 9T g,
INGY)
0 1
(A1+ tgl tal/l_sall_g
tds
Ay — *77
0
to (t ) 1
L L 1
* /’ M ®
t1
[(je-o1 _ oo Ar+ 2)L(tg~t — ot
_ L% ty )B(l—ol,a)-i-( 1+ 3) 5\2 ! )B(l—oha—i)
I'(a) (A1 = 5n%)l(a)

(A + 2)LT(1 — 01)

tafo-l _ tafo'l _|_t04—1 _ toz—l .
\(A1—g77 )F(1+a—z—01)(2 ' ’ i)

www.mii.Jt/NA



Existence and uniqueness of solutions for singular system with integral boundary conditions 511

Similarly,
‘Agu(tg) — Agu(tl)’
(A + $)LT(1 - 03)
(A9 = 5AT(1+ B —j —02)

< (t5 7 =]~ ity =7,

Hence, we figure on t5™70 — ¢0771 ¢5~1 — 4@ ¢f=o2 _4f=o2 4f=1 _ 4B=1 iy the
following three cases:

Casel. If 0 < t1 < 4,0 < t9 < 26, then

tozfal _ tafal
2 1

a—1 a—1
t2 - tl

o1 < (26)(1—0’1 < 277,67
L€ (20)27t < 27

<ty
<ty

Case 2. If 0 < #1 < t9 < 0, then

Case 3. If § <t; <ty < 1,then

tg—al _t(l)z—Ul
ta
= (afdl) /ZL’Hlil dx < (anl)(t27t1)tg_ol_1 < (a—al)é < 2”5,
ty

a—1 a—1
t2 - tl

2
~ (a-1) /xH dz < (a—1)(ta—t )52 < (a—1)5 < 276,
t1

Hence, -
’Alv(tg) — Alv(t1)| < 5 =+ 5 =c.

Similarly,
‘Agu(tg) — Agu(t1)| < e.

Therefore, A(M) is equicontinuous, and by Arzela—Ascoli’s theorem, we obtain that
A(M) is a relatively compact set, then we prove operator A : P — P is completely
continuous. O

Now we give the following three results of this paper.

Theorem 1. Letn—1 < o, S < . Let f,g: (0,1] x [0, +00) — [0, +00) be continuous
and satisfy limy o4 f(t,-) = 400, limy_ oy g(t,:) = +oo. Assume that there exists
0 < 01,09 < 1 such that t°* f(t,y), t°2g(t,y) are continuous on [0,1] x [0,4+00) and

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 4, 493-518



512 L. Wang et al.

there exist to € (0,1) and two positive constants p, & subjecting to p > max{{(a — 1)/
(m1t8_1)7§(ﬂ - 1)/(m2t€_1)}, where

1
A i
Apo(] — )
my = an ( < 77a) /51701(1 _ S)aflfz ds,
Al — 577 ;
0
LBl — ) h .
mo 571)5/817”2(1 — 5)P717 ds.
A2 — EC ;
0

Further suppose:
@) forall (t,y) € [0,1] x [0,¢],

r r
7 f(ty) = nit(g)l ; t72g(t,y) > ni;gﬁ_)l;

(ii) forall (t,y) €[0,1] x [0, p],
pL(2+a—i—o1)(A — 29%)
n(Ay = S0+ 3o (2 —o1)’
pL(2+ B —j — 02) (A2 — )
12g(ly) < e P
n(Az — gc + 3P~ HI(2 - 02)

t7 f(t,y) <

Then BVP (1) has at least one positive solution.

Theorem 2. Letn—1 < o, < n. Let f,g: (0,1] x [0, +00) — [0, +00) be continuous
and satisfy limy_,o4 f(t,-) = +oo, limy04 g(t,-) = +o0. Assume that there exists
0 < 01,02 < 1 such that t°* f(t,y),t°2g(t,y) are continuous on [0,1] x [0, +00).
Suppose they satisfy the following conditions:

(iil) there exist two continuous and nondecreasing functions ¢, : [0, +00) — (0, +00)
such that

() <ely), t729(ty) <Py) V(Ey) €[0,1] x [0, +00);

(iv) there exists an r > 0, yielding

r {nml —ant At T2-o)
—————— > hax - ,
max{p(r),¥(r)} Ay — 2qe F2+a—i—oy)

n(Ag = e + 5PN P2 = oy) }
Zo-b  T@+A-j-on))

Then the BVP (1) has a positive solution.
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Existence and uniqueness of solutions for singular system with integral boundary conditions 513

Theorem 3. Letn—1 < o, 8 < n. Let f,g: (0,1] x [0, +00) — [0, +00) be continuous
and satisfy limy_,oy4 f(t,) = +oo, limy_o4 g(t,) = +o0. Assume that there exists
0 < 01,09 < 1 such that t°* f(t,y), t°2g(t,y) are continuous on [0,1] x [0, +00).
Suppose they satisfy the following condition:

(V) there exists two positive constants L1, Lo such that, for all (t,-) € [0, 1] x [0, +00),

|t61f(t7y) - tglf(tam” < L1|y - .73|, |t629(tay) - togg(tvx” < L2|y - .I‘|,

where
n(A, — %77& + %UOhl) I'2—-o01)L4 <1
Al—gna re+a—1i—o1) ’
’I’L(A2 - %Cﬂ + %C’B_l) P(? — UQ)LQ <1
Ay - bf T@+B—j-—o)

Then the BVP (1) has a unique solution. In addition, we can get the unique solution
by constructing iterative sequence and error estimate of the n times iterated.

Proof of Theorem I. From the conditions we obtain p > max{&(a — 1)/(mitg ™),
£(8—1)/(math ™)} > €. We divide the demonstration into two steps.

Step 1. Let 21 = {(u,v) € P | ||Jul]| <&, ||v|| < &} such that 0 < u(t), v(t) < & for any
(u,v) € PN OS2 and forall t € [0, 1]. By condition (i) and Lemma 4, we get

1

Av(ty) = /Gl(to,s)s*‘”sglf(s,v(s)) ds

0

1
> /Gl(tms)s_‘”s"lf(s,v(s)) ds

1
Ao 1— 7 )
> 51—‘(57)1 / an ( 72\) tgz—ls(l . S)aflfzsfoj ds = 5
mitg T ) Tla) (A = 2)
0

Hence,
|A1v]| = max |A1v(t)’ >¢ Yve PnNosh.
t€[0,1]
Similarly,
| Azul| = max |Asu(t)| =€ Vue€ PNos.
te(0,1]
Therefore,

[ G, )| > & = [l v)]]-

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 4, 493-518



514 L. Wang et al.

Step 2. Let 25 = {(u,v) € P | |lu|]| < p, ||v]| < p}. Forany (u,v) € PNdf2,t € [0,1],
we have that 0 < u(t), v(t) < p. By condition (ii) and Lemma 4, we get

1

Alv(t):/Gl(t, s)s~ 7 s7 f(s,v(s)) ds

0
1

pF(2+a—i—01 Al—fn /n 317'14-*77
_A

A afl)
n(Ar—2no+2pe-1(2—01) n*)(a)

s(1—s)* s 91ds
0
< p-
Then we obtain
[Awv]] < p Y(u,v) € PNOSs.

Similarly,
|Asul| = max |[Aqu(t)] < p Y(u,v) € PN,

Therefore, || A(u,v)|| < p = H(u v)H
Besides, by Lemma 8, operator A : P — P is completely continuous. Then with
Lemma 5, our proof is complete. O

Proof of Theorem 2. Let U = {(u,v) € P | |Ju|| < r, |Jv]] < r}, sothat U C P. By
Lemma 8, we get to know that operator A : U — Pis completely continuous. And if
there exists (u,v) € OU and A € (0,1), we have (u,v) = AA(u,v), then by (iii) for
t € [0, 1], we obtain

u(t) = AAjo(t) / s,v(s))ds < /G (t,s)s™ 717 f(s,v(s))ds
0
< /Gl(t,s)sﬂ’lgﬁ(v(s) ||v|| /G1 “7tds
0 0

1

n(A —*77+ 77 Jam1-igl-a:
(ol =5 /1# 1-igl-o1 g

0

al)

(41— %UQ)F(Q)
() 222 EE )
’ B TEra—i-a)

B(2—o01,a—1)

Hence,

n(Ay—2n*+ 227 D@2 —0y)
Ay 2o T2+a—i—o1)

lull < o ([l 0)11)
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Existence and uniqueness of solutions for singular system with integral boundary conditions 515

ie.,
] n(dy = 3+ an*)  T(2-o)
o[l (u, v)|) Ay =20 F2+a—i—oy)
Similarly,
ol _ (42— §ef + 55 T2 0y)
(o)) A - T@AB—j o)
Consequently,
I, 0l LEL At ) TR o)
max{@(||(u, 0)|), % ([, v)[)} Ay — Ao F2+a—i—oy)’
n(Ay — 5P + 5571 @2 - 0y) }
Ay — §cP F2+pB—j—o02))

Again by (iv) we know ||(u, v)|| # r which contradicts that (u,v) € OU. Then based
on Lemma 6, there is a fixed point (u,v) € U. Therefore the BVP (1) has a positive
solution. O

Proof of Theorem 3. We shall use Banach fixed point theorem. From (v), for any v1, v €
Py, t € [0,1], we can get that

|Arva(t) — Ao (t)]

< /G (t,s)s™ 7 [s7 f(s,v2(s)) — 87 f(s,v1(s))| ds
0

1
A — +)\ a— 1
<L1|’U2(t)—’l)1(t)’n( ! 77 7] /1_S(x 1— z 1— o1 Js

(A1 =21 )
n(4; — 77 +/\77°‘ ) ,
< L1|1)2(t) —’Ul(t)’ (Al — 777 )F( ) B(2—01,a—z)
n Al A a—1 — 0
< Il o) Alijv = )F(21;(Z—i—)al)'

Similarly, for any ui,us € Py, t € [0,1],
}AQ'UQ( A2u1( )|

< n(As — gcﬁ + %Cﬁil) I'(2 — 02)
h AQ*%CQ L2+p8—j—o02)

LQ}UQ(t) — Ul(t)|
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So, we have

tIEIl[EO%}f] |A(U2, 1}2) — A(ul,v1)|
= HA('LLQ,UQ) — A(ul,vl)H = ||(A1U2,A2U2) — (Al?)l,Agul)H

= [|(A1vz — Ayor, Agug — Agus)|| < f/||(112 — vy, ug — uy)]],

where
. Ay —2p 4 2pe=ly T2 —0y)L
7~ max n(Ay — 21 /\+a77 ) ( Ul.)l 7
Al—gna ].—‘(24’0472701)
TL(AQ - %CB + %Cﬁil) F(Q — JQ)LQ } <1
A - L TR+A—j-a)f
By the contraction mapping principle, the BVP (1) has a unique solution. O

Example 1. Foranyn — 1 < o, < n,take tp = 1/4, ¢ > 0, and p > max{40‘_1 X
E(a—1)/mq,4%71¢(B—1)/ma}, p > 0. Choose oy = 9 = 1/2. Consider the boundary
value problem to the singular system of fractional equations

o c1+v
Dg u(t) + 7 =0, 0<t<]l,
B C2tu _
Dowvlt) + == =0, 0<t<l,
1/2
w(0) =W (0) = - = ™Dy =0,  u(l) = % / u(s) ds, )
1/2
Y o (2) ) 1
v(0) =2'(0) = v (0)=0 v(l) = 3 v(s)ds,
0

where ¢, co are constants satisfying

1o-1e0(e) _ AP +a—on) — (o~ 1+ UETSITR o)

e (I—pn>/a)
~ ~ a—1 )
m o= 1+ G2 - o)
n £-1
$rE) A+ -0 - (14 PR )T (2 — o))
~X ~X n B—1 .
m2 8= 1+ HL 5 02 - 02)

Denote f(t,y) = (c1 +y)/Vt g(t,y) = (c2 +y)/V/t. Then f, g are continuous on
(0,1] x [0, 400) and lim;—,o4 f(t,:) = 400,lims04 g(t,-) = +o0. All conditions of
Theorem 3 hold. Therefore, BVP (5) has at least one positive solution.
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Example 2. Consider the boundary value problem to the following singular system of
fractional equations:

(t—1)2In(2 +v(t))

9/2
DY2ult) + 7 =0, 0<t<l,
142
13/3 (t—5)?In(2+ u(t))
Dy u(t) + . NG =0, 0<t<]l,
1/2
/ " (3) 1 ©)
u(0) = v (0) =u"(0) =u"(0) =0 u(l) = 3 u(s) ds,
0
1/2
1
w(0) = v'(0) ="(0) =) =0, o(1) = / o(s) ds
0
Denote f, g are continuous on (0,1] x [0,+00) and lim;_,o4 f(t,-) = oo,

limy_,0+ g(t,-) = +00. Choose 01 = 02 = 1/2 and p(y) = ¥(y) = In(2 + y), then
we have t(t — 1/2)2In(2 + v(t)) /vt < In(2 + v(t)) for all (¢,5) € [0,1] x [0, +00).
v, : [0,+00) — (0,+00) are continuous, nondecreasing functions, so, condition (iii)
of Theorem 2 holds. Next, set » = 1. Then condition (iv) of Theorem 2 holds. Therefore,
BVP (6) has at least one positive solution.

Example 3. Consider the boundary value problem to the following singular system of
fractional equations:

D13/2u(t) n (t+ 15)3(v(t) + 1)

ot N =0, 0<t<1,
20/3 (t+5)%(u(t)+1)
D23u(t) + T —0, 0<t<l,
N )
w(0) =/ (0) = = u®(0) =0, (1) = % / u(s) ds,
2/3
0(0) = v/(0) = - -- = v®(0) = 0, 1/'(1):%/1;(5)@,
0

whete f(t,0(t) = (t+1/10)%(v(t) + 1)/2VF, g(t,u(t) = (t+1/3)2(u(t) + 1)/
15/t, and f, g are continuous on (0 1] x [0, +oo) and limg_,04 f(t,-) = oo,
limy 04 g(t,-) = 4o00. Choose o1 = 1/2, o9 = 1/3. Clearly, [t7' f(t,v2(t)) —
£ f (01 (8)] < (1331/2000) vz —vi], [¢#72 g (¢, ua(t)) — 72 f(t, ua (8))] < (16/135) x
|luz — wuq|| for all ¢ € [0, 1]. By a simple calculation, we know L < 1. All conditions of
Theorem 3 hold. Therefore, BVP (7) has a unique solution.
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