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Abstract. We use the composition method to analyse the convolutions of probability distributions
by emploing the Appell polynomials and Bergstrom identity. Our approximation is based on the
probability distributions which have the inverse generalized measure of bounded variation. The
idea to use the accompanying probability distribution =) X > 0, was first proposed by
B.V. Gnedenko [1].
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1 Introduction

We consider the convolutions of one-dimensional distribution F},1, Fi,2, . . ., Fi,),, defined
by the formula

kn
Fn:HFnJ: nl*"'*Fnkn
Jj=1

and analyse the asymptotic behavior of F},, when n — oo and k,, — oo. If the probability
distribution

1 n
F=—3"Fy (1)

Jj=1

has the inverse generalized measure '~ of bounded variation, i.e., F'xF'~ = F~xF = FE,
where E is the degenerate at the point O probability distribution, then to evaluate the
difference

Fn . F*k",

(© Vilnius University, 2013



276 A. Bikelis, K. Padvelskis

we use the results of Bergstrom [2]. In the case where F' has no the above cited properties,
we approximate F, by infinitely divisible probability distribution

kn
G, = exp{Z(F,,,j — E)}

j=1

Here is a short exposition of our work. Lemma 1 contains the estimate of the sum
of the coefficients of Appell’s polynomials. This new inequality is used in Theorem 3 to
estimate the remainders of the expansion of the convolutions in Appell’s polynomials.
In (11), we present a new concept of the generalized Appell polynomials. In Theorem 4,
we expand the convolution through the generalized Appell polynomials and find the
convergence conditions. In Section 4, we present the expansion of the convolution F;, =
Fq % -+« % Fyy,, in terms of the convolutions F’ *kn of identically distributed probability
distributions F' (see (1)). Theorem 7 contains the estimates of the remainders of such
expansions. We intend to use this technique to analyze the convolutions of probability
distributions defined on algebraic structures.

2 Some properties of the Appell polynomials

Let g, (z),n=10,1,2,..., be a polynomial of order n. Denote by A the class

d
A= {gn(x): agn(x) =gn-1(x),n=1,2,3,..., z € Rl},

named a polynomial Appell set (see [3] and [4, p. 242]).
It has been shown by Sheffer (see [4,5]) that A is a polynomial set if and only if there
exists a function of bounded variation 3(x), z € (0, +00), such that the integrals

(oo}

bn:/w”dﬂ(x), n=20,1,2,..., by #0,

0

converges and

m(@) = [ s, n=o12..
0

Also, there exists the formal power series

B(t) = Zant”, ap # 0,
n=0

such that

B(t)e'™ = gn(x)t".
n=0
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Expansions in Appell polynomials of the convolutions of probability distributions 277

Often we will use Appell’s polynomials A;(z), j = 1,2,..., (see [3]) which are
defined by the equality

2\7 > /1Y’
(14 2) = 1 _
e < +T) 1—|—Z<T) Aj(z), |zl <1, 7>0,
j=1
here
Jj—1
Aj(z) = (=1)727 11 Z qjnz". 2)
k=0
The coefficients g; ;. satisfy the recurrent formula (see [6])

k)G ik g1k
Gk = : ) 3)
Jj+k+1
here k =1,2,...,7—2,5=1,2,..., and also
qJ,O - ] + 17 q‘],jfl - j!2j»

where the coefficients ¢; ;, = 0, when k < 0.
We need the following lemma.

Lemma 1. The following inequality is true:

j—1 1
Zq],kgia ]:172a
k=0

Proof. To proof the lemma, we will use the mathematical induction. Let

Jj—1 1
quyk S3 “)
k=0

Now, by the use of recurrent formula (3), one obtains

J j—1
Z 4j+1,k = j+1,5 T+ ¢j+1,0 + Z dj+1,k
k=0 k=1
i—1 .
_ 1 n 1 72: (J+k+Dgn+ g
G+ 42 = j+Ek+2
1 1 j+1 1
qj

TG G2 U2 T Wi,

J

S [itk+1 1
+§:%$<¢+k+2+j+k+3>

k=0

j—1
1 1 1

= Qj,k<1— . + - )S- -
P J+k+2 j4+k+3 2
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Note. J. Dickey (see [3]) has presented a table of some g ;. coefficients

j k
1 2 3 4
1 1/2
2 1/3 1/8
3 1/4 1/6  1/48
4 1/5 13/72 1/24 1/384

Remark 1. Forallj =1,2,...and k=0,1,...,5 — 1,

1
0<¢gjr < ok

Now we can estimate the remainder term

El (E)S for |z| < min(1, 1),

1

2

1_|2| 1 [Fy*

spr i (5) forl <z < VT

Proof. Since

from Lemma 1 we have
oo i J s
1 ; 1 |7 ||
R < E - Jj+1 E D G S lad B i ad |
‘ 5(277—)‘ \jzs (T) ‘Z| k_OQJ,k\ 21|Z|/T<T ,

when |z| < min(1, 7).
In the case when 1 < |z] < /T, we get

SYEANRE R
Rl X (7) SR <

j=s k=
1B (R
S 2z -11— 22/ \ T ) =

Remark 2. Assume that |z| = 1 and 7 > 1. Then

11 /1\°!
|Rs(2,7)| <27’1<) .

\MS

j=s
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Expansions in Appell polynomials of the convolutions of probability distributions 279

To analyse the expansions of probability distribution, Kalinin (see [7]) suggested to

investigate the Newton binomial in form of (1 + z/%/7)", whenv = 1,2,..., 7 > 0 and
|z| < /7.
By using the equality
exp i(—l)jz—j(\%)”” (1 + Z) —1+ f: (1>jA- (2)
= {/r S\yr) 7

for |z| < ¥/7,7 > 0,v =1,2,..., we define the generalized Appell polynomial by

j—1
Ajl2) = (—L)HHtaT T 3 () Dk, 5)

k=0

Theorem 1. (See [7].) The polynomials A; ,, satisfy the recurrent formula
/ d
Aot = [ (=0 =25 ) A st
0

where Ag ,(y) = 1 and A; ,, have the form of (5). The coefficient qj(yk) satisfy the recurrent
relation

y GAvk+1) - Dy + 47 s

. j+uv(k+1)
where k =1,2,...,5 — 2,

%5

)

=t W=
JJ—1 j(u+1) j—1,5-2 (V_|_1)jj!’
w_JF+v=1 o _ 1

7,0 ]+V 7—1,0 V+j

Remark 3.

vy vy
v _NY_ 1 1 (L k=12 '

where the symbol Z/ denotes summation over all non-negative integer solutions of the
system of equations

vi+2vp+ -+ gy =g,
V1+l/2+"'+l/j:k.

Remark 4.

Aja(2) = Aj(2) and ¢\ =qjk-1.

Applying (2) and (3) once again, we obtain the following assertion.
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Lemma 3.
Jj—1

¢\ < D=L v=12

)

k=0

Now we shall consider

v j T s—1 i
. 2) I 2z 1 J
R = e Y175 (67 7 (14 2] <1 (g2 ) Awta),
; j ( ) % ]; % J»
where s = 2,3, ....
Lemma 4.
m( %) for |z| < min(1, {/7),

|R£f’)(z, T)| <

v+1

[z[” E] 8 1/(v(v+1))
G ) forl <l <7 :

wherev =1,2,... ands =2,3,....
Proof. Since
=LY e )
RV (2, 1) Z ( ) ,(2) = Z(_ﬁ> Sitv Z(_l)(u+1)(k+1)qjjfk 2k
j=s j=s k=0
from Lemma 3 we have

ROz, 7)| i(

j=s

- 1 ERY
Z]+V (V)\ |Z‘ < >
>|| Zq]k V+11—|Z|/f f

when |z| < min(1, ¥/7).
In the case when 1 < |z| < 71/*("*+1) we get

< /1N . 2 EESY AL Rl
(v) < Jtv__ — vk <
|7 <w>|\j§_‘;(%) 12 u+1]§)|z| \u+1jz_:s<\"ﬁ> |2]¥ =1
B |Z|V <Z|u+1) 0
v+ (=l =D = |2/ T\ VT )

Remark 5. For |z] =1 and 7 > 1, one has

s—1
1 1 1
RW) < .
R )] < 1\%_1(%)

+
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Expansions in Appell polynomials of the convolutions of probability distributions 281

3 The expansion of convolution F'*™ in Appell polynomials

In our work, we replace the exponent, for example (1 + z/n)", with the convolution
(E 4+ (1/n)p)*™, where n = 1,2,..., and p is the generalized measure of bounded

variation, i.e., A
j o *n:eu* E+i 1 JA'(M)
n —\n ! ’
here A; () is the Appell polynomial (see [8])
7j—1
Ajp) = (170 gt
k=0

In what follows, |z| is replaced with the bounded variation of u (we also use V(g) =
V(g(x)) to denote the full variation of the function g(x)), i.e.,

12 = (V(w)’, j=0,1,2,....
Let the probability distribution () has the inverse measure of bounded variation ),
ie,Q*xQ  =Q *xQ=FE.
Theorem 2. (See [9].) Let
V(Vr(F-Q)+«Q) < 1.
Then the following formal expansion holds true:
Fr = Qs en(F=@+Q <E + ; (i)jAj (n(F — Q) x Q—)>.
Here
Aj(n(F -—Q)+Q7)
k

P F - Q= Q)T S g (n(F - Q)+ Q) ©)
k=0

are the Appell polynomials and
4 1 N\ 1 v
. :E _ =) | — k=0,1,2,...,5—1,
QJ,k Vl!"'Vj!<2> <]+1> 9 9 Ly “y 3.7

where Z’ denotes summation over all solutions in non-negative integers vy, . .., v; of the
following system of two Diophantine equations

v+ 2vp 4+ ju; =,
V1+I/2+"'+I/j:k+1.
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The proof of Theorem 2 is based on the estimate of the remainder term
Z Aj(n(F - Q)+ Q) Q™ xe"F=@ @ (B —g) (7

for any Borel set B C R! given in

Theorem 3. Let
~V(F-Q)*Q")
and np? < 1, n > 1. Then, for any Borel set B, the following inequality holds:

sup|r£f)(B — z)| < sup|n(F — Q) s+ s Qs y (F=@Q 7 (B z)|An,

where
_ 1 _1
2(1—p) 1—np’

A, < ﬁ, when np =1,

whennp < 1,

(np)® 1 1 1
Snp—1) Tonpz>  When  <p < 7.

Proof. From (6) and (7) it follows that

sup|r£f)(B — )|

—sup QO LYy (;)jkn(F ~ Q) Q) U
| j=s
* Zi:%‘,k(n(F -Q)*Q7)*(B—u)
= sup n(F — Q))*(+D) 4 Q(n=s=1) 4 n(F-Q)+Q"
S - e @)U :z_éqj,kmw ~Q)*Q ) (B )
j=s -
< sup In(F — Q)*CFV) s Q* (=57 4 en(F=QQ7 (B _ g5)|
Xi( V((F - Q)= ”Zm n(F-Q)+Q )" ®)
=

To estimate the sum

00 Jj—1
A= 7> qgir(np)", ©)
j=s k=0

www.mii.Jt/NA



Expansions in Appell polynomials of the convolutions of probability distributions 283

we use the inequality (see (4))

Jj—1 1
qu,k < 57
k=1
forall 5 =1,2,.... Itis evident that
it i ifnp <1
2 x 1
qu,k(n/o)k < 1 (np)’ .
k=0 2 mp=1 otherwise.
Thus, for n > 1, we have
1 .
51—0) ifnp <1,
A< (10)
o)L iflcpc L
2(np—1) 1—np? n p Vvn'
Now the assertion of Theorem 2 follows immediately from inequalities (8)—(10). O]

The generalized Appell polynomials, whose argument are the convolutions of measure
1 are defined as

J—1
Ajo(p) = (~1F sl S (1)t Dkgle) = (o) (n
k=0

q(@:Z'—l SR AR T
255 1/1!"'1/]'! s+1 8+] '

The exposition of the properties of polynomials A; ,(u) is given by V.M. Kalinin [7,
Thm. 2.1 and Corols. 2.3, 2.4].

Note that if V(i) < /n and u is a generalized measure of bounded variation then
the formal equality

(E+ jﬁ)*” _ exp{zs: (EW(\S/E)Sju*j} * (E+ 2 ({;g)jAj,s(u)>

j=1

where

holds. This claim can be proved as folows:
M *n
E
( G )
o _

H (_1)J+1 ; S=J %

= exp nlog(E+v>}:exp ~——(/n)"
{ro( )} = o)

Jj=1

:exp{z(_ljjﬂ(%f—j‘u*j} *eXp{Z(_;)j_::H<\;ﬁ) M*(j+s)}.

j=1 =1
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Here
exp{; ijl(\%y 7+s>} E+Z< ) ().

We apply (11) to probability measures (), which have the inverse measures ()~ and get

\s/ﬁ
— Qe exp{z (‘].1)3 (/)" (/n(F - Q) + Q)”}

<E+Z( ) S(Vn(F-Q)+Q~ )) (12)

In this asymptotic equality, we shall estimate the remainder term

Tt = Z( ) S(V(F—Q)+Q7) «GY. (13)

Here

GY) = Q*”*eXp{ (\S/ﬁ)s_j(\s/ﬁ(F—Q)*Q_)*j}'

j=1

Theorem 4. Let
=V((F-Q+Q)

and np*tt < 1, when n > s. Then, for any Borel set B the following inequality holds:
s s _\ *(2s s
sup ’r 'H)( m)‘ < sup |nG51) * ((F -Q)*Q ) ( )(B — m)‘A%%
x

where
W

and

1 1 . S
Py ifnp® <1

np® 1 o (1\1/s 1\1/(s+1)
G ap=T) Torpe ™ if ()" <p<(3) -

www.mii.Jt/NA



Expansions in Appell polynomials of the convolutions of probability distributions 285
Proof. From (11), (12) and (13) it follows that
e = S () e - @
« (sk)
w3 ()R (Vn(F = Q)+ @) x G
k=0
(L) - @) ay
/n
S () e - @)
Jj=s \S/ﬁ
Jj—1
Z (S+1k ()(\/;(F*Q)*Qi)*(sm (14)
For all Borel sets B, we get
sup [FE(B — 2)| <sup [n((F - Q) Q)" (22) «GP(B —2)|Al. (15)
By using Lemma 3, we get
e} j—1
AP =0 S g
j=s k=0
1 < (2 )1/‘?
s+11—
< , (16)
np® 1/s 1/(s+1).
TG D) 17n1ps+1 if (*) <p<(3)
Theorem 4 follows from (14)—(16). O]
4 The expansion of convolutions F),; * -+« % F,;
The asymptotic expansions of the Bergstrom type convolutions F,, = Fy1 * -« % F
were analyzed in [10-13]. We use the identity (see [9])
Fp;=em =y (E— (F,; — E)*?*E(E — F,;)"")
and get
kn k'n
F, = exp{Z(Fnj - E)} « {{ (B - (F; — E)?«E(E — F;)™), (7
j=1

where F = E(x) is the degenerate at point = = 0 probability distribution,

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 3, 275-292
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E(E - Fpj)™ = ZP{MI =k}(E - Fnj)*ka
k=0

and
k+1

(k+2)V

P{Mlzk}: kJ:O,l,....
Note that, in (17)
Qj = —(Foj — E)y?«E(E — Fy)™,  j=0,1,...,kn,

is generalized measure of bounded variation.
Set

kn
M(Q) =)@,
j=1
My@Q) = > Qy*Qj

1<j1<g2<kn

M, (Q) = > Qi * Qi * - % Q.

11 <2< <jm<kn

kn
M, (@ =H @
j=1
Lemma 5. The following identity is true:

kn kn
HE+e)=E+> M.(Q).
j=1

m=1

Proof. To prove this lemma, we shall use the mathematical induction.
If kn = ]., then Ml(Q) = Ql-
Set

(18)

19)

Q= Qi xQ1*Qupr x5 Qo1 1<s<hy—1L.

Suppose that identity (19) is true with k,, = s, i.e.,

S

HE+e)=E+ Z M (Q11)-
m=1

j=1

We want to prove that it is also true, when k,, = s + 1, i.e.,

s+1 s+1
HE+Qe)=E+> M.(Q).
j=1 m=1

www.mii.Jt/NA
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We have
s+1 s
H(E +Qj) = H(E + Q) * (E+ Qs11)
j=1 j=1
<E+ ZM Li1) ) * (B + Qst1)
=F+ Z M s+1 + Qs-i—l + Z Qs-i—l * M (Qs-‘rl)
m=1
=E+ (Ml(QSH) + Qs41)
+§j (Qor1) + Qupr % My 1(QL41)) + Quir * M(Qly)
m=2
s s+1
m=2 m=1
Here

Mi(Qo1) + Qo1 = Y Q5 + Qi1 = Mi(Q),

=1
M (Qs11) + Qsg1 % M1 (Qly 1)
= Z le*QJé*”'*Qjm

1<j1 <o < <Jm <8

+ > Qi1 * Qjy %+ % Qj, % Qupa

1<j1 <2< <Jm—-1<38

= > Qi * Qjy % % Q. = Mp(Q), 2<m<s,
1<j1<j2 < <m<s+1
s+1

QMMM%JcMwH@—H@zéﬂ) O
Theorem 5. It is true formal identity

F,=e""Fx <E +) Mm(Q)> + R+,
m=1

RSLSJFI) _ eG’fE % Z Mm(Q)
m=s+1

where G = Z?;l F,;.

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 3, 275-292
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Proof. The theorem follows from (17)—(19). O

Now we shall approximate F;, by using the convolutions of probability distributions
G, = Gp1 * -+ x Gy, such that all G,; posses the inverse generalized measures G, 7
J=12,.. ky ie, Gnjx G, =G, ;% Gpj = E of bounded variation. We shell also
employ the generalized Appell polynomials.

Let p = supy¢ <k, V((Fnj — Gnj) * G,,;) and k,p® < 1. The following formal
expansion holds:

Fo=Gpx [ (E+ (Foj — Gnj) *Gy))

nj

> —1 I+st+l 1 ! s lkn _ \*(l+s
*exp{z z)+s (k ) (Vkn) 3 ((Foj = Gng) + Gry) .

=1 n j=1
Define
k
(_1)l+s+1 i P k()
= (Vhn) ; (Frj = Gnj) xGy) ", (20)
D& =@, * exp{ Z (% k‘n)s_mams},
m=1
R(S+1) — io: ( 1 )Tﬁ,,- * D(s) (21)
! r=1 v kn "
where 1
67‘: Z mall*---*arT. (22)

vi+2ve 4 Arve=r
vitvottvp=k
k=1,2,...r

Theorem 6. Let k,,p° < 1. Then, for all Borel sets B C R!,

L (—1)mtl & _em 1
F,.(B) =G, *exp Z E— ((F’I’L] — Ghj) * an) (B) + R51+ )(B)a

m=1 =1
where

Sk
(B _ ) < A® gy P Fn
sgp |Rn (B x)| < A (B) GID0=p)

www.mii.Jt/NA
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for Vk,p < 1and

(VEnp)*t!
(VEnp = 1)(1 = Vknp?)

sup [ R(V(B — )| < AL (B)
Jor (1/3/kn)? < p* < 1//ky. Here
)(B) = isupH(Fnj — Gy ) * G—,)*(SH) «D(B - J£)|

nj

Proof. We have

We get
>/ 1\ 1 . v
vy () X saallvent e
r=1 n v1+2v9+-Frr.=r 1 =1
vitva+t-tve=k
k=1,2,...r
where
1 zk" I+
Via) < 5 (VE) Y (V((Fy = Guy) £ Gy)
j=1
1 s l I+s (Sknp)lJrS
< (Vg = OO0 @

From (23) and (24) it follows that
V(J) < i < L >
h ko
1 1 \" 1\ ST u(i4s)
. v 1=1 .
x Z 1/1!--~1/,.!<s—|—1> (s—|—r> ( p)

v1+2ve+- A rrp=r
vi+ve+--Hvp=k
k=1,2,...r

From Lemma 3 it follows that

: 1 - 1 \» 1
Z Z 1/1!~~1/T!l1;[1(s+l) gsﬁ—il'

k=1 vi++ur.=k
v1+2vg+- A rvp=r

Note that in the case when v/k,p < 1 and k,, > 1, we have

< (B k™
J)g;p s+1 <(8+1)(1—p)' 25)

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 3, 275-292
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Similarly, in the case when /&, p > 1 and /&, p° < 1,

Zp (\ﬁp

\“/Fp
_ (ﬁp) - s 2\T" (\S/Ep)s \S/EpQ
_Wp_l;(\/ﬂp) — AT e (26)

From (20)—(22) it follows that

=3 (Ge) X Heieai g,

r=1 v14+2v9+-- +7‘1/,—7‘l 1
vitvat-trp=k l#lo

k=1,2,...r
where v, > 1. Here
lo+s+1 En
*U] (s) _ (*1) S lo - , — \*x(s+1)
alo ’ *DTLS - l0+8 Z an)*Gn])

J=1
*D,SLS) « (( Gn]) *G_ )*(lo 1)
and for all Borel sets B C R!

il DB

_1)loFs+1 LI s
:(@%Wﬂ [ (= Gy 6) e

Thus
sup’a "« DY) (B - z)|
o)l ko
< l+ Z sup| — Gyj) x G, ) (s+1) « D\)(B )|
0 =
 (VRap)P 1< N e
T lhts pie s Gnj) * Grj) (B - )
and
sup |R$LS+1)(B - x)|
1
<2 2w | (o = Gug)  Gr)" ™ £ DO(B - )| V()
Jj=1

www.mii.Jt/NA
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From the above and (25), (26) it follows that

sup |RY; (s+1)(B — )|

B A%S)(B)(Sq_}?;(p:_p) if %Pgl
(s) (Enp)*t . 1 \2 2 1 O
A B G- () <P <
Let
1 &n
—SN"F,; 27)
kn
j=1
and

Ey n xkn
Fo—G*" =] Foj - <; ZFm) :

j=1 " =1

Suppose that GG has the generalized inverse measure G~ of bounded variation. The fol-
lowing claim is a corollary of Theorem 6 with s = 1and G = Gp,1 = -+ = G, -

Theorem 7. Let

p= sup V((F,; —G)xG),
1<j<kn

where k,p < 1 and k,, > 1, then, for all Borel sets B C RY,

“hin
Faj( ( ZFM> (B) + R (B),

kn

Jj=1

where
k
kn, - \* .
Sup|R£?)(B —1z)| < 2(17_pp)ZSUP|((F"j -G)xG7) rYe (B —z)|
ifknp <1, and
sup|R$12) (B —x)’

k ’ & —\*2 *k
<(k p—1)) Z -G)xG7)" « G (B - )|

ifl/kn<p<1/\/E-

Proof. From the definition of probability distribution G in (27), it follows that

Z(F”j -G)=0 and G, =G,

kn
=1

J

Nonlinear Anal. Model. Control, 2013, Vol. 18, No. 3, 275-292
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Thus, we have

kn
D) =G and AD(B) = sup|((Fnj — G) * GT)? G (B - ).
j=1

The estimation of remainder term R;Z)(B — ) follows from the assertions of

Theorem 6. O
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